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INTRODUCTION 

Background and early work 

C V Raman commenced his acoustical researches at the age of 16 as a student 
at the Presidency College, Madras. Volume II of the Scientific Papers contains 
articles he published in acoustics either by himself or along with his students. 
Fifty three papers cover the fields of vibrations and wave motion, the whispering 
gallery phenomena, bowed strings and the violin, the musical instruments of India 
and the diffraction of light by ultrasonic waves. This volume also contains two 
monographs Raman wrote—both classics. The first is entitled On the Mechanical 

Theory of the Vibrations of Bowed Strings and Musical Instruments of the Violin 

Family. The second, Musikinstrumente und ihre Klange appeared in 1927 in the 
Handbuch der Physik edited by Geiger and Scheel. This article was written by 
him in English but was published as a translation in German. Since all attempts 
to get at the original English version were unsuccessful, an English translation 
of the German version appears in this volume. Raman also published a series 
of papers on the phenomena connected with impact which has some relevance 
to the vibrations of struck strings. These are included in Volume IV of the 
Scientific Papers in the Miscellaneous Section. 

In this introduction, we shall content ourselves with making a few historical 
remarks and scientific comments on the papers appearing in this volume. 

C V Raman’s father, R Chandrasekhara Iyer, a teacher of Physics and 
Mathematics, was a man of accomplishment. He had a remarkable collection 
of books on varied subjects and he was also a proficient violinist. These must 
have influenced Raman as a child (Raman himself also became a competent 
violin player). Before he was 13, Raman read Hermann von Helmholtz’s “Popular 
Lectures on Scientific Subjects” from his father’s library. Two of the lectures 
made a lasting impression on him. The first was on “Ice and glaciers” delivered 
at Heidelberg in 1865 in which Helmholtz says: 

In the depths of the crevasses, ice is seen of purity and clearness which nothing that 
we are acquainted with in the plains can be compared. From its purity it shows a blue 
like that of the sky only with a greenish hue”. 

Raman mentions this in his well-known paper on The Colour of Ice in Glaciers 

(Scientific Papers, Volume I) where he proved that this blue was due to molecular 
scattering. The second was the lecture delivered in Bonn, the native town of 
Beethoven, on The Physiological Causes of Harmony in Music. Helmholtz’s 
influence is seen by what Raman wrote later: 

IX 
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“It was my good fortune, while a student at college to have possessed a copy of an 
English translation of his great work The Sensations of Tone. As is well-known this 
is one of Helmholtz’s masterpieces. It treats the subjects of music and musical 
instruments not only with profound knowledge and insight, but also with extreme 
clarity of language and expression. I discovered the book myself and read it with the 
keenest interest and attention. It can be said without exaggeration that it profoundly 
influenced my intellectual outlook. For the first time I understood from its perusal 
what scientific research really meant, and how it could be undertaken”. 

Here is probably the answer to the engima of why a 16-year-old boy started 
doing research at a place where there was no tradition of original research. No 
wonder too that the earliest acoustical research Raman started at the Presidency 
College, in 1905 was connected to the vibration curves of a bowed string, a field 
pioneered by Helmholtz and to which Raman himself contributed so much. 
Raman’s first acoustical paper was published only in 1909 and it was on a 
musical instrument called the Ectara (used by the poorer itinerant musicians of 
India) which had very distinctive acoustical properties. 

As a student (1902-1904) Raman mastered Lord Rayleigh’s two volume work 
on the Theory of Sound which laid the foundation for all his subsequent work 
in acoustics. The Presidency College in those days did not subscribe to scientific 
journals but the Connemara Library near Egmore did. Raman as a student of 
15 regularly bicycled to this library to read the latest scientific papers of Lord 
Rayleigh and others. 

With no possibility of a job in the research field, Raman appeared and topped 
the list in the examination that chose civil servants for the Finance Department 
of the Government of India. At 18 he became the youngest Assistant Accountant- 
General in India. One would have thought that with this his research career 
would have come to an end. In spite of his being posted to out of the way places 
like Nagpur in the Central Provinces and Rangoon in Burma, he continued 
his scientific work carrying his laboratory in his travelling bag from town to 
town. In a paper sent in 1910 for publication from Nagpur he writes: 

“One source of light was a horizontal slit and the other a vertical slit placed immediately 
behind the oscillating wire. Both were illuminated by sunlight” 

Of course it was his young wife who stood in the hot mid-day sun on Sundays 
adjusting the plane mirror to illuminate the said slit system while Raman shouted 
instructions to her from inside the bathroom, temporarily converted into a dark 
room. One could never believe that the elegant vibration curves reproduced in 
this paper were taken under these adverse conditions! 

Also of some interest are the observations he made during this period 
(1907-1911) on the aerial waves generated by impact which he never published. 
Lord Rayleigh had shown that the sound emitted when two bodies impinge on 
each other could not be due to vibrations of the entire body as it would be at 
a frequency too high to be audible. Raman concluded that sound could not 
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also be due to the compression of air between the two objects, for in that case 

the sound would be loudest across the line of impact of the balls. His observations, 

made with the unaided ear, that the sound was loudest at the back of the ball 

gradually diminishing and almost vanishing at certain angles and again 

increasing to a feeble maximum in the plane perpendicular to the line of impact 

convinced him that the air following the moving ball has its motion stopped 

suddenly so as to produce a compression wave which generated the sound. This 

problem he gave to his first student, the talented Sudhanshu Kumar Banerjee, 

who not only verified these qualitative observations but made very precise 

quantitative measurements and also worked out the complete theory. This also 

illustrates a trait in Raman that when he felt that he had basically understood 

a phenomenon his interest in pursuing it waned rapidly. 

The whispering gallery 

He noted a remark made by Lord Rayleigh in a footnote that his theory of the 

whispering gallery should be applicable not just to sound but to electromagnetic 

waves as well. Raman therefore initiated a series of studies (along with his 

student Bidhu Bhusan Ray) on the optical analogue of the whispering gallery 

which gave results conflicting with some of Rayleigh’s. Raman planned to verify 

the correctness (or otherwise) of these by experimenting in St. Paul’s Cathedral 

when he went to Europe for the first time, the voyage that inspired him to start 

his researches on molecular scattering of light. In the experiments he did there 

(with G A Sutherland) Raman showed that the theoretical conclusion of Lord 

Rayleigh, that the sound waves travel in a comparatively narrow belt skirting 

the wall, was right, but two others that the intensity in this belt decreased 

continuously as one proceeds radially inwards, and it does not fluctuate 

markedly as one proceeds circumferentially were not in accordance with facts. 

Using a high pitch source of sound and a sensitive flame detector they found 

pronounced oscillations as one proceeded inward radially (the overtones being 

heard clearly, while the fundamental was almost inaudible) - the distance 

between successive zones of silence being about half the wavelength of the source. 

There were also distinct periodic fluctuations while proceeding circumferentially 

parallel to the wall - completely in accord with the prediction made from the 

optical experiments. 

On his return to India after his six week stay in England Raman energetically 

went round the country, experimenting in new whispering galleries, of which he 

discovered two in the newly built Victoria Memorial, one in the General Post 

Office in Calcutta and one in a granary at Bankipore (a curious paraboloid 

shaped building, 96 ft high). This was intended to store grain during famine but 

was never used. 
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Indian musical instruments 

In the soirees, held in his father’s house in Visakhapatnam and in public concerts 
Raman heard South Indian music at its best—for those were the days of the 
great Vidwans (maestros). He was particularly fascinated by the Mridanga or 
the concert drum played with the hand and fingers by experienced drummers, 
using a highly developed technique. He marvelled at the manner of striking the 
drum head, the regulation of the region of contact between hand and skin which 
elicited the requisite tone quality, intensity and duration of the sound. 

His keen ear recognised that certain strokes appeared to bring out the first, 
second or even the third harmonic. Therefore he was somewhat surprised when 
he read in the Theory of Sound that the natural vibrations of a circular stretched 
membrane (of uniform thickness) do not give rise to any harmonic sequence 
and so it is not simple to ascribe any particular pitch to them. Raman would 
not believe that the Mridangam was in any sense musically defective as the 
normal drums were. So he went on to demonstrate that the Indian musical 
drum produced as many as five harmonic overtones having the same relation 
of pitch to the fundamental tone as in a stringed instrument. He also showed 
that this was due to the central loading of the stretched membrane and its 
behaviour presented a remarkable analogy to the law of vibrations of the 
homogeneous string. 

The study by Raman of the string instruments—the veena and the tanpura 

(itambura) which are of undoubted antiquity disclosed to him a remarkable 
appreciation of acoustical principles on the part of their ancient designers. 
Raman had noticed (probably when his wife played the veena) that the overtones 
did not die away as fast as the fundamental mode, but they steadily seemed to 
increase in volume. When he investigated the causes a surprise was in store for 
him. His simple experiments showed that the overtones having a node at the 
plucked point (a mode not permitted by the Young-Helmholtz law) sing out 
powerfully and that the position of plucking hardly appeared to make any 
difference in the intensity of overtones thus appearing to violate known 
acoustical principles. Raman traced this peculiar behaviour to the curved shape 
of the bridge in which the strings do not come clear off a sharp edge (as in 
European stringed instruments). The forces exerted by the string on the bridge 
near this grazing contact are in the nature of impulses occurring once in each 
vibration. These cause the retinue of overtones including even those absent 
initially in the vibration of the string. The woollen or silken thread traditionally 
slipped between the string and the bridge when adjusted properly enhances 
these effects making the sound very pleasing to the ear. 
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Bowed strings and the violin 

During the decade 1908-1918 Raman investigated several aspects of the 
vibrations of stretched strings culminating in his Mechanical Theory of Vibrations 

of Bowed Strings of the Violin Family, his magnum opus in acoustics. In the 
course of this work he developed ingenious techniques for exciting the vibrations 
and observing them. (This is all the more remarkable when one recalls that 
during most of this time he had no scientific position in a laboratory and had to 
perform his experiments after his regular duties in the Finance Department in 
which he was employed.)* In his studies on the wave motion of strings with 
discontinuous velocity distribution, Raman invented an amazingly simple way of 
producing an initial velocity distribution that varies linearly with distance from 
one end and suddenly drops to zero at the other end. He arranged the string to 
carry a weight at one end and made it execute a pendular swing about the other. 
The string was suddenly brought to rest at the desired point by a suitably placed 
knife edge in its path. Using carbon arc lights, mirrors, tuning forks and 
photographic plates, he obtained curves that rival the oscillographic pictures of 
today. 

Raman was clearly dissatisfied with the state of knowledge of bowed strings, 
let alone that of the violin. In the opening paragraphs of the monograph on 
bowed strings, he remarks, 

“The present position of the subject cannot be considered satisfactory in view . 
of the fact that no complete and detailed dynamical theory has been put forward 
which could predict and elucidate the many complicated phenomena that have already 
been found empirically by those who have worked in the field and that could also 
pave the way for further research. It was this defect in the present state of knowledge 
of the subject that induced me to undertake the investigations”. 

The starting point of Raman’s mechanical theory of vibrations of bowed 
strings was the basic observation of Helmholtz that the bowed point of the 
string moves with the bow with a constant velocity up to a point and then 
releases itself from the bow and moves back with constant velocity until the 
bow catches it again and carries it with the same forward velocity as before. 
Thus the bowed point is forced to change its velocity discontinuously from one 
constant value (in the direction of the bow) to another in the opposite direction. 

Raman set himself the task of establishing the correctness (or otherwise) of 
this description of the bowed string on the basis of kinematic considerations 

*In one of his papers he thanks Dr Amrita Lai Sircar, the Hon. Secretary for the Indian Association 

for the Cultivation of Science, Calcutta “for putting the resources of the laboratory of the Association 

and the services of the staff unreservedly at my disposal during hours at which few institutions, if 
any, would remain open for work”. 
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alone, pursuing the argument, as he said, to its logical conclusions. He discarded 
from the beginning the normal mode analysis stating that it is unsuitable and 
adopted, instead, what would be called in current parlance the time-domain 
approach, although he merely called his method a graphical analysis. Considering 
the geometric requirements which waves travelling on a finite string fixed at its 
ends must satisfy, Raman arrived at the following two results: (a) “During one 
or more intervals in each period of vibration, the bowed point has a forward 
movement which is executed with constant velocity, equal to that of the bow, 
and (b) during the other interval or intervals the bowed point moves backwards, 
also with a constant velocity this being the same for all such intervals if there 
be more than one”, thus confirming but also extending Helmholtz’s observations 
to cover the case where there is more than one discontinuity in the velocity of 
the bowed point in one period. In his analysis Raman found a classification of 
the vibration patterns of bowed strings on the basis of the number of 
discontinuities in the velocity waves in the string. 

After investigating the motion of the bowed string under more or less ideal 
conditions, Raman turned his attention to the effect of the bow pressure, bow 
velocity and bowing distance from the bridge upon the mode of vibration of 
the string and the resulting quality of the tone. From the point of the violin 
player these relations are extremely important. The player knows by his 
experience the limits of these parameters within which he can perform, but the 
physicist must establish these within a theoretical framework. Raman obtained 
limits for the minimum and maximum bowing pressures and considered the 
instabilities that can arise. He considered also the effects of the finite width of 
the bow, the yielding of the bridge and the coupling between the bridge and 
the string. 

Seventy years after its publication, Raman’s work is still relevant to the 
student of the acoustics of the violin and, for that matter, of other musical 
instruments too. Raman initiated studies in almost all fundamental problems 
in the physics of the violin, but unfortunately his work remained largely 
inaccessible to many readers. The physics of the violin is by no means completely 
understood even today. 

The review in Handbuch der Physik 

In 1926, when the first encyclopaedic work in physics, the Handbuch der Physik, 
was planned for publication by Springer Verlag, Raman was asked to contribute 
an article on the Musical Instruments and their Tones (Musikinstrumente und 

ihre Klange). He was perhaps the only non-European scientist to be invited to 
write in this encyclopaedia. By this time the focus of Raman’s scientific interests 
had shifted to light scattering. Unable to spare time from his researches in optics, 
he forced himself to write the article during the predawn hours. While our 
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knowledge of musical instruments has advanced vastly in the sixty years since 
Raman wrote the article, it shows clearly how Raman perceived the significant 
problems involved in the analysis of the musical instruments. 

The Raman-Nath theory 

Raman’s interest in acoustics waned in 1924. He wrote his Handbuch articles 
reluctantly in 1926. Although Raman did not return to acoustics proper his 
attention did turn a decade later to a remarkable optical phenomenon occurring 
when a parallel beam of light is diffracted by ultrasonic waves. This volume 
includes for completeness* a very well-known series of papers by Raman and 
Nath on this subject. The original experiments in this field by Debye and Sears 
and by Lucas and Biquard showed a surprisingly large number of diffraction 
orders and an apparently irregular distribution of intensity among them, neither 
of which was satisfactorily explained by the ideas current at that time. The 
Raman-Nath papers introduced the physical concept of a corrugated (i.e. 
strongly phase-modulated) wavefront and the associated mathematical tool—a 
set of first order differential-difference equations for the amplitudes of the 
various diffraction orders taking multiple scattering into account. Once these 
ideas were introduced the observations fell into place at one stroke. It may be 
worth remarking that the actual formula for the amplitudes involves Bessel 
functions in which Debye was an acknowledged expert! 

Even more significant than the specific problem which gave rise to the theory 
were the ideas which found applications in other fields decades later. The 
multiple-beam dynamical theory of electron diffraction turns out (in retrospect) 
to be modelled on the Raman-Nath theory and it plays an important role in 
the interpretation of electron microscope images. The idea of an equation which 
is first order in the direction of propagation and second order in the transverse 
directibn (the parabolic equation approximation) is contained in the Raman-Nath 
papers and now plays a significant role in the theory of wave propagation in a 
random medium. These applications involve going beyond the approximation 
of pure phase modulation and including the amplitude variations which this 
produces—a step which Raman and Nath had already taken in the later papers 
of the series. 

*In modern electro-optic instrumentation the phenomenon of diffraction of light by ultrasonic 
waves is utilized in acousto-optic spectrometers which analyse an electrical signal to obtain its 

power spectrum. 
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Conclusion 

In reading these Scientific Papers it should be remembered that Raman’s research 
predates the electronic era in acoustic measurements. Lee de Forest’s triode 
valve and Wente’s condenser microphone, which were both invented in 1917, 
were not yet commercially available for use in science laboratories. Even 
theoretical tools like the delta function and integral transforms which are 
routinely used today were not part of the repertoire of the physicist during that 
period. Raman’s strength lay in his keen sense of observation, a highly trained 
and perceptive ear, penetrating insight into the physical behaviour of things 
combined with enormous powers of concentration. The reader would not fail 
to notice that Raman does not frequently resort to diagrams to explain his 
reasoning but expects the reader to follow his arguments by exercising his 
imagination. Raman’s style of writing is confident and stately, with a touch of 
aristocracy in it. He is never hurried, neither missing a word nor allowing an 
unnecessary one to slip in. The mot juste is always there. With Raman, style is 
the man himself, whatever Buffon might have meant by his aphorism. 

Many acousticians of the later years have wondered why Raman who was 
so successful in his work in acoustics had left it so suddenly. He stated that his 
monograph On the Mechanical Theory of Vibration of Bowed Strings was the first 
instalment of more to come later, but these never appeared. When asked about 
this (ca 1969), he merely replied “My studies on bowed string instruments 
represent my earliest activities as a man of science. They were mostly carried out 
between the years 1914 and 1918. My call to the professorship at the Calcutta 
University in July 1917 and the intensification of my interest in optics inevitably 
called a halt to further studies on the violin family of instruments”. Raman, 
perhaps, never thought of himself as an acoustician; he was a physicist first and 
foremost and remained so to the last. 

RAJ ARAM NITYANANDA 

B S RAMAKRISHNA 

S RAMASESHAN 
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Nature (London) 82 9 (1909) 

The small motion at the nodes of a vibrating string 

It is generally recognised that the nodes of a string which is maintained 
permanently in oscillation in two or more loops cannot be points of absolute rest, 
as the energy requisite for the maintenance of the vibrations is transmitted 
through these points. I have not, however, seen anywhere a discussion or 
experimental demonstration of some peculiar properties of this small motion. A 
brief note may therefore be of interest. 

In the first place, the small motion at the node is in a phase which is different 
from that of the rest of the string. The exact difference of phase is shown by a 
dynamical investigation to be a quarter of an oscillation. The motion is of very 
small amplitude, and it might therefore be thought a difficult matter to verify this 
experimentally. I have, however, devised some convenient arrangements with 
which this can be effected. I shall here mention only one method: this was to 
compound the oscillation at every point on the string with another perpendicular 
to it of half the frequency, and to observe the compound oscillation at the nodes 
and elsewhere. 

Such a compound oscillation can easily be maintained permanently by having 
the string attached to the prong of an electrically maintained tuning-fork, so that 
it lies in a plane perpendicular to the prongs, but in a direction inclined to the line 
of their vibration. When the load on the string is slightly greater than that 
necessary for the most vigorous maintenance, points on the string describe 
parabolic arcs with concavities in opposite directions in alternate loops, the 
whole forming a beautiful and interesting type of stationary vibration. This is not, 
however, the stage convenient for observing the small motion at the nodes. When 
the tension of the string is relaxed, so as to make its vibration stronger, points on 
the string, i.e. except the node, describe 8 curves. The curve described by the node 
is neither a straight line nor an 8 curve, but is a very flat parabola. From this, the 
phase-relation between the small motion at the nodes and the large motion 
elsewhere is obvious. 

If the node has a small motion, then, strictly speaking, there is no node at all. 
There should, however, be points at which the positions of the string in opposite 
phases might be supposed to intersect: One might suppose that these points, or 
“fictitious nodes,” should execute a very small, almost microscopic, movement. 
As a matter of fact, these “fictitious nodes” oscillate parallel to the string through 
a range equal to the whole length of a loop. This somewhat striking effect may be 
observed without difficulty by illuminating the string with periodic illumination 
of twice the frequency of the oscillation. 

C V RAMAN 

Post-Box 59, Rangoon 
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The maintenance of forced oscillations of a new type 

In a paper “On a Class of Forced Oscillations” published in the Q. J. Pure Appl. 

Math. (No. 148, June 1906), Mr Andrew Stephenson discussed mathematically a 
proposition which may be stated in his own words thus: periodic non-generating 
force acting on a system in oscillation about a position of stable equilibrium 
exerts a cumulative action in intensifying or diminishing the amplitude, if its 
frequency is contained within any one of a number of ranges lying in the vicinity 
of 2p, 2ju/2, 2p/3..., where p is the natural frequency of the system. 

Further investigations upon this and other allied subjects appear in seven 
subsequent issues of the Philos. Mag. As regards the forced oscillations discussed 
in the Quarterly, the author gives, in the way of experimental verification of his 
mathematics, the following: the influence of the disturbing motion becomes 
feebler as r increases, but it may easily be observed experimentally in a number of 
cases. For this purpose suspend a load by means of a spiral spring, and attach to it 
a pendulum light compared with the load, but of such density that the air 
resistance is negligible; the pendulum being of suitably chosen period, it will be 
found that when the load is carefully adjusted the relative equilibrium of the 
pendulum in the vertical motion is unstable. 

I believe the beauty and interest of the results obtained by Mr Andrew 
Stephenson have not been generally realised, otherwise it is nearly certain that 
something more satisfying in the way of experimental demonstration of these 
oscillations than mere observation of “instability of equilibrium” in certain cases 
would have been put in the field. I think an experimentalist would hardly be 
pleased with anything less than the actual permanent maintenance of oscillations 
of the type mentioned, i.e. something similar to the experiments of Faraday, 
Melde and Lord Rayleigh for the case of double frequency, which, as 
Mr Stephenson points out, is only one particular case of his general theorem. 

During the course of certain acoustical work which I have been engaged in 
during the last two years, I observed certain types of stationary vibration which I 
find are undoubtedly of the kind contemplated in Mr Stephenson’s paper. These 
observations were made with an apparatus from which any new effects were 
apparently hardly to be expected. The arrangement was the well known one of a 
string maintained in vibration by a tuning-fork oscillating in a direction parallel 
to the string. It is generally supposed that the oscillations permanently 
maintained have a frequency which is half that of the tuning-fork. I found this was 
not always the case. With an electrically maintained tuning-fork the amplitude of 
oscillation of which could be readily adjusted, the stationary oscillation of the 
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string had a frequency of j of, equal to, 3/2 times, twice, &c., that of the tuning- 
fork, each term in the harmonic series appearing separately by itself with a fairly 
large amplitude, or with one or more of the others conjointly, according to 
circumstances. The frequency- and phase-relations could be studied by several 
methods, most of which were very simple applications of the principle of 
Lissajous’s figures. 

The possibility of isolating the harmonics, and also certain serious discre¬ 
pancies between theory and experiment as regards the phase of the oscillations in 
the case of double frequency, were traced to the existence of variations of tension 
in free oscillations of sensible amplitude. These variations of tension were 
experimentally demonstrated by a special form of monochord denominated the 
“Ectara" (vide the J. Indian Math. Club for October, pp. 170-5), in which the 
sounding surface is a membrane perpendicular to the vibrating string, and emits a 
tone having twice its frequency. 

C VRAMAN 

Post-Box 59, Rangoon 
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The maintenance of forced oscillations 

Please permit me to add a few words to my note on “The maintenance of forced 
oscillations of a new type,” which appeared in Nature (London) of December 9, 
1909. I stated that when a vibrating fork maintains the vibration of a string by 
periodically varying its tension, the stationary oscillation maintained may have a 
frequency of half of, equal to, 3/2 times, twice, &c., of that of the fork, each term in 
the harmonic series appearing separately by itself, or with one or more of the 
others conjointly, according to circumstances. 

When two or more of the harmonics thus appear conjointly, they generally are 
not all in one plane of vibration; in other words, one or more appear in a plane 
which is normal to that of the others, and this can always be secured by a 
manipulative device. The paths described by any point on the string would in 

such circumstances be curved figures identical with, or analogous to, the well- 
known figures of Lissajous. 

Figures 1 and 2 

I send two photographs (figures 1 and 2), each only 3 cm by 2 cm, showing a 
short length of the string with a brilliant point in the middle of it, when executing 
such oscillations. The curves shown in them are only two out of a large number 
that I have observed and photographed, and can be recognised to be both 
compounds of the first three harmonics in the series mentioned above. It is 
difficult at first mentally to picture the process by which a tuning-fork executing 
normal oscillations maintains a string permanently in an oscillation of the type 
shown in the photographs. 

C V RAMAN 

Post-Box 59, Rangoon 
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Photographs of vibration curves 

C V RAMAN, M.A.* 

[Plate I] 

The photographs of vibration-curves forwarded with this note possess certain 
features of interest which seem to justify their publication. Experimental work on 
vibration-curves relating to the sonometer, violin, and pianoforte that has been 
published in recent issues of this Journal, considerably interested me and induced 
me to undertake some work in the same direction. 

The photographs (figures 1 to 9, plate I) were obtained, working with an 
apparatus a description of which has already been published elsewhere1. 

The idea of the construction of this apparatus was suggested to me in 1908 by 
the problem of the motion of the bridge of the violin. I recognized that the bridge 
is subject to a normal forcing of double the frequency of the oscillation of the 
string, and might, under suitable circumstances, be expected to oscillate with the 
double frequency. To verify this point, I did, at that time, think only of direct aural 
observation on a specially constructed model. This idea was worked out by me 
immediately and with success. To hear a note of the double frequency it was 
essential that all sounding parts that would emit the fundamental should be 
abolished. In other words, the model sonometer (for so it was) had only, so to 
speak, a very much magnified bridge, i.e. only a sounding-board normal to the 
wire, instead of, as usual, one parallel to it. This was arranged without difficulty. 
The sounding-board was fixed in a rigid frame; one end of the stretched wire was 
attached to the frame, and the other end normally to the centre of the sounding- 
board. It was verified by comparison with a sonometer of the ordinary type that 
the note emitted by the instrument had double the frequency of the vibrations of 
the wire, in whatever way the latter was set in vibration. A better musical effect 
was obtained when the sounding-board was replaced by a membrane stretched 
on a circular ring. 

* Communicated by the author. 

+ See Nature (London), December 9, 1909, on “The Maintenance of Forced Oscillations of a New 

Type,” and J. Indian Math. Club, October 1909. 
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PHOTOGRAPHS OF VIBRATION CURVES 7 

The frequency-relation was also verified by the following (it is believed novel) 
method. A point on the vibrating wire quite close to the sounding-board has only 
a microscopic motion. This has, however, two components: one transverse to the 
wire having the same frequency as its oscillation; the other normal to the 
sounding-board, i.e. lengthwise of the wire, having double the frequency of the 
vibrations of the latter. The path described is the characteristic Lissajous’s figure, 
i.e. a parabolic arc. This was verified by observation. 

For photographing the vibration-curves of the wire and the sounding-board in 
my apparatus, a three-legged optical lever was as usual employed. The amplitude 
of oscillation of the sounding-board was not, however, so small as to require very 
considerable magnification. One leg rested upon the edge of the sounding-board, 
the other two in a hole and a slot cut in a brass plate kept fixed nearly flush with 
the sounding-board. The lever had only a plane mirror attached to it. One source 
of light was a horizontal slit, and the other was a vertical slit placed immediately 
behind the oscillating wire. Both were illuminated by sun-light and had 
collimating lenses in front of them. The light from the former after reflexion at the 
oscillating mirror, and the light from the latter after reflexion at a fixed mirror, fell 
upon the lens (having an aperture of about 2 inches diameter) of a roughly 
constructed camera. In the focal plane of the latter was placed a brass plate with a 
vertical slit cut in it. The images of the horizontal and vertical slits fell, one 
immediately above the other, on the slit in the plate. Only a very small length of 
the former, i.e. practically only a point of light, was allowed to fall upon the 
photographic plate. The dark slide which held this was moved quickly by hand in 
horizontal grooves behind the slit in the focal plane of the camera. No 
arrangements were made to obtain a strictly uniform velocity of the plate, as the 
main point of interest in the photographs was not interfered with by want of it. 

Figures 3 to 9 all show that the motion of the sounding-board had a frequency 
strictly double that of the vibration of the wire. From the vibration-curves of the 
wire in those figures, it will be seen that the string was excited (by plucking with 
the fingers) in various ways. In fact, subject to the remarks made below, it may be 
stated that ft was a matter of indifference how the wire was excited: the frequency 
of the sounding-board was always twice that of the vibration of the wire. 

Figure 1, however, distinctly shows the presence of an oscillation of the same 
frequency as the wire, superposed upon an oscillation of the double frequency. 
This is also perceptible in figure 2. The cause of the appearance of the 
“fundamental” in these cases was successfully investigated. It will be seen that the 
oscillation of the wire recorded on the plate is quite large in figure 1, and fairly 
large in figure 2. This does not mean that the oscillation of the wire had a smaller 
amplitude in the other cases, but only that the vertical oscillation of the wire 
(which alone was recorded upon the plate) was comparatively larger when 
figures 1 and 2 were photographed. As a matter of fact, the wire was plucked 
almost horizontally when all the photographs except figures 1 and 2 were taken. In 
photographing figure 2 it was the intention to pluck horizontally, but it appears 
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to have been carelessly done. In the case of figure 1 the wire was plucked 
vertically. Now it was found that there was an important difference between the 
oscillation of the wire in a horizontal and in a vertical plane. The equilibrium 
position of the wire is not quite a straight line, but a catenary of small curvature. 
The oscillation of the sounding-board depends upon the second order differences 
in the length of the displaced and equilibrium positions of the wire. When the 
oscillation is in a vertical plane, the fact that the equilibrium position is a catenary 
becomes of importance. The changes in length about the equilibrium position 
become unsymmetrical, and this introduces a component of the “fundamental” 
frequency into the oscillation of the sounding-board which would otherwise be of 
double frequency. 

While the work of setting up the apparatus for photographing the vibration- 
curves was in progress, Barton and Ebblewhite’s paper in the Philos. Mag. for 
September 1910 appeared, in which it was shown that the motion of the bridge of 
the violin in some cases had a frequency double that of the string. This effect seems 
to be clearly analogous to that shown in my photographs, though the effect is not 
obtainable in all cases with the bridge of the violin. 

Figure 10 illustrates still another method, which was devised, of demonstrating 
the 1:2 frequency relation. This was to compound the motion of the sounding- 
board and the wire optically. An illuminated horizontal slit is placed just below a 
point on the wire, transversely to it. The light issuing therefrom after reflexion at a 
mirror fixed over it and then at the oscillating mirror of the optical lever is 
focussed by the lens of a camera. The two motions of the shadow of the wire on the 
slit are at right angles to each other, and its path is the appropriate Lissajous’s 
figure. It is seen in the photograph that this is approximately a parabolic arc. 

Nagpur, C. P. India 
10 November 1910 



Phys. Rev. 32 307-308 (1911) 

Remarks on a paper by J S Stokes on “Some curious 
phenomena observed in connection with Melde’s 

' experiment”* * 

C V RAMAN 

At the conclusion of the paper referred to, the writer remarks: “As far as the 
demonstrator has been able to ascertain, these phenomena have not been 
hitherto observed or described by any one.” I may therefore be permitted to 
observe that the phenomena described in the paper (with the exception of the 
effect on the rotation of the pulley of waxing the thread) were observed by me 
about five years ago, when working in collaboration with Mr V Apparao at the 
Presidency College, Madras, and were subsequently shown by us to a large 
number of others. As however, other phenomena of interest were then observed 
which seemed to be of greater importance and which could be explained less 
readily, I did not seek an opportunity of publishing my observations on the 
subject.1 

I may also state that the phenomena of the rotation of the pulley was 
independently observed about two years ago by Mr A W Porter, who published a 
note on the subject in Knowledge and Scientific News at that time. 

My observations furnish a clue for the explanation of an effect which Mr J S 
Stokes says he is unable to account for, i.e. the increased speed of rotation of the 
pulley when the overhanging vertical portion of the string was vibrating and the 
horizontal part seemed not to be doing so. In a future paper I shall endeavor to 
show that with the large amplitudes of oscillation maintained in practice, Lord 
Rayleigh’s theory of the maintenance of oscillations by forces of double 
frequency1 has to be seriously modified to enable the experimentally observed 
phase-relations to be accounted for. It comes out that we are not dealing with one, 
but with two variations of tension: not merely with the variation of tension 

* Phys. Rev., May, 1910, p.659. 

+ For the outcome of some of the other observations mentioned, the following publications in Nature 

(London) may be referred to: On the Small Motion at the Nodes of a Vibrating String, Nature 

(London), November 4, 1909; The Maintenance of Forced Oscillations of a New Type, Nature 

(London), December 9, 1909; also an addendum to the latter in Nature (London), February 10, 1910. 

* Philos. Mag. 1887 and Theory of Sound, 2nd ed., I pp. 82-84. 
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imposed by the motion of the prong, but also with the periodic part of the 
variation of tension associated with an oscillation of large amplitude. In actual 
practice, these two variations approach equality in amplitude and opposition in 
phase, with the result that when the string is maintained in vigorous oscillation, 
the net periodic variation of tension is very small indeed compared with what we 
should expect from the range of excursion of the end of the string which is 
attached to the prong; the torque exerted upon the pulley and the speed of 
rotation, if any, of the latter are quite small. But when the string between the fork 
and the pulley has no transverse oscillation, the full effect of the oscillation of the 
prong is felt in varying the tension of the string periodically, and the torque on the 
pulley being greater, the speed of rotation of the latter becomes very considerable. 
This is exactly what is observed. 



Phys. Rev. 32 309-315 (1911) 

The small motion at the nodes of a vibrating string* 

C V RAMAN 

1. It is generally recognized that * the nodes of a string which is maintained 
permanently in oscillation cannot be points of absolute rest, as the energy 
requisite for the maintenance of the vibrations is transmitted through these 
points. I have not however seen anywhere a discussion or experimental 
demonstration of some peculiar properties of this small motion. I shall therefore 
endeavor to give an account of some experiments and observations of mine 
relating to this subject. 

2. Some rather striking effects are observed when the small motion at a node is 
viewed stroboscopically, i.e. under periodic illumination. For this purpose, the 
frequency of intermittence of the light should be nearly twice that of the 
oscillation of the string. A tuning-fork maintains the string in oscillation in any 
convenient number of loops, by imposing a transverse obligatory motion at one 
point of it. Another tuning-fork, which has nearly twice the frequency of the other, 
forms the interrupter of a Ruhmkorffs coil, the spark from which furnishes the 
periodic source of illumination. Both forks are electrically self-maintaining. The 
string is seen in Wo slowly-moving positions, which represent opposite phases of 
the actual motion. If the nodes were points of absolute rest, then the two positions 
seen under the periodic illumination would intersect at fixed points. On account, 
however, of the small transverse motion at the nodes, the points of intersection or 
“fictitious nodes” are seen to execute a motion of large amplitude parallel to the 
string—the range of the motion being equal to the whole length of a loop. This 
motion, best seen under a magnifying glass, is represented in figure 1, in which 
nine successive stages at equal intervals of a complete cycle are shown. 

3. The “fictitious” node is in the first stage at the center of the field. It then 
moves to one side of the field, first slowly, then more rapidly; at the fourth stage, it 
is off the field; at the fifth, the two positions of the string are, at the center of field 
(i.e. at the position of the node in the actual oscillation), sensibly parallel to each 
other. It then reappears on the other side of the field, moves in rapidly, then more 
slowly; at the ninth stage, it is back again at the center of the field. 

* A preliminary note on this subject was published in Nature (London), November 4,1909, as a letter to 

the Editor. 
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Figure 1 

4. A motion of the type shown in figure 1 can be represented mathematically 
by the expression A sin ax cos pt + B cos ax sin pt, where x is the distance from the 
center of the field, t is the time, the other quantities being constants or nearly so. 
The two terms differ in phase by quarter of an oscillation. The significance of this 
is that the small motion at the node and the large motion elsewhere differ in phase 
by quarter of an oscillation. If the expression for the displacement were of the type 
A sin ax cos pt + B cos ax sin (pt + £), the two terms differing in phase by more or 
less than n/2, the motion would not be of the type shown in figure 1. It would be 
unsymmetrical, the velocity of the point of intersection when at a given distance 
from the center of the field on one side and approaching it, being much greater 
than its velocity when at the same distance on the other side and receding from 
the center. 



MOTION AT NODES OF VIBRATING STRING 13 

5. Another experiment, which was first performed by me in collaboration with 
Mr V Apparao of the Presidency College, Madras, was found later to furnish a 

second method of determining the phase of the small motion at the nodes. The 
principle of this method was to compound the oscillation at every point on the 
string with another perpendicular to it of half the frequency and to observe the 
compound oscillation at the nodes and elsewhere. A string can be maintained 
permanently in a compound oscillation of this character by attaching one end of 
it to the prong of an electrically-maintained tuning-fork, so that it lies in a plane 
perpendicular to the prongs, but in a direction inclined to their line of vibration.* 

6. A beautiful and interesting type of stationary oscillation is maintained when 
the tension is somewhat greater than that necessary for the most vigorous 
maintenance. The curves described by points on the string are then parabolic 
arcs.f As the frequency of oscillation in one plane is half that in a perpendicular 
plane, there are two vibration-loops in the latter for every one in the former. The 
consequence of this is that the parabolic arcs which form the paths of points on 
the string have their curvatures in opposite directions in alternate halves of a big 
loop, i.e. in alternate small loops. The surface generated by the moving string is 
one of great delicacy and purity, and an adequate idea of it can only be had on 
actually performing the experiment. The photograph herewith published 
(figure 2) gives only a very feeble idea of the effect. It can be seen from the shading 
that the paths of points on the string are curved arcs, and that the curvatures are 
in opposite directions in the two halves of the loop (which appear unequal in the 
photograph as the string pointed towards the lens of the camera). 

7. For the study of the small motion at the nodes of the oscillation excited by 
transverse obligatory motion, it is necessary that the tension of the string be 
adjusted so that maintenance is as vigorous as possible. When this is done, it is 
noticed that points on the string (except near the nodes) describe 8 curves. The 
curve at the node, i.e. the path compounded of the small motion at the node, and 
the large motion of half the frequency perpendicular to it, in neither an 8 curve nor 
a straight line, but is a flat parabolic arc. From this, the phase-difference is again 
seen to be 7i/2. The direction of the curvature of the arc, in other words, the sign of 
the phase-difference, was found to agree with theory. 

8. The above relates to the small motion at any node. One particular case is of 
importance, as it admits of independent experimental verification. For a string to 
be maintained in vigorous vibration by the imposition of an obligatory motion at 
one point, this point should itself lie at or near a node of the oscillation. It follows 

* Under these circumstances, the motion of the prong may be resolved into two components, one 

perpendicular, and the other parallel to the string. The first maintains an oscillation having the same 

frequency as that of the fork, and the second maintains an oscillation having half that frequency. The 

two oscillations occur, or can be made to occur in perpendicular planes. 

A parabolic arc is one of the Lissajous figures for the 1:2 composition ratio. 
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Figure 2 

that under such circumstances, the imposed obligatory motion and the general 
oscillation of the string should differ in phase, the difference being equal to n/2 

when the obligatory motion is imposed exactly at a node. This difference of phase 
betweemthe motion of the prong and the general oscillation of the string, which 
may have been anticipated from the general principles of resonance, may be 
verified experimentally in two ways: (1) by stroboscopic observation and (2) by a 
tilting-mirror and Lissajous’s figure arrangement. Before entering into experi¬ 
mental details regarding these, we may first discuss the mathematics of the 
questions dealt with above. 
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Mathematical note 

9. The result of the investigation by Donkin of the problem of forced oscillations 
of stretched strings (Acoustics, 2nd ed, pp. 121-124) is erroneous. Starting with 
the assumption that the obligatory motion at the point x = b is p sin nt 4- q cos nt 

and taking dissipation of energy into account, the final approximate result 
obtained by him for the motion of points not near a node is 

sin 6(p sin nt + q cos nt)/(sin2 <p 4- Sq cos2 (p)1/2. 

From the original, it will be seen that sin 6 and (sin2 q> + dl cos2 <p) do not involve 
the time t; the phase of the general motion of the string should therefore be 
identical with that of the obligatory motion at the point x = b. This result does 
not agree with that given in paragraph 8 above. The exact step in the 
mathematical work which introduces the error is putting tan = q/p, where 

tan <L = (qo0 sin q> + pS0 cos (p)/(p<r0 sin (p — q30 cos <59). 

To show that this step is erroneous, we may, without loss of generality, put q = 0. 
Then 

tan O = 
S0 „ cep 
— cot ip — pip cot (p = —- cot (p . 
(Jq • 2 n 

Donkin’s approximation is therefore equivalent to putting the damping factor 
c = 0. This is inadmissible, for the coefficient of the term, i.e. cot <p, is very 
large, and when d> = in at the exact stage of resonance, becomes infinite. At this 
stage tan O = 00 and d> = tt/2, whereas Donkin would have tan 0 = 0 and 
therefore 0 = 0. 

10. To compare the facts stated in paragraphs 1 to 8 above with the results of 
theory, we may make use of the notation and results given on pages 197M99 of 
Lord Rayleigh’s Theory of Sound, Vol I, second edition. The expression for the 
displacement at every point of the string maintained in vibration there given is 

where 

y ^ cos (pt + - £„), 
^b 

2V2 

Rl = sin2 ax + 
k x 

4 aJ 
cos ax 

and 

tan£* = 
ePx — £ Px 

,px + e -fix cot ax 

corresponding to an obligatory motion y cos pt at the point x = b. In this 
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expression /? is a small quantity, and therefore 

and 

tan = fix COt (XX, 

(X*-Xf>) = tan H/focotax) — tan 1(fibcotab). 

This value of (£x — J]b) is very small and may be put equal to zero except in the 
two cases, where cot ax or cot ab is very large, i.e. ax or ab is nearly equal to any 
integral multiple of n. In other words, the motion at any point is in the same phase 
as the obligatory motion unless it happens that (1) the point of observation, or 
(2) the point at which the obligatory motion is imposed, or (3) both points either 
coincide with, or are situated near nodes of the forced oscillation. In short, it may 
be said that there is a localized change of phase at the nodes, the difference 
between the phase at the node and at some point a considerable distance away 
from it being n/2. 

11. The expression for the displacement can be written in the form 

sin ax cos pT + 
kx 
— cos ax sin 
2 a 

which is seen to be of the type given in paragraph 4 above. 
12. We now return to the experimental details referred to at the conclusion of 

paragraph 8 above. 
Method (1): A short length of the vibrating string is brightly illuminated, and 

an image of it is focussed in the field of view of a stroboscopic disc. A slit held 
parallel to the string at some distance from it is illuminated, and the light issuing 
therefrom suffers reflection at a small mirror attached to the prong of the 
electrically-maintained tuning-fork which keeps the string in vibration, and is 
then focussed by a second lens into a linear image. The two images are adjusted so 
as to be in juxtaposition. On starting the tuning-fork and the stroboscopic disc, it 
can be seen that the two linear images are in different phases of motion, and the 
gradual change of the difference with the alteration of the tension of the string can 
be studied. 



Philos. Mag. 24 513-519 (1912) 

The maintenance of forced oscillations of a 
new type 

C V RAMAN, M.A.* 

[Plates I-III] 

The photographs published with this paper (plates I-III) represent some of the 

very remarkable class of maintained oscillations regarding which preliminary 
communications were published in the issues of Nature (London) dated the 9th 
December 1909, and the 10th February 1910, under the title of the present paper. I 
propose here to confine myself to indicating the main features of the phenomena 
actually observed in experiment, and to elucidating these by the aid of a physical 
theory that I have since worked out. 

One of the most fascinating problems in the dynamics of vibrating bodies is the 
behaviour of a system when subject to periodic forces which tend merely to alter 
its “spring” or restitutional coefficient, and do not directly tend to displace the 
system from its position of equilibrium. In discussing this problem, it is assumed 
that this periodic change in “spring” is of definite frequency and is imposed from 
outside the system. One principal point for inquiry is the relation that must exist 
between this frequency and that of the free oscillations of the system in order that 
the latter may be permanently maintained in vibration in the presence of 
dissipative forces. Lord Rayleigh has investigated the particular case in which the 
frequency of the imposed force is double that of the oscillations of the system, and 
has shown that under suitable circumstances the oscillation may be maintained. 
The question arises whether there do not exist other frequency-ratios which 
would permit of the maintenance of the oscillations of the system. Mr Andrew 
Stephenson attacks this problem by pushing to a higher degree of approximation 
the analytical method employed by Hill in discussing certain problems in the 
Lunar Theory, and by Lord Rayleigh in working out the particular case of double 
frequency. His analysis (published in the Q. J. Pure Appl. Math, for June 1906) 
leads to the result that the oscillations of the system may be magnified or 
maintained under suitable circumstances, if the frequency N of the imposed 
variation of spring stands to the frequency N l of the oscillation in the relation 2 :r 

* Communicated by the author. 
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where r is any positive integer. When r is unity, we evidently have the case of 

double frequency referred to above. 
From an acoustical point of view, the possibility of maintenance is that which 

possesses the greatest interest. Mr Stephenson’s treatment is purely mathe¬ 
matical, and his paper does not explain in terms of ordinary physical ideas why 
it is that the oscillations should admit of being maintained with the specified 
frequency-relations, nor does he offer any experimental evidence in support of 
such a proposition. It is necessary therefore to discuss the problem in its physical 
bearings before any results of experiment can be rendered intelligible. 

If the oscillations of the system are to be maintained in the presence of 
dissipative forces, a continued supply of energy from without into the system is 
clearly necessary, and we have therefore to show that with the assumed relation 
between the frequency of the imposed variation of spring and that of the 
oscillations of the system, it is possible for a finite amount of energy to pass into 
the system during every complete period of the variation of the spring, and that 
this is just sufficient to balance the loss by dissipation during the same time. This 
again would only be possible, if, assuming that an oscillation of any particular 
frequency was maintained, the product of the imposed variation of spring into the 
displacement, which may be regarded as the impressed part of the force tending to 
restore the system to its position of equilibrium, had a periodic component of the 
same frequency as that of the oscillation proposed to be maintained, and this 
should also be of a suitable magnitude and phase. This is evident from the general 
principles of resonance, since components of the restoring force having any other 
frequency would obviously be comparatively ineffective in maintaining the 
vibration. 

The condition referred to above, it may readily be shown, is satisfied in the case 
of double frequency. Thus, putting N and N{ equal to n/2n and nl/2n 

respectively, and assuming that the variation of spring is represented by 
— 2an\ sin nt and the displacement 0 at any instant is equal to C cos (nt/2 + s1), it 
is seen that the product of the variation of spring and the displacement has a 
periodic component — a Cn\ sin (nt/2 — ej which has the same frequency as the 
oscillation proposed to be maintained. It is readily shown that the work done by 
this part of the force acting on the system in a time equal to the period of the 
variation of spring is a/4nlnC2tcos 2s, and that this is equal to the loss by 
dissipation in the same time if Kn = (xn1cos2sl, 2Knx being the dissipation 
coefficient. This result, it will be seen, is precisely equivalent to that obtained in a 
different manner by Lord Rayleigh (Scientific Works, vol. ii, p. 192). 

Taking now the general case discussed by Stephenson, we may first assume that 
a motion of frequency rN/2 is maintained by the variation of spring — 2an\ sin nt. 

If </> the displacement at any instant is put equal to Cr cos (rnt/2 + sr), where Cr is a 
constant, it is readily seen that the product of the variation of spring and the 
displacement which may be termed the impressed part of the restoring force is 
- 2aCrn\ sin nt cos (rnt/2 + sr), and this has obviously no component of fre- 
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quency rN/2 and cannot therefore maintain an oscillation having that frequency. 
The expression for the work done by it in a time equal to the period of the variable 
spring will be found equal to zero. The inference is that, if the oscillation is 
actually maintained, some important term in the expression for the displacement 
at any instant has been omitted by us to be taken into account. This we now 
proceed to find directly from physical considerations. 

We may, to fix our ideas, consider a case in which the frequency of the 
oscillations of the system is large compared with the frequency of the imposed 
variation of spring. It is clear in this case that the successive oscillations of the 
system are not executed under identical conditions. At one epoch the restitutional 
coefficient is a maximum, and an oscillation would evidently be executed by the 
system during this epoch in a shorter time than at the epoch when the spring is a 
minimum, and the amplitude of the oscillation would also be greater at the latter 
epoch. The motion of the system in such a case would evidently be similar to that 
in the atmospheric beats produced by two simple tones one of which has a greater 
frequency and amplitude than the other (Appendix XIV of Helmholtz’s Sen¬ 

sations of Tone). We have therefore to modify the expression for the displacement 
applicable in the general case and may assume it to be approximately represented 
by two terms, one of which has a much larger amplitude than the other and has a 
frequency in excess of it by that of the imposed variation of spring. 

We may therefore put f the displacement equal to 

Crcos(rnt/2 + er) + Cr_2 cos(r — 2nt/2 + er_2). 

The expression for the restoring force at any instant requires corresponding 
modification. The product of the variation of spring and the displacement is 

— 2cnn\ sin nt[Cr cos (rnt/2 + er) 

+ Cr _ 2 cos (r — 2nt/2 + er_2)]. 

It is readily seen that this has a periodic component of frequency rN/2 which is 
equal to 

or 
— otnj Cr_2 sin (rnt/2 + sr_2) if r>2 

— 2y.n{ Cr_2 sinnt coser_2 if r = 2. 

The work done by this the “impressed” part of the restoring force during a period 
of the variation of spring is readily shown to be 

y./4m\nCrCr-.2tcos(er — er_2), if r> 2 

or 
— ccn2nCrCr~2t cosercos£r_2, if r = 2. 

The energy dissipated during the same time is 

\Knznx [r2C] + (r — 2)2Cr2_2]L 
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Since the 2nd term within the square brackets is the square of a small quantity it 
may be neglected, and the energy supplied is equal to the energy dissipated if 

KrnCr= — ocn1Cr-2 cos (a, — er_2) 

provided r > 2, or if 

K:rnCr =—2anxCr_ 2 cos er cos er_ 2 when r — 2. 

It is thus seen that the 2nd term in the expression for the displacement is from a 
physical point of view of very great importance, though its amplitude may be 
small compared with that of the 1st term which is much the larger part of the 
oscillation actually maintained. It is not developed or brought out in the final 
expression for the magnified or maintained motion as given by Stephenson, and 
the importance of the part played by it in magnifying or maintaining the motion is 

therefore not made evident in his paper. 
It seems well to consider a few numerical examples. If The frequency of the 

imposed variation of “spring” were 60 per second, the oscillations of the system 
would be maintained (under suitable circumstances) if the frequency of its free 
oscillations were nearly equal to 30 or 60 or 90 or 120 or 150 and so on, the degree 
of approximation to equality necessary increasing as we proceed up the series. 
The frequency of the maintained oscillation would be exactly 30 or 60 or 90 and 
so on. But in the case of the oscillation of frequency 60, the motion would be very 
approximately represented by a periodic term of that frequency plus a small 
constant. In the case of the 3rd type in the series, the maintained oscillation would 
be represented by a periodic term of frequency 90 plus a small term of frequency 
30. In the 4th case, the motion would be represented by a periodic term of 
frequency 120 plus a small term of frequency 60 and so on, the 2nd term in each 
type being less in frequency than the 1st term by 60, which is the frequency of the 
variation of spring; in the case of the 2nd type in which the frequency of the first 
term is itself 60, the 2nd term naturally assumes the form of a constant as stated 
above. The significance of this is that an oscillation when maintained by a 
variation of spring of the same frequency has for its mean point, not the 
equilibrium position of the system, but one slightly displaced to one side thereof. 
This result is no doubt somewhat paradoxical, but there is nothing absurd in it, 
inasmuch as we are here dealing with motion under variable spring in the 
presence of dissipative forces. The restoring forces at the points of maximum 
displacement on either side of the equilibrium position may be equal in 
magnitude and opposite in sign despite the fact that these displacements from the 
equilibrium position are themselves slightly different, and a steady oscillation 
about a displaced mean point is therefore possible. It is readily seen that in this 
case it is the slight displacement of the mean point of the normal oscillation that 
enables a surplus of energy to pass from without into the system to counteract the 
effect of dissipation and thus maintain the motion. 

The class of maintained vibrations discussed above can be realized in 
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experiment and caused to yield some very beautiful results that will now be 
described. The vibrating systems used in the work are stretched strings which 
seem prima facie well adapted for acoustical work on this subject. Important 
advantages are that their vibrations are visible without any aid, and, secondly, 
that their frequency can be adjusted with ease and accuracy over a comparatively 
wide range. With stretched strings again, it is comparatively an easy matter to 
impose a periodic variation of “spring”, i.e. of tension in this case, of any desired 
magnitude and frequency. The experimental arrangements required are fairly 
simple. A fine string one or two metres in length is taken and one end of it is passed 
over a peg or a pulley, preferably the former. The other end is attached to the 
prong of a massive tuning-fork of frequency say 60 or 100 per second, in such a 
manner that the tension of the string is varied by the motion of the prong. The 
tuning-fork should be maintained electrically, but for some purposes powerful 
bowing is sufficient. 

It is generally supposed that under these circumstances the equilibrium 
position of the string becomes unstable and it is thrown into a state of permanent 
and vigorous vibration only when the frequency of the free oscillations of the 
string (in its fundamental or other mode) is approximately half of that of the point 
of attachment. I found that this was not the case. A permanent and vigorous 
vibration was also maintained when the frequency of the free oscillations of the 
string was equal to, or one and a half times, or twice, or two and a half times, or 
thrice that of the fork. This is precisely what is to be expected from the theory 
dealt with above, and there is absolutely no difficulty in obtaining any one of the 
first five or six of these types of maintained oscillation each separately by itself, i.e. 
with frequency of the oscillation of the string having the specified relation to that 
of the tuning-fork. All that is required is that the tension should be so adjusted till 
the frequency of the free oscillations of the string in its fundamental mode bears 
the desired relation to the frequency of the fork. This can be done by trial, and it 
will then generally be found that the oscillations are maintained. 

To obtain the results shown in the photographs (plates I—III) a somewhat 
different procedure is adopted. The vibrating system here dealt with, i.e. a 
stretched string, has not merely one free period of oscillation but a series of such 
free periods in which it divides up into one, two, or more segments. Since the 
frequencies of oscillation which a variable spring of given frequency may 
maintain under suitable circumstances also form a series, it is evidently possible 
for more than one mode of vibration to be maintained at one and the same time, 
each with its own appropriate frequency. In other words, the variable spring may 
maintain a compound vibration, and as the components of this motion need not 
both or all be in one and the same principal plane of vibration of the string, we 
may readily obtain by a little calculation and trial types of maintained motion in 
which the oscillation in one principal plane is of one frequency and in the 
perpendicular plane of a different frequency. Under these circumstances, the 
motion of a point on the string in a plane transverse to it is the appropriate 
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Figure 5 Figure 6 

Plate I 
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Figure 7 Figure 8 

Figure 9 Figure 10 

Plate II 
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Figure 14 

Figure 15 

Plate III 
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Lissajous figure, and the frequency relation between the component motions is 
thus rendered evident to inspection in a most striking manner. 

The photographs represent short sections of the string thus maintained in 
stationary vibration, one point in the middle of the section being brilliantly 
illuminated. Figure 1 shows the ordinary 1st type of maintenance in which the 
frequency of the motion is half of that of the fork. Figure 2 shows a compound of 
the 1st and 2nd types in suitable phase relation, the motion being in a parabolic 
arc. Figure 3 is a compound of the 1st and 3rd types. Figure 4 is a compound of 
the 2nd and 3rd types which have frequencies respectively equal to and half as 
much again as that of the fork. Figures 5 and 6 are complementary, i.e. relate to the 
same type of oscillation, figure 5 showing one part of the string and figure 6 
another part. In these two photographs, the 1st and 3rd types of maintained 
motion occur together in one principal plane, and the 2nd type by itself in the 
perpendicular plane. In figure 5 the 1st and 3rd types are in similar phases, but in 
figure 6 they are opposed, hence the very remarkable split-ring effect in the latter. 
In figure 7 we have the 1st and 3rd types again in perpendicular planes, but along 
with the 3rd type there is a clear addition of the 2nd type as well. Figures 8 and 9 
are complementary, and show the 1st type maintained in one plane, and the 2nd 
and 4th types together in the perpendicular plane. Figure 10 shows a compound 
of the 2nd and 5th types having frequencies respectively equal to and two and a 
half times that of the fork. Figure 11 shows the 1st type in one plane and the 2nd 
and 5th types together in a perpendicular plane. Figures 12 and 13 are 
complementary, i.e. show different parts of a string under the same conditions. 
They represent the 1st and 5th types together in one plane and the 2nd by itself in 
the perpendicular plane. In figure 12, the 1st and 5th types are in the same phase, 
and in figure 13 they are opposed. Figures 14 and 15 show the 1st type in one 
plane, and the 2nd and 6th types together in the perpendicular plane. The latter 
two are in different relative phases in the two photographs. 

Regarding the plate as a whole, it is not a little surprising to contemplate that a 
strictly normal motion imparted to one extremity of a stretched string should 
result (under suitable circumstances) in such an extraordinary variety of types of 
oscillation! I do not think I have photographed one-half of the different types that 
can easily be maintained permanently. 

Conclusion 

I have indicated some of the principal results of experimental interest obtained 
with this class of maintained vibrations. Further experimental work on the 
leading types and a detailed comparison with the results of the physical theory 
which I have outlined above and with the mathematical analysis, does not fall 
within the limits of the present paper, and I hope to deal with them on an early 
date. Meanwhile I must remark that the existence and physical importance of the 
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small “second” term of lower frequency in the expression for the maintained 
motion is directly demonstrable by stroboscopic observation of each of the five or 
six types of maintained motion referred to above and by a study of their 
“vibration-curves”. The results of this work are being prepared for publication. 
The experiments and observations recorded in this note were made at the 
Physical Laboratory of the Indian Association for the Cultivation of Science, 
Calcutta. 
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Some remarkable cases of resonance* 

c V RAMAN 

The general principal of resonance is that a periodic force acting on an oscillatory 
system may set up and maintain a large amplitude of vibration when the periods 
of the force and of the system are approximately equal, even though in other 
cases the amplitude might be so small as to be negligible. In the present paper I 
propose to discuss some remarkable cases which form apparent exceptions to this 
law of equality of periods, that is, in which we have marked resonance when the 
periods of the impressed force and of the system do not stand to each other in a 
relation of approximate equality. 

The first of these is the well known case of double frequency, the theory of 
which was first discussed by Lord Rayleigh.+ In a note published in the Phys. Rev. 
for March, 1911,1 promised a fuller discussion of the modification in this theory 
necessary to fit the results with those actually observed in experiment. I now 
proceed to fulfil this promise and the delay that has occurred in doing so is I feel a 
matter for regret. Lord Rayleigh starts with the following as his equation of 
motion: 

U + kU + (n2-2<x sin 2pt)U = 0, (1) 

and assuming that U, the displacement at any instant during steady motion, can 
be represented by an expression of the form 

Ax sinpt + Bl cos pt + A3 sin 3pt + B3 cos 3pt + A5 sin 5pt, (2) 

proceeds to find the conditions that must be satisfied for the assumed steady 
motion to be possible. This he does by substituting (2) for U in the left-hand side 
of equation (l)and equating to zero the coefficients of sin pt, cos pt, etc. The 
conditions for the possibility of steady motion thus obtained are 

Bi J(ct-kp) 
— — /,-1—7 — tan e 
A i y(a + kp) 

(.n2 — p2)2 =a2 — k2p2. 

(3) 

(4) 

* Preliminary notes on this subject appeared in Nature (London), December 9,1909 and February 10, 

1910, and in the Phys. Rev., March 1911. 
+ Philos. Mag., April, 1883 and August, 1887, and Theory of Sound, Art. 68(h). 
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By a trigonometrical transformation equation (3) can be written in the form 

kp = (X cos 2e. (5) 

It appears from these equations that the phase of the oscillation maintained, i.e. 
e is independent of the amplitude, and that the latter quantity is indeterminate. 

I attempted to verify the phase-relation given by equations (4) and (5) 
experimentally in the following way: The oscillating system used was a stretched 
string and this was maintained in motion by periodically varying its tension in the 
manner of Melde’s experiment. Since the periodic change of double frequency in 
the tension of the string is imposed by the tuning-fork, the motion of the prong 
corresponds to the term —2a sin 2pt in equation (1) and the transverse vibration 
of the string to the expression (A2 + Bf)1'2 sin(pf + e) if the small terms in A3, B3, 

etc. are neglected. The experimental problem therefore reduces itself to the 
determination of the phase-relation between the motion of the string and the 
vibration of the prong of the exciting tuning-fork. This can be attacked by two 
distinct methods. 

(i) Mechanical composition of the two motions: This is automatically effected 
and needs no special experimental device. For, the motion of the prong is 
longitudinal to the string and any point on the string near the end attached to the 
prong or near any other intermediate node of the oscillation has two rectangular 
motions: the first longitudinal to the string and having the same frequency as the 
vibration of the fork; and the second which is the general transverse oscillation of 
the string. The resulting motion is in a Lissajous figure and this is readily 
observed by attaching a fragment of a silvered bead to a point on the string near 
the fork. 

(ii) Optical composition of the two motions: Furnishes a second method and 
this is undoubtedly the more elegant of the two. It can be effected in the following 
way: a small mirror is attached normally to the extremity of the prong of the fork. 
The plane of the oscillation of this mirror is perpendicular to that of the vibration 
of the string, and a point on the latter is brightly illuminated by a transverse sheet 
of light from a lantern or from a cylindrical lens. When the string is in oscillation 
the illuminated point appears dra,wn out into a straight line, and this is viewed by 
reflection first at a fixed mirror and then at the mirror attached to the vibrating 
prong. The illuminated point is then seen to describe a Lissajous figure which is 
compounded of the motions of the string and the tuning-fork. 

Observing by either of the methods described above, the relation between the 
phases of the transverse oscillation of the string and of the motion of the prong of 
the tuning-fork can be closely studied, and some remarkable phenomena are 
noticed in this way. The principal point observed is that the phase relation is not 
independent of the amplitude maintained. This is best shown by using a bowed 
fork and starting with a large amplitude of motion and then allowing the motion 
to die away. The initial curve of motion and the changes in it as the motion dies 
away both depend on the tension of the string. When this is in excess of that 
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required for the most vigorous maintenance, the curve is a parabolic arc convex 

to the fork and remains as such when the motion dies away. With a smaller 

tension adjusted so that the free period of the string is exactly double that of the 

fork, the initial curve with a large amplitude of motion is still approximately a 

parabolic arc convex to the fork. The damping of the motion is now more rapid 

and the curve reduces to an 8-shaped figure when the amplitude is very small. For 

the most vigorous maintenance a still smaller tension is necessary and the initial 

curve with a large motion is still convex to the fork, but it will now be noticed that 

when the amplitude falls to a very small quantity the curve passes through the 8- 

figure stage and tends to become concave to the fork. The most remarkable 

changes are observed when the tension is smaller still. The damping here is very 

large and a steady motion is only possible when the amplitude exceeds a certain 

minimum value. At this stage the string very rapidly comes to rest and in the final 

stage the curve of motion becomes a parabolic arc concave to the fork with a very 

small amplitude. For a satisfactory explanation of these phenomena it is 

necessary to start with a modified equation of motion which takes into account 

the variations of tension which exist in free oscillations of sensible amplitude and 

are proportional to the square of the motion. The equation of motion thus 

completed is 

U + kU + (n2 — 2a sin 2pt + PU2)-U = 0. (6) 

Substituting expression (2) for U in the left-hand side of the above given equation 

and putting the coefficients of sin pt, cos pt, etc. equal to zero, the conditions for 

the possibility of steady motion reduce to the form 

and 

where 

kp — a cos 2e 

(n2 — p2 + F)2 = a2 - k2p2, 

(7) 

(8) 

Equation (8) determines the amplitude of the motion and (7) its phase. It is 

evident at once that with given values for a and kp the amplitude of the motion is 

greatest when n is smallest and that there can be no maintenance if a < kp. We 

therefore get the apparently paradoxical conclusion (which is amply verified by 

experiment) that the maintenance is not the most vigorous when the free period 

(for small amplitudes) of the string is double that of the fork. Another interesting 

inference which is confirmed by experiment is that when n < p and (n2 — p2)2 

> (a2 — k2p2) maintenance is impossible unless F, i.e. also the amplitude, has a 

definite minimum value. 

Equation (7) shows that as a is increased e, the phase of the oscillation, alters 

continuously. The influence of F, i.e. of the amplitude of the motion on e its phase 

can readily be traced from equation (8). When n > p, for a larger value of F we 
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must have a large value of a and cos 2e tends more and more to assume a zero 
value. Writing equation (7) in the form 

tane = 
cn — kp 

n2 — p2 + F 

it is evident that when n> p and F is large, e is positive and approaches to the 
value 7i/4. This agrees with the experimental result. When n<p,e may be positive 
or negative according as F is greater or less than (p2 — n2) and the alteration of the 
phase of the motion with the amplitude is most conspicuous, and this is in 
agreement with observation. In the extreme lower limit e tends to the value — n/4, 

and the curve of motion is a parabolic arc concave to the fork. In other words 
when the prong is at its extreme outward string, the string is also at its extreme 
outward swing, a seemingly paradoxical result not in accordance with the 
ordinarily received ideas of the experiment. Equation (1) may be written in the 
form 

V + kU + n2U = 2a 1/ sin 2 pt. (10) 

The right-hand side of this equation may be regarded as the impressed part of the 
restoring force acting on the system, and this is a very useful way of regarding the 
matter. Putting U = P sin (pt + e) to a first approximation, we can find the 
conditions that must exist for steady motion directly by equating the work done 
by the force represented by the right-hand side term of equation (10) to the energy 
dissipated in an equal time by the friction term on the left. The relation thus 
obtained is identical with equation (7) obtained from the complete analysis. It is 
observed that the right-hand side of equation (10) is 

2aP sin 2pt sin (pt + e) 

and this may be written as 

aP(cos pt — e — cos 3 pt + e). 

The second term within the brackets is ineffective so far as the maintenance of the 
motion Psin(pt + e) is concerned. We may therefore leave it out and write 
equation (10) in the form 

U + kU + n2U = aP cos (pt — e). (11) 

Written in this way it is evident that a large motion must ensue if p = n and that 
we have here merely an example of the general principle of resonance. 

Part II 

I now proceed to consider some other exceedingly interesting cases of resonance 
under the action of forces similar in character to that in the case of double 
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frequency considered above, but having other frequency relations to the system 
influenced. My experiments show that resonance may occur in the following cases 
of the kind: 

(1) When the period of the force is \ that of the system. 
(2) When the period of the force is § times that of the system. 
(3) When the period of the force is § times that of the system. 
(4) When the period of the force is § times that of the system. 
(5) When the period of the force is f times that of the system. 
(6) When the period of the force is § times that of the system. 
And so on. 

The most remarkable instances of these cases of resonance are furnished by a 
stretched string under the action of a periodically varying tension. To observe 
them, all that is required is that the tension of the string should be gradually 
increased till its free period in the fundamental mode stands in the desired relation 
to the period of the tuning-fork which imposes the variable tension. It will then be 
found that a vigorous oscillation is maintained. Figures 1, 2, 3, 4 and 5 are 
photographs of stretched strings maintained in the first five types of motion 
respectively under the action of an electrically maintained tuning-fork varying 
the tension periodically. 

The actual frequency and the phase of the maintained motion in each of these 
cases can be determined by observation of the corresponding Lissajous figures, 
using the mechanical or optical method of composition described above for the 
first of these cases. The detailed results I must reserve for a future paper. One good 
way of studying these types of motion is to illuminate one point on the vibrating 
string by a transverse sheet of light from a lantern or from a cylindrical lens and to 
observe the line of light so produced in a revolving mirror. But the best method of 
all for recording the motion photographically is that by which I obtained 
figures 6, 7, 8, 8(a), 9 and 10 published herewith and which I now proceed to 
describe. 

Figures 6, 7, 8, 9 and 10 refer respectively to the first five types of motion as 
shown in figures 1, 2, 3, 4 and 5. It will be observed that each of them shows two 
curves. The white curve in the black ground is a record of the motion of the 
tuning-fork, and the other curve which is black on a white ground is a record of 
the motion of a point on the string maintained in vibration. These records were 
obtained on a moving photographic plate in the following manner. One source of 
light was a horizontal slit, and the other was a vertical slit placed behind the 
oscillating string. Both were illuminated by sunlight and had collimating lenses in 
front of them. The light from the former fell upon a small mirror attached to the 
prong of the vibrating fork and after reflection fell upon the lens (having an 
aperture of 4 cm diameter) of a roughly constructed camera. The light from the 
vertical slit behind the vibrating string was also reflected into the camera by a 
fixed mirror. In the focal plane of the camera was placed a brass plate with a 
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vertical slit cut in it. The images of the horizontal and vertical slits fell, one 
immediately above the other, on the slit in the plate. Only a very small length of 
the former, i.e. practically only a point of light was allowed to fall upon the 
photographic plate. The dark slide which held this was moved uniformly by hand 
in horizontal grooves behind the slit in the focal plane of the camera, while the 
fork and the string were in oscillation. 

Figures 1 and 6 represent the well-known case in which the string makes one 
oscillation for every two oscillations of the fork. This is evident in the photograph. 

Figures 2 and 7 represent the next type in which the variable tension maintains 
an oscillation of the same frequency as its own. It will be noticed that the 
curvature of one of the extreme positions of the string is somewhat greater than 
that of the other and that the mid-point of the oscillation is somewhat displaced 
to one side of the middle-point of the vertical slit at which the string was set when 
at rest. The inference from this fact of observation is that the transverse motion of 
each point on the string is represented by an expression of the form 

Psin(2pt + e) + Q, (12) 

where Q is a constant. A motion of this type is only possible under a variable 
spring. For, the restoring forces acting on an element of the string at the two 
unequally curved extremes of its swing cannot themselves be equal and opposite 
(the condition necessary for a simple harmonic oscillation) unless the tensions of 
the string at the two extreme positions are unequal. In fact the second constant 
term Q in the motion is introduced under the action of the variable spring, and its 
importance will become evident as we proceed. 

Figures 3, 8 and 8(a) represent the third type of motion in which the string 
makes three swings for every two swings of the fork. But it is evident from figures 8 
and 8(a) that the successive swings on opposite sides are not all equal in amplitude 
and the influence of this is also perceptible in figure 3, having given rise to the 
appearance of two extra strings, which represent really the turning points of the 
motion. The vibration curve shown in figures 8 and 8(a) can be represented by an 
expression of the form 

Psin(3pr + e) + Q sin (pt + e'). (13) 

The alternate increase and decrease of the amplitude of the motion of the string 
is evidently due to the action of the varying tension and the term Q sin {pt + e') in 
the motion which superposed on the first reproduces this waning and waxing 
effect, plays a very important part in the maintenance of the motion, as we shall 
see later on. Figures 4 and 9 represent the fourth type of motion in which the 
string makes four swings for every two swings of the fork. As before the waning 
and waxing of the motion under the action of the variable spring is evident in the 
photographs and the observed motion of the points on the string is of the type 

P sin (4pt + e) 4- Q sin (2pt 4- e'). (14) 
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Here as before we shall see that the second term which is introduced under the 
action of the variable spring plays a very important part in the maintenance of the 
motion. 

Figures 5 and 10 represent the fifth type of motion in which the string makes 
five swings for every two swings of the fork. The periodic increase and decrease in 
the amplitude of the motion is also evident. The vibration-curve may be 
represented by 

Psin(5pt + e) + Q sin (3/?r + e'), (15) 

the second term being due to the action of the variable tension. 
In the general case therefore we may assume the maintained motion to be of the 

form 

P sin {ypt + e) + Qsin(y — 2pt + e'). (16) 

The equation of motion under a variable spring may be written as 

U + kJJ + n2U = 2aU sin 2 pt. 

(See equation (10) above.) 
If now we substitute (16) for U, the right-hand side of equation (10) gives us 

what we may regard as the impressed part of the restoring force at any instant. It 
may be written as 

aP[cos (y — 2pt + e) — cos (y + 2pt + e)] 

+ aQ[cos (y — Apt + e') — cos {ypt + e')]. (17) 

The work done by this force in a period of time t embracing any number of 
complete cycles of the variable spring is found on integration to be equal to 
PQccpt cos (n -I- e — er) if y > 2 or to 2PQa.pt sin e sin (e' — n) if y = 2. The surplus of 
energy thus made available may be sufficient to counteract the loss by dissipation 
in the same time, i.e. to maintain the motion. 

It is not difficult to make out from equations (10) and (17) that these apparently 
anomalous cases in reality form illustrations of the general principle of equality of 
periods required for resonance. For, we get a large motion when n = yp in the 
general case, and the reason for this is evident at once if we neglect the first three 
terms in (17) as ineffective and write equation (10) as under 

U + hU + n2JJ = — aQ cos (ypt -I- e'). (18) 

We started on the assumption that 

U = P sin {ypt + e) + Q sin (y — 2pt + e'). 

Equation (18) shows that if we had neglected the second term (coefficient Q) we 
should have been unable to account for the resonance effect observed. Probably 
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for a more complete discussion it would be necessary to take three terms thus: 

U = P sin (ypt + e) + Q sin (y — 2pt + e') 

+ R sin(y + 2 pt + ej. 

Experiment shows however that the third term (with coefficient R) is relatively 
unimportant and the treatment given above may therefore be taken as a fairly 
close first approximation. It will be noticed from figures 7, 8, 8(a), 9 and 10 that 
the epochs of maximum amplitude in each case pretty closely correspond to those 
of minimum tension and vice versa. This is exactly what is to be expected on 
general considerations. 

Some very curious phenomena are observed when the vibration of the string in 
each of the cases described above is observed through a stroboscopic disk. These 
and other matters I hope to detail in a future paper. 

Part III 

In part II, the equations of motion discussed are throughout those of a body 
having one degree of freedom. This was sufficient for the purpose of elucidating 
the leading features of each type of motion considered. But it must not be 
overlooked that the systems dealt with, i.e. stretched strings, have more than one 
normal mode of motion and this fact leads to certain exceedingly interesting 
complications. The phenomena observed under this heading fall into two distinct 
classes which I shall discuss separately. 

The first class of phenomena I have designated “transitional types of 
oscillation.” Their existence may be explained somewhat as follows: Take the case 
of a system maintained in one of its natural modes of vibration by periodic forces 
of double frequency. It is evident that the actual period of vibration would be 
exactly double the period of the acting force but the free period of vibration in the 
particular mode may differ slightly from the forced period of vibration. The range 
and extent of the permissible difference between the two is a function of the 
magnitude of the periodic force acting on the system. Assume now that the system 
has another natural mode of vibration whose frequency for free oscillations is not 
very far removed from that of the first and that the magnitude and frequency of 
the periodic force acting on the system is such that the ranges of the two natural 
modes of vibration for maintenance by forces of double frequency partly overlap 
and the force actually at work falls within the overlapping part. It is evident that 
in such a case the system would vibrate with a frequency equal to exactly half that 
of the acting force, but the mode of vibration would not be either of the natural 
modes but something intermediate between the two. These “transitional” types or 
modes of motion possess special experimental interest in the case of stretched 
strings as they can be readily observed and studied. It is not at all difficult for 
instance to maintain a “transition” mode of oscillation intermediate between the 
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ordinary modes with three and four ventral segments respectively, by suitably 
adjusting the tension and varying it periodically by the aid of a tuning-fork. The 
frequency of the motion would everywhere be exactly half that of the fork and the 
motion at each point strictly “simple harmonic,” but there would be no “nodes” 
or points of rest visible. Such a type of motion presents a very remarkable 
appearance when examined under intermittent illumination of periodicity 
slightly different from that of the tuning-fork. The two intersecting positions of 
the string seen undergo a periodic cycle of changes enclosing alternately three and 
four ventral segments. 

The phenomena observed in the experiment described above can be explained 
on the supposition that the displacement at each point can be represented by the 
equation 

y 
lux 4 jix 

a sin —-— sin (pt + e) + b sin —— sin (pt + e’). 
I l 

(19) 

Equation (19) suggests that the phase of the motion is not the same at all points of 
the string. In fact working by the optical and mechanical methods described in 
the first part of this paper I observed very remarkable variations of phase over the 
length of the string. It appeared that in some cases e and e' differed by as much as 
7r/2. 

Of course we should get “transitional types” of oscillation with the vibrations 
of higher frequencies maintained by periodic forces which were discussed in 
part II of this paper, but they are not so marked as in the case of double frequency 
since the frequency-ranges become smaller as we go up the series. 

The second class of phenomena observed cannot be fully discussed within the 
limits of the present paper and I shall have to content myself with briefly 
indicating their nature. In part II of this paper I showed that a variable tension or 
“spring” may under suitable circumstances maintain an oscillation of a frequency 
standing in any one of a series of ratios to its own frequency. If the system which is 
subject to the variable “spring” or tension has itself a series of natural modes or 
frequencies, it would evidently be possible for two or more modes of vibrations to 
be set up simultaneously with the respective frequencies and we would find a 
“simple harmonic” variation of tension maintaining a compound vibration. The 
special interest of this in the case of stretched strings consists of the fact that the 
natural frequencies of the system themselves form a harmonic series, and we may 
also have oscillations set up independently by one and the same force in 
rectangular planes and the compound character of the motion would be rendered 
visible by the curved paths of points on the string. These curves would in fact be 
identical with or analogous to the respective Lissajous figures and I hope with a 
future paper to publish several photographs which I have taken of compound 
vibrations maintained in this manner by a single tuning-fork. Two of these will be 
found published with my note in Nature (London), February 10, 1910. 
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Prefatory note 

These investigations formed the subject of Lectures delivered at special meetings 
of the Indian Association for the Cultivation of Science on the 9th January, 1909, 
with Sir Gooroodas Banerjee presiding, and on the 9th May, 1912, with the 
Hon’ble Justice Sir Asutosh Mookerjee, F.R.S.E., etc. in the chair. 

I. On a new form of Melde’s experiment 

This will be found described in my notes in Nature (London) of the 4th 
November, 1909, and in the Phys. Rev. of March, 1911 (Bulletins of the Indian 
Association Nos 2 and 3). When properly performed its results easily surpass in 
beauty and interest, those obtained with the usual arrangements in Melde’s 
experiments. The modified form of the experiment was devised in the course of my 
work of 1906 at the Presidency College, Madras, when endeavouring to clear up 
certain anomalous observations by Mr V Appa Rao. The fine cotton or silk string 
which is maintained in vibration is attached to the prong of a tuning-fork which is 
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best maintained electrically (though indeed a bowed fork is suitable enough) and 
is held so that it lies in a plane perpendicular to the prongs but in a direction 
inclined to their line of vibration. 

Under these circumstances the motion of the prong may be resolved into two 
components, one parallel and the other perpendicular to the string. The latter 
transverse component maintains an oscillation having the same frequency as that 
of the fork when the tension of the string is suitably adjusted. The length of the 
string should be such that under the action of this force the string divides up into 
an even number of ventral segments, say two. The first, i.e. longitudinal 
component of the obligatory motion, will then generally be found to maintain 
simultaneously an oscillation having half the frequency of that of the fork. The 
success of the experiment lies in isolating the two vibrations, the frequency of one 
of which is double that of the other, into perpendicular planes. This is easily 
secured by a simple little device. The end of the string is attached to a loop of 
thread which is passed over the prong, instead of directly to the prong itself. The 
result of this mode of attachment is that the frequencies of vibration in the two 
planes at right angles differ slightly and this has the desired effect of keeping the 
two component vibrations confined to their respective planes, if the tension of the 
string lies anywhere within a definite range. 

With the arrangements described above it is evident that the motion of each 
point on the string in a plane transverse to the length should be one of the 

Plate I. A new form of Melde’s experiment. 
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Lissajous figures for the interval of the octave. The shape of this figure depends on 
the phase-relation between the component oscillations, and this is determined by 
the precise value of the tension of the string. It is well to state at once that when the 
tension is somewhat in excess the curves are parabolic arcs. Plate I shows a 
stereo-photograph of a string maintained in an oscillation of this type. 

We proceed to discuss the approximate theory of this case. The motion of the 
prong of the tuning-fork may be put equal to y cos pt. 

The component of this transverse to the string may be put equal to 
y cos pt sin 6. If the distance of any point on the string from the fixed end when at 
rest is x, the transverse components of the maintained motion may to a first 
approximation be written as under 

Y= y sin 6 ^ cos (pt + Ex-Eb) (1) 
^b 

vide Lord Rayleigh’s Theory of Sound, article 134. 

v d i Pl ■ • nx Z = Bcos| y-t-L Ism — (2) 

If we exclude any consideration of the motion at points near the nodes of the 
maintained oscillation, equation (1) may be written in the simple form 

px 
Y = y sin 6 sin — cos (pt + £'). 

a 

If p/a — 2n/h, (1) and (2) may be written in the form 

2nx 
Y = A sin——cos (pt + E'), 

b 
(3) 

_ . 7TX f pt 
Z = B sin — cos ( — + E (4) 

It should be understood that in these equations Y and Z do not refer to the 
coordinates of any point fixed relatively to the string but to the points at which a 
plane transverse to its equilibrium position cuts the surface generated by the 
moving string. The distinction is of importance in view of the fact that each point 
on the string possesses a small longitudinal motion derived from that imposed by 
the fork and the x coordinate of any point fixed relatively to the string is therefore 
not itself constant. 

In particular cases equations (3) and (4) may be reduced to very simple forms. 
Thus if E' = 2E and also in the special case when both E and E' are equal to zero 

Y 2nx 2 Z2 
— cosec —— = —=- cosec 
A b B2 b 
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which is the equation of the surface generated by the moving string, the sections of 
which by planes perpendicular to the axis of x are parabolic arcs. The curvature of 
these parabolic arcs lies in opposite directions for values of x less and greater than 
b/2. This is exactly the type of vibration shown in the stereo-photograph (plate I). 
It will be noticed that in the half of the string near the tuning-fork the curvature of 
the parabolic arcs is in one direction and in the other half in the opposite 
direction. 

At the mid-point there is practically no transverse motion in one of the 
perpendicular planes. This is also evident in the plate, but no photograph can give 
a really adequate idea of the beauty of the stationary form of vibration, which 
must be seen to be fully appreciated. 

It is not difficult to make out from general considerations why and when the ten¬ 
sion is somewhat in excess, the phase-relation between the component vibrations is 
such as to give us a parabolic type of vibration. It is clear that when the free period 
of vibration of the half-length of the string is somewhat less than that of the fork, 
the phase of the oscillation maintained by the transverse obligatory motion is 
very approximately in agreement with that of the obligatory motion itself, i.e. 
E' = 0. Under the same circumstances and generally also whenever a large 
amplitude of vibration is maintained by the longitudinal component of the 
motion of the fork, the phase of the oscillation of half-frequency is such that the 
displacement's very nearly a maximum when the tension is a minimum, and vice 
versa. This is what it would be if E = 0. Since E and E' are both zero, equation (5) 
gives us the required type of vibration. 

A parabolic type of motion should also be obtained when E' = 2E + n. The 
equation of the surface generated by the moving string in this case may be 
obtained by merely writing—Y for Y in equation (5) 

Y 2nx 2Z2 , ux 
— cosec —— =1-=- cosec —. 
A b B2 b 

The sections of this surface by planes normal to the axis of x are parabolic arcs, 
but it will be noticed that their curvatures are in the opposite direction to those 
given by equation (5). A rough approximation to the case given by equation (6) is 
obtained when the tension of the string is somewhat in defect, i.e. the free period of 
the half-length of the string is more than the period of the fork, and the 
longitudinal component of the vibration of the fork maintains an oscillation of 
large amplitude. 

It remains now to consider the intermediate case where E' — 2E + n/2. It is 
evident a priori that in this case the sections of the surface described by the 
moving string by planes normal to the axis of x should be 8 curves, and this is 
readily verified by experiment. The tension of the string, to obtain a motion of this 
type, should be roughly that at which the transverse obligatory motion maintains 
the most vigorous vibration, and a large motion is also maintained by the 
longitudinal component. 
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This leads me on to consider a very interesting point which was referred to 
above in passing. From equation (3) it appears that when x = b/2, 7 = 0. This 
point is the ‘node’ of the oscillation maintained by the transverse obligatory 
motion. Strictly speaking 7 is not zero at this point. There is a very appreciable 
small motion at the node, the magnitude of which is given by equation (1). This 
equation may by changing the origin of time be written in the more intelligible 
form 

At the node the first term within the bracket is zero but the second term remains 
finite. It will be seen that the phase of the second term differs from that of the first 
by quarter of an oscillation. When the sections of the surface generated by the 
vibrating string at other points are 8 curves, as described in the preceding 

w 

paragraph, the section of the surface at the node itself by a plane normal to the 
string is a parabolic arc with a fairly large radius of curvature. This is readily 
verifiable by experiment. I here refer to the motion in a plane transverse to the 
string and this is quite distinct from the curvature due to the small motion parallel 
to the axis of x which each point of the string (other than the fixed end) possesses 
in virtue of the longitudinal motion imposed by the tuning-fork. 

Equations (3) and (4) represent the curves along which the string lies at any 
given instant. They are of course not plane curves at all (except at the epochs when 
either 7 or Z or both are everywhere zero) and are exceedingly pretty. With the 
parabolic type of oscillation the peripheral curve, i.e. the position of the string at 
its extreme outward swing, can readily be seen. In other cases, intermittent light is 
required to render these curves visible. Probably the most satisfactory arrange¬ 
ment is to use intermittent illumination having a frequency double that of the 
tuning-fork which maintains the string in vibration, so that four views are 
obtained simultaneously and by their disposition give a much more vivid idea of 
the mode of motion than would be had if only one or two positions of the string 
were visible. For work of this kind, a stroboscopic disk with narrow radial slits 
and run by a Rayleigh motor synchronous with the driving tuning-fork is an 
extremely useful piece of apparatus. The motor purchased by the Association has 
thirty teeth on its armature-wheel and I have had two stroboscopic disks made 
with thirty and sixty slits respectively, either of which can be mounted on the 
motor. It is not necessary to hold the eye close to the stroboscopic disk for many 
purposes. If the disk is vertically held and the vibrating string is horizontal and 
parallel to the disk and is observed through the top row of slits, i.e. through those 
moving in a direction parallel to the string, the latter is seen as if divided up into a 
fairly large number of ventral segments. This effect is due to the fact that the string 
is observed through different parts of the revolving disk and it is therefore seen in 
successive cycles of phase along its length. We get practically a series of replicas of 
the string with the same amplitude of motion but of greatly diminished length, i.e. 

sin ax cos pT cos ax sin pT ). (7) 
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with magnified curvature. This is specially advantageous in the present case. The 
vibrating string should be brightly illuminated when under observation through 
the stroboscopic disk. 

In concluding this section I must remark that some phenomena of interest are 
observed when the two modes of vibration, the frequency of one of which is 
double that of the other, are not isolated in perpendicular planes. When not kept 
in check by some device of the kind described at the commencement of this note, 
the oscillation of higher frequency has a tendency to settle down into circular or 
elliptical motion and some very curious types of vibration are obtained by its 
composition with the plane vibration of half frequency. The form of these types 
can be varied by altering the inclination of the string and its tension. We need not 
however pause to discuss them in detail. Interesting as some of these modes of 
motion are, they sink into insignificance when compared with some of the 
compound types of vibration maintained by a simple harmonic force that will be 
illustrated in section V of this paper. 

II. The small motion at the nodes of a vibrating string 

I drew attention in recent publications (quoted at the commencement of the 
previous section) to some remarkable features of the small motion at the nodes of 
a vibrating string which it appears had not previously been noticed. A vivid idea 
of the types of motion obtaining can as I showed be had by observing under 
periodic illumination of approximately double the frequency of that of the 
oscillation. I have since succeeded in obtaining photographs under actual 
experimental conditions of the appearances observed. 

When a stretched string is maintained in oscillation in segments by a periodic 
force or an obligatory motion imposed transversely at one point on it, the nodes 
are not of course points of absolute rest, as the energy requisite for the 
maintenance of the motion is transmitted through these points. Certainly the best 
way of observing what exactly takes place at the nodes is to use intermittent 
illumination, the frequency of this being nearly double that of the vibrations. We 
would then see two slowly moving positions of the string which obviously 
represent opposite phases of the actual motion. If the nodes were points of 
absolute rest, then these two positions would intersect at fixed points. One 
naturally expects that the ‘nodes’ or points of intersection actually seen under the 
intermittent illumination should never depart very far from the positions of the 
real nodes of the oscillation, i.e. the positions where the string is seen under non- 
intermittent illumination to divide up into segments. But this is not the case. The 
‘nodes’ seen under the intermittent illumination travel along the string over an 
extraordinary range, in fact over a distance equal to the whole length of a loop. 
This striking effect is very readily observed, any device for securing intermittent 
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illumination of approximately the correct frequency being sufficient for the 

purpose. 
While visual observation is quite simple, much the most satisfactory arrange¬ 

ment both for ordinary daylight observation and for photographic work is the 
use of a stroboscopic disk with radial slits mounted on a Rayleigh motor which is 
actuated by the intermittent current from a self-maintaining tuning-fork 
interrupter and therefore runs synchronously with it. The tuning-fork inter¬ 
rupter, which is of frequency 60 per second, maintains the string in transverse 
oscillation of the same frequency. It also drives the synchronous motor on which 
is mounted a stroboscopic disk having just double as many apertures as the 
armature-wheel has teeth. The disk therefore gives two views of the fork and of 
the string maintained by it, which are practically stationary provided the point of 
observation is fixed and the motor is running satisfactorily. By changing the point 
of observation (which should be so chosen that the radial slits are parallel to the 
string and move at right angles to it) the successive stages of the motion and of the 
travel of the ‘nodes’ can be observed at leisure. 

For photographic work, the stroboscopic disk is held vertically and the camera 
employed is brought close behind that one of the rectangular slits on the disk 
which is horizontal. The lens is stopped down by a plate which has a rectangular 
slit cut in it to correspond with those on the disk. The string and the aperture on 
the lens of the camera are both horizontal and by racking up the lens-front by 
successive small distances till it has moved^hrough a length equal to that between 
contiguous apertures on the disk, a complete set of photographs can be obtained 
on one plate showing the successive stages of the motion of the string. Plate II 
reproduces a photograph obtained in this manner, the centre of the field being the 
position of the node of the vibrating string as seen by non-intermittent light. It 
shows the cycle of changes in 13 stages and was obtained by moving up the lens- 
front through very small distances each time. It will be seen that the point of 

Plate II. Stroboscopic photograph of the small motion at the node of a vibrating string. 
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intersection or ‘node’ which is first in the centre moves off to one side of the field, 
first slowly and then more quickly, till after the lapse of a time which can be seen 
to be exactly half the period of the cycle it has gone well off the plate and the two 
positions of the string seen in the photograph are sensibly parallel. Direct 
observation shows that the point has moved off to a distance equal to half the 
length of a segment. It simultaneously appears at an equal distance on the other 
side and moves in from that direction first quickly and then more slowly till it 
reaches the centre again, and the cycle is complete. 

The explanation of these phenomena is that the small motion at the node is not 
in the same phase as the large motion elsewhere. It is evident from the photograph 
that the small displacement at the node is a maximum when the large motion 
elsewhere is a minimum: in other words that its phase differs by exactly quarter of 
a period of the vibration from that of the general motion of the string. An 
independent method of demonstrating this was discussed incidentally in section I 
above. Equation (7) of that section contains in a nutshell the complete theory of 
the case. The sign of the phase of the small motion at any node may be found from 
the following rule, which is verified by observation. If the tuning-fork which 
imposes the obligatory transverse motion is exactly at a node, it is opposite in 
phase to the small motion at the next node, and in the same phase as the motion at 
the node next after that, and so on. 

III. The amplitude and the phase of oscillations maintained by 
forces of double frequency 

In a note published in Nature (London) of the 9th December, 1909, and again 
more fully in a communication under the title “Remarks on a paper by J S Stokes 
on ‘Some curious phenomena observed in connection with Melde’s 
Experiment,’” published in the Phys. Rev. for March, 1911 (see Bulletins 2 and 3 
of the Association), I drew attention to the fact that there were considerable 
discrepancies between the facts of observation and the theory first published by 
Lord Rayleigh (Philos. Mag., April 1883, August 1887 and Theory of Sound Art. 
68b) as regards the maintenance of vibrations by forces of double frequency, and I 
also indicated the cause of these discrepancies. The phenomena observed are not 
only interesting in themselves but are very important in connection with the 
general theory of the maintenance of vibrations by a variable spring which I shall 

discuss in the succeeding sections. 
Lord Rayleigh starts with the following as his equations of motion: 

u + ku + (n2 — 2asin2pf)u = 0 (1) 

and assuming that u may be put equal to 

A1 sin pt + B{ cos pt■+ A3 sin 3pt + B3 cos 3pt + A5 sin 5pt -f &c. (2) 
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proceeds to find the conditions that must be satisfied for the assumed state of 
steady motion to be possible. This he does by substituting (2) for u in the left-hand 
side of equation (1) and equating to zero the coefficients of sin pt, cos pt, etc. The 

relations thus obtained are (to a first approximation) 

By 
A i 

(a — kp)1/2 

(a + kp)1'2 
= tan E 

(n2 - p2)2 = a2 — k2p2. 

(2) 

(3) 

By a trigonometrical transformation equation (2) may be written in the form 

kp — (i cos 2 E. (4) 

These equations show that the phase of the motion is independent of the 
amplitude maintained and that the latter quantity is indeterminate. 

It is possible to test experimentally the phase-relation as given by equations (2) 
and (3). The oscillatory system used for this purpose is a stretched string which is 
maintained in vibration by a periodic variation of tension of double frequency 
imposed on it with the aid of a tuning-fork. In this case the term —2a sin 2pt is 
proportional to the motion of the tuning-fork and u corresponds to the 
maintained vibration of the string. The experimental problem therefore reduces 
itself to a determination of the phase-relation between the vibrations of the fork 
and the string, the frequency of one of which is double that of the other. This can 
be investigated by two distinct devices. 

(i) Mechanical composition of the two motions: This is automatically effected 
and needs no special experimental arrangements. For, each point on the string 
(except the fixed end) has two motions at right angles to each other. The first is 
transverse to the string and is merely that due to its general vibration. The second 
is longitudinal to the string and is due to the motion in that direction of the prong 
of the fork to which the string is attached. The resulting path of any point on the 
string lies in the plane of oscillation and is one of the Lissajous figures for the 
interval of the octave. This curve may easily be rendered conspicuous by 
attaching a small fragment of a silvered bead to a point on the string near the 
tuning-fork. This is the most convenient position, though in case the vibration of 
the string is in two or more ventral segments, the bead may also be attached near 
any one of the other nodes as well. 

(ii) Optical composition of the two motions: This is undoubtedly the more 
elegant of the two. To effect this, a small mirror is attached to the extremity of the 
prong of the fork. A tuning-fork with a steel mirror fixed to the end of one prong 

(see Lord Rayleigh, Theory of Sound, article 39) may well be used for the 
purpose. One point on the stretched string is illuminated by a transverse sheet of 
light from a lantern or with sunlight and a cylindrical lens. When the string is set 
in vibration, this appears drawn out into a luminous straight line which is viewed 
by reflection first at a fixed mirror and then at the oscillating mirror attached to 
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the tuning-fork. If the plane of vibration of the prongs is at right angles to that in 
which the string vibrates (this may be secured by a simple experimental device), 
the illuminated point is seen to describe a Lissajous figure which renders evident 
at once the phase-relation under investigation. 

Working by either of these methods, it is found that the phase of the motion is 
not independent of the amplitude maintained with any given initial tension. The 
best way of showing this is to use a bowed fork and after starting the motion with 
a large amplitude to gradually allow it to die away, the Lissajous figure or ‘Curve 
of motion’ as I shall call it and the changes that occur in it being watched during 
the process. It is observed that the initial curve of motion and the alterations that 
it undergoes when the motion is gradually damped down, both depend on the 
initial tension of the string. With a high initial tension so that the string can be 
maintained in its fundamental mode of vibration only by vigorous bowing of the 
fork, it is found that the curve is a parabolic arc which is convex to the tuning-fork 
and remains as such when the motion dies away. This state of matters continues 
so long as the initial tension is considerably in excess of that at which the free 
period of vibration of the string for small amplitudes is equal to the period of the 
fork. As the tension is gradually reduced, it will be observed while the initial curve 
for large amplitudes is a parabolic arc, it becomes modified into a looped figure as 
the amplitude decreases, still however remaining convex. When the tension is still 
further reduced so that the free period of the string for small oscillations is equal 
to that of the fork, the curve of motion for large amplitudes is still approximately 
parabolic or at any rate a looped figure convex to the fork, but as the motion dies 
away it alters into an 8-shaped figure. The most remarkable changes are however 
observed with a still smaller tension. In this case very large amplitudes of motion 
are maintained and the initial curve of motion is still convex, but as the motion is 
damped away it becomes an 8-shaped figure and finally a looped figure concave to 
the fork. At this stage the motion suffers very rapid damping, and when the initial 
tension is below a certain value a minimum amplitude of motion of the string 
exists below which steady motion is not possible. In the final stage with the 
smallest amplitudes, the curve of motion is a parabolic arc with its concavity 

towards the fork. 
To enable these observations to be satisfactorily explained, it is necessary to 

modify Lord Rayleigh’s theory so as to take into account the variations of tension 
that exist in free oscillations of sensible amplitude and are proportional to the 
square of the motion. In my paper on ‘Photographs of Vibration Curves’ in the 
Philos. Mag. for May 1911 (see Bulletin No. 5 of the Indian Association) I showed 
experimentally that such variations of tension exist by causing them to act on a 
sounding-board, which was held normal to the wire and would therefore have 
otherwise remained appreciably at rest. The vibration curve of the sounding- 
board was photographed on a moving plate along with and immediately above 
the vibration curve of the wire itself. It was observed that the frequency of the 
vibrations of the sounding-board was generally double that of the oscillations of 
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the wire. But when the equilibrium position of the wire was a catenary of small 
curvature and its oscillations took place in a vertical plane, the motion of the 
sounding-board excited by them had a component of frequency identical with 
their own. These and other observations proved conclusively that variations of 
tension existed in free oscillations of sensible amplitude which were due to the 
second order differences in length between the equilibrium and displaced 
positions of the wire or string and were in fact proportional to the square of the 
displacement. Taking these into account the modified equation of motion under 
the action of forces varying the spring may be written as • 

ii -t- ku + (n2 — 2asin2pf + pu2)u = 0. (5) 

Assuming that 

u = A1 sinpt + B1 cospt + A3 sin 3pt + B3 cos 3pt + A5 sin 5pt + &c. 

and substituting in the. left-hand side of equation (5), we obtain the conditions 
that must be satisfied for steady motion to be possible by equating to zero the 
coefficients of sin pt, cos pt, etc. Neglecting the quantities A3,B3, etc. as too small 
appreciably to effect the final result, we obtain 

where 

B i 
tan E = — 

a — kp 

n2 — p2 + F 

(;n2 — p2 + F)2 = a2 — k2p2 

F is equal to 
31 
4 

(Ai + B2) 

(6) 

(7) 

and is therefore proportional to the square of the amplitude of motion. 
Equation (6) may as before be written in the form 

kp = a cos 2E. (8) 

From these equations we may draw the following inferences: 
If a < kp no steady motion is possible. When 

n<p and (p2 — n2)2 > a2 — k2p2 

maintenance would evidently be impossible unless F had a certain finite 
minimum value. This is in accordance with the results of experiment. When the 
initial amplitude is less than that given by this minimum, the motion cannot be 
sustained and rapidly dies away. On the other hand, if the initial amplitude is 
equal to or greater than the required minimum, it shows a marked tendency to 
increase rapidly of itself up to many times the initial value. The reason for this is 
pretty clear from equation (7). When (p2 - n2) is positive and greater than the 
right-hand side of that equation, any increase of the amplitude of motion 
diminishes the quantity on the left, with the result that a still further increase in 
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amplitude is entailed, and it continues to increase till (n2 — p2 + F) again becomes 
positive in sign and equal to (a2 — k2p2)112 in magnitude. A somewhat similar 
rapid increase in the amplitude (though not of such a marked character) takes 
place in all cases where the initial tension is less than the theoretical value. The 
motion is however capable of starting from infinitely small vibrations if (p2 — n2)2 

is equal to or greater than (a2 — k2p2). On the other hand, when the tension is 
sufficient or in excess no such phenomenon is observed. The increase of the 
motion from infinitely small amplitudes up to the value required to satisfy 
equation (7) is then quite gradual. 

. Again it is evident that for given values of a and kp, F is not a maximum when 
the tension is equal to the theoretical value. In other words, the maximum 
amplitude of motion is not obtained when the free period of the string for small 
oscillations is double that of the tuning-fork. This somewhat paradoxical result is 
entirely verified by observation. In fact it is clear that the amplitude maintained is 
largest when n is less than p and has as small a value as is consistent with steady 
motion in the given mode, in other words when the initial tension of the string is 
considerably in defect. 

We now proceed to discuss the phase of the maintained motion. This is given 
by equations (6) or (8) above. From the former it is evident with E, i.e. the phase- 
difference, is always positive if (n2 — p2 -\- F) is of that sign. The curve of motion is 
therefore convex to the fork when the tension is in excess and also when it is in 
defect, provided the amplitude of motion is sufficiently large. The maximum 
positive phase-difference is n/4 and this is attained when a is large compared with 
kp. It can be seen from equation (7) that a large variation of .tension is required to 
start the motion when the initial tension is high. The curve of motion is then a 
parabolic arc convex to the fork and continues as such so long as the tension is in 
excess and the amplitude is sufficiently large. But with small amplitudes, the 
phase-difference though positive is less than n/4 and the curve of motion is a 
looped figure. When the initial tension is equal to the theoretical value and the 
amplitude of motion is very small a = kp and E = 0 and the curve of motion is 
shaped like an 8. This is in agreement with observation. But when the amplitude 
increase, the phase-difference again becomes finite and the curve is convex to the 
fork. When the initial tension of the string is in defect, the phase-difference is 
positive or negative according as the amplitude is large or small and the curve of 
motion is convex or concave under the respective circumstances. It is not at all 
difficult to observe any of these different cases, though in order to maintain the 
motion steadily with the curve in the concave position some careful adjustment of 
the amplitude of motion of the tuning-fork will generally be necessary. The 
largest negative value of the phase-difference is — n/4 and the curve is then a 
parabolic arc concave to the fork. The significance of this is that when the fork is at 
its extreme outward swing, the string is also at its position of maximum 
displacement: a paradoxical result not in accordance with the ordinary ideas of 
the experiment. 
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A glance at the Lissajous figures for the interval of the octave pictured in 
figure 7 of Lord Rayleigh’s Theory of Sound will show that it is possible for two 
similar and similarly situated curves to represent different relative phases of 
motion between its components, if the moving point describes the two curves in 
opposite directions. In order therefore to verify the phase-relation experimentally 
it is necessary, in addition to observing its shape, to note the direction in which 
the curve of motion is described. This may be done by observation through a 
stroboscopic disk which is kept revolving at a speed slightly less than that at 
which it would give one stationary view of the vibrating string. It is then fairly 
easy to make out the direction in which a fragment of a silvered bead attached to a 
point on the string near the tuning-fork describes the curve compounded of its 
motions longitudinal and transverse to the string. The observed direction agrees 
with that indicated by theory. 

There is another way of writing the equations of motion which is very useful in 
that it gives a clearer view of the whole case and leads us on to the subject of the 
next chapter. Neglecting the terms in A3, B3, etc. we may put u = P sin (pt + E). 

Equation (5) may be written as under 

2, /ip2 
u + ku + \ n H—— | u = 

BP2 
2a sin 2 pt + —— cos (2 pt + 2 E) 

BP3 
= aP cos (pt — E) H—— sin (pt + E) 

u 

if trigonometrical functions of 3pt are neglected. This may be succinctly written in 
the form 

u + ku + N2u = oqP cos (pf — Ex). (9) 

This is the ordinary form of the equation of a system subject to forced vibrations, 
and if Lord Rayleigh’s equation, see (1) above, had been treated in the same way, 
we should have obtained 

ii + ku + n2u = <xP cos (pt — E). (10) 

From equations (9) and (10) it is clear that a large motion might be sustained 
when p = N or n as the case may be, and that the maintenance of vibrations by 
forces of double frequency is in essence only an illustration of the general principle 
of resonance according to which a large motion may be set up if we have equality 
of periods between a system and the forces acting upon it. A comparison of 
equations (9) and (10) shows that the introduction of the term fu3 on the left-hand 
side of (5) results in a decrease in the free period of the system and also a change in 
the magnitude and the phase of the restoring force acting upon it. These 
modifications fully account for the phenomena discussed above. Equating the 
work done by the force represented by the right-hand side term of either of the 
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equations (9) or (10) in any number of complete periods of the variable tension to 

the energy dissipated by the friction term on the left we deduce the relation 

kp = a cos 2E 

which is identical with that obtained, see (4) and (8) above, from the complete 

analysis. 

IV. Vibration curves of oscillations maintained by a variable 
spring 

In the last section I discussed the case of the maintenance of vibrations by forces 

of double frequency and emphasized the fact that in reality it only furnishes us 

with an illustration of the general principle of resonance according to which a 

periodic force acting on a system whose period is approximately equal to its own, 

may maintain a very considerable amplitude of motion, though in other cases its 

effect might be so small as to be of little account. In the course of the experimental 

work described in the preceding sections, I came across some other extremely 

interesting and remarkable cases of resonance which formed apparent exceptions 

to the above-stated law of approximate equality of periods. These cases I propose 

to discuss in the present paper. A preliminary note on this class of maintained 

vibrations was published by me in Nature (London) of the 9th December, 1909, 

and another (illustrated) in the issue of the 10th February, 1910 (see Bulletin No. 2 

of the Indian Association). 

The title of this section gives an indication of the character of the forces whose 

action we now proceed to discuss. They only alter the ‘spring’ or restitutional 

coefficient of the system and do not tend directly to displace it from the position of 

equilibrium. My observations showed that there were several quite distinct cases 

in which periodic forces of this character acting on a system set up a large motion. 

These cases may be tabulated as follows: 

(1) When the period of the force is j that of the system, 

(2) When the period of the force is § times that of the system. 

(3) When the period of the force is § times that of the system. 

(4) When the period of the force is § times that of the system. 

(5) When the period of the force is § times that of the system. 

(6) When the period of the force is § times that of the system. 

(7) When the period of the force is \ times that of the system. 

&c. &c. &c. &c. 

Each of these forms a distinct type of maintained motion which can be obtained 

and studied separately by itself. The first is evidently identical with the case of 

‘double frequency’ which was discussed in the preceding section. 
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To obtain any one of these types of motion, we adopt a procedure very similar 
to that by which the maintenance of vibrations by forces of double frequency is 
secured. Using a stretched string as our ‘system’ we subject it to a periodic 
variation of tension by attaching it to a tuning-fork whose prongs vibrate in a 
direction parallel to the string. The tension of the string (the length of which 
should be suitable) is adjusted so that its period of vibration in a given mode (for 
instance in its fundamental mode) bears the required ratio to the period of 
vibration of the tuning-fork. It will then generally be found that the equilibrium 
position of the string becomes unstable and it settles down into a state of 
permanent and (in suitable circumstances) vigorous vibration in which the 
number of swings (to and fro) made by it per unit of time bears the desired ratio to 
the frequency of the tuning-fork. 

Each of these types of vibration presents some very remarkable peculiarities, a 
study of which enables us to explain the manner in which the maintenance is 
effected in a simple and intelligible way. When I first observed some of these types 
I proceeded to investigate them by precisely the same methods which I applied to 
the case of double frequency, i.e. mechanical or optical composition of the motion 
of the string with that of the tuning-fork. It is obvious that the methods are 
applicable to all these cases and in fact in some respects, e.g. for a detailed 
investigation of the phase of the maintained motion, they are probably superior 
to other methods of investigation that could be devised. It is evident that the 
Lissajous figure seen gives us at once the requisite information as regards the 
frequency and phase-relation between the motion of the string and that of the 
fork. For purposes of demonstration, however, the method of‘vibration curves’ 
which I shall now proceed to discuss, yields far more striking and impressive 
results. 

By the ‘vibration curve’ of an oscillation I mean of course its time-displacement 
diagram, or an equivalent thereof. To enable the vibration curves of the 
oscillation of the string and that of the tuning-fork to be recorded side by side for 
comparison, the following arrangement was found the most suitable. Two slits 
were used as sources of light. One of them was horizontal and the other which was 
vertical was placed immediately behind the oscillating string. Both the slits were 
illuminated by sunlight and had collimating lenses in front of them. The fork 
stood with its prongs vertical and a small silvered mirror was attached with wax 
to the side of one of the prongs, and this of course tilted periodically through a 
small angle when the fork was in vibration. The light issuing from the horizontal 
slit was incident in a nearly normal direction upon this mirror, and after suffering 
reflection at it fell upon the lens (having an aperture of 1^ inches diameter) of a 
roughly constructed camera. The light issuing from the vertical slit in a direction 
at right angles to that from the other was deflected through 90° by reflection at a 
fixed mirror and also fell upon the lens of the camera. In the focal plane of the 
latter was placed a metal plate with a vertical slit cut in it. The images of the 
horizontal and vertical slits fell one immediately above the other on the slit in the 



INVESTIGATIONS ON THE MAINTENANCE OF VIBRATIONS 53 

plate. Of the former only a very small length, i.e. practically only a point of light, 
passed through to fall upon the ground-glass of the camera or its substitute, the 
photographic plate. Immediately below it was the narrow image of the vertical 
slit crossing which was seen the shadow of the string when at rest. To photograph 
the vibration curves the ground-glass was removed and the dark slide which held 
the plate was moved as uniformly as possible by hand in horizontal grooves 
behind the slit in the focal plane of the camera. In the positive reproductions, the 
vibration curve of the string appears as a dark curve on a bright ground and that 
of the tuning-fork vice versa. We now proceed to consider each type of 
maintained oscillation and its vibration curves separately. 

The first type 

Plate III shows photographs of the well known case of the string maintained in a 
vibration of half the frequency of the tuning-fork, and of its vibration-curves from 
which it is evident at once that the tuning-fork makes two vibrations for every 
oscillation of the string. The photograph shows the maximum displacements of 
the string to have occurred almost exactly at the epochs of minimum tension, 
from which we may infer, since the amplitude of motion of the string was by no 
means very large, that the initial tension of the string was in excess of the 
theoretical value, vide section III of this Bulletin. We shall now consider in some 
detail. 

The second type 

The frequency of the oscillation of the string is in this case the same as that of the 
fork which varies its tension. This type is shown in figure 1, plate IV. The string 
vibrates in its fundamental mode, but it will be noticed that its curvature at one of 
the positions of maximum displacement is greater than at the other. Figure 2, 
plate IV and plate V, show the vibration curves of this type of oscillation, and it is 
clear that the frequency of the motion of the string and of that of the fork are 
equal. In securing the photograph shown in plate IV it was arranged that the 
string when at rest should exactly bisect the slit. It will be seen that its vibration 
curve has been displaced bodily towards one side of the slit and is thus nearer the 
other curve. The significance of this is that the mid-point of its oscillation is 
displaced to one side of the equilibrium position of the string. This is confirmed by 
direct observation and accounts for the greater curvature of one of the positions 
of maximum displacement observed in figure 1, plate IV. The transverse motion 
of each point on the string may therefore be represented by an expression of the 

form 

u — P sin (2pt + E2) + Q (1) 



C V RAMAN: ACOUSTICS 

Plate III. Oscillations maintained by a variable spring of double frequency. 
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Plate IV. Maintenance of vibrations by a variable spring of equal frequency. 
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Plate V. Vibration-curves of oscillations maintained by a variable spring of equal frequency. 
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the ratio of the coefficients P and Q being practically the same for all points on the 
string. 

A motion of the type represented by (1) above cannot exist if the oscillations of 
the string were ‘free’ and under constant tension, inasmuch as the restoring forces 
at the two positions of extreme displacement would not be equal and opposite. 
But we are dealing here with forced oscillations under variable tension. A 
reference to the vibration curves will show that the maximum displacements (on 
either side) of points on the string occur at epochs not very far removed from 
those of maximum and minimum tension. During one half of its oscillation the 
string is under a tension which is less than its normal value and during the other 
half under a tension which is correspondingly in excess. During the former half 
the motion being under diminished constraint swells out and increases in 
amplitude and during the other half the reverse is the case. The net result is that 
while the simple harmonic character of the motion is not generally departed from 
to any very considerable extent, the oscillation appears to take place about a 
point displaced to one side of the position of equilibrium, in the manner indicated 
by equation (1) above. 

We are now in a position to understand in what manner the maintenance is 
effected in this case. We may write the equation of motion of a system having one 
degree of freedom and subject to a variable spring thus 

u + ku + n2u = 2olu sin 2pt. (2) 

Substituting P sin (2pt + E2) + Q for u in the right-hand side of this equation, we 
get 

ii + ku + n2u = 2olP sin 2pt sin (2pt + E2) + 2clQ sin 2pt 

= 2aQ sin 2pt + aP cos E2 (3) 

if we neglect trigonometrical functions of the angle Apt. The first term on the right 
represents transverse periodic forces acting on each element of the string which 
would maintain a large motion having the same frequency as that of the fork if n is 
approximately equal to 2p. The second term stands for a system of constant forces 
impressed transversely at each point on the string under the action of which the 
mean point of the maintained motion is displaced to one side of the equilibrium 
position. This is just what we get. We assumed that u = Psin(pt + E2) + Q and 
the importance of the term Q is sufficiently clear from what has been said above. 
Substituting for u in the left side of equation (3) we get the following relations: 

tan E2 = 

Q2/P2 = a2 cos2 E2/n4 = 

n2[(n2 — A p2)2 + Ak2p2~\ = 

2 kp 

Ap2 — n2' 

{n2 - Ap2)/2n2. 

2a2(n2 — Ap2). 

(4) 

(5) 

(6) 

These equations represent the relations that must be satisfied if maintenance is to 
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be possible. They are a fair approximation to the truth so long as the phase- 
difference E2 is small. It is necessary, however, to consider the question whether 
the effect of terms containing trigonometrical functions of 4pt can be entirely 
ignored, particularly when according to the above formulae, Q becomes very 
small, which is the case when the phase-difference approaches the value n/2. We 

have already seen that the right-hand side of equation (3) contains such terms. We 
may therefore write 

u = P sin (2pt + E2) -f Q + R sin (4pt + E4) (7) 

where the ratios P:Q:R are the same at all points on the string. Substituting this 
on the right of equation (2) we get 

u + ku + n2u = ocP cos E2 -1- 2xQ sin 2pt 

+ cxR cos (2pt -f £4) — ccP cos (4pt + E2). (8) 

Each of the terms on the right of this equation represents a system of transverse 
forces, the effect of which we may consider separately. The first and the second we 
have already dealt with. The effect of the third depends upon its phase, i.e. upon 
the value of £4. This can be found by considering the action of the component of 
the restoring force represented by the fourth term, which has a frequency 
approximately double that of the free oscillation of the string. Its effect should 
therefore be small and should have a phase exactly opposite to that of the force 
producing it. By substituting for u in equation (8), we find 

(n2 — 16p2)R sin (4pt -l- E4) = — aPcos(4pt -l- E2) 

and Ea is equal to E2 + rc/2. The third term on the right of equation (8) is therefore 
to — ocR sin (2pt + E2) and being exactly opposite in phase to the principal part of 
the motion dealt with, i.e. P sin(2pt + E2) cannot assist in maintaining it. Its effect 
is merely equivalent to an alteration in the free period of oscillation of the string, 

and the motion is maintained entirely by the force proportional to Q represented 
by the second term. We have then the following relations which must be satisfied 
for the assumed state of steady motion to be possible. 

tan E2 — cot E4 = 
2kp 

4 p2-N2 

02 
—2 = ot2 cos2 E2/yia — (N2 — 4p2)/2n2 
P 

R/P = L/\2p2 

n2[(N2 - 4p2)2 + 4k2p2} = 2a2(N2 - 4p2) 

where 
N2 = n2 + L2/I2p2. 

(9) 

(10) 

(11) 

(12) 

From formulae (10) and (11) it appears that the term Rsin(4pt + £4) in the 
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expression for the displacement is quite appreciable (having an amplitude at least 
3 that of the term Q), though it does not assist in the maintenance of the motion. 
Figure 2, plate V, shows this component in the tnotion quite clearly. The 
vibration-curves-for all points on the string exhibit the harmonic to an equal 
degree. According to equations (9) to (12) above, the phase of the maintained 
motion is independent of the amplitude, the latter quantity being indeterminate 
and the adjustment of pitch must be absolutely rigorous for steady vibration. All 
these inferences are however subject to modification in practice. The tension of 
the string in free oscillations of large amplitude is not constant, generally 
increasing by a quantity proportional to the square of the motion, and the 
necessary adjustment of pitch may therefore be secured by an alteration of the 
amplitude of motion. With however a heavy or long string horizontally held and 
under moderate tension, the effect of gravity is not negligible and the law of 
variation of the tension with the amplitude varies with the plane of the oscillation. 
If this is in a vertical plane, the fact that the equilibrium position is a catenary of 
small curvature becomes of some importance, particularly when the vibration of 
the string is in its fundamental mode. The tension in free oscillations of sensible 
amplitude would be of the form 

n2 + p{u — a)2 

if they occur in a vertical plane and of the form 

n2 + Pu2 

if in a horizontal plane. 
If u is put equal to Psin(2pt + E2) -f Q it is evident that it is not open to us 

indifferently to alter the signs of both P and Q together and retain the conditions 
of the motion unchanged in the former case as would be possible in the latter. The 
average tension during the motion as given by the first formula would evidently 
be greater when Q is negative, i.e. directed downwards than when it is in the 
opposite direction. This appears to be the reason why as in figure 1, plate IV, the 
oscillation generally sets itself so that of the two extreme positions of the string the 
one which has the greater curvature is concave upwards. 

Again 

[n2 + p{u — a)2] 

may when expanded be written in the form 
\ 

n2 + p[P2/2 + {Q — a)2~\ + PP[2{Q - a) sin (2pt + E2) - P/2 cos (4pt + 2£2)]. 
(13) 

Of the two periodic terms the first has the same frequency as the variation of 
spring imposed on the system and no doubt plays an important part in the 
adjustment of the phase-relation between the motions of the fork and the string. 
In view of the fairly complete discussion of similar effects in the case of doube 
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frequency (section III) we need not pause to consider further detail, but proceed 

to discuss. 

The third type of motion 

This is shown in figure 1, plate VI. Figure 2, plate VII and figure 1, plate VIII, 
represent the vibration-curves of the string and the fork in cases coming under 
this class. The string makes three swings for every two vibrations of the fork, but 
the swings are not all of equal amplitude. This is evident from the vibration- 
curves and also from the appearance of the string itself in the first of the 
photographs. In addition to the two extreme positions, the photograph shows 
clearly two intermediate resting points of the string, one on each side of its 
equilibrium position, which mark the limits of the swings made at the epochs 
when the tension of the string is in excess. The two outer resting points, as can be 
seen from the vibration-curves, correspond almost exactly with the epochs of 
minimum tension at which the vibration being under diminished constraint 
swells out and increases in amplitude. The motion at any point of the string is 
capable of being very approximately represented by two terms. Thus 

u — Psin(3pt -I- E3) + Q sin (pt + Ex) (14) 

the second of which has the smaller amplitude and frequency and is brought into 
existence under the action of the variable tension. The ratio P/Q is the same at all 
points on the string, the motion of which may therefore be discussed as if it had 
only one degree of freedom. The frequency of the second term is less than that of 
the first by a quantity which is itself the frequency of the variable spring. The 
analogy between the motion as shown in the vibration-curves and that in the 
atmospheric ‘beats’ of two simple tones, one of which has the smaller amplitude 
and frequency, is fairly clear (see Helmholtz’s ‘Sensations of Tone,’ 
appendix XIV). The time which is required for one swing undergoes periodic 
fluctuations, being greatest when the tension is least and vice versa. This 
corresponds to the periodic flattening and sharpening of the ‘beats.’ 

It can be shown that the maintenance of the vibrations is effected entirely by the 
aid of the periodic component of lower frequency, i.e. Q sin (pt 4- Ex), in the 
expression for the steady motion under variable spring. The product of this term 
into the variable spring gives a transverse periodic force acting on the system, 
which is of the right frequency and phase for maintaining its vibrations. The 
equation of motion may be written 

u -1- ku 4- n2u = a[P(cos pt + E3 — cos 5pt + E3) 

+ Q(cospf — Ex — cos3pr + FJ] (15) 

the fourth and last term on the right representing the force referred to above. 
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Plate VI. 1. The third type of maintenance. 2. The fourth type of maintenance. 
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Plate VII. 1. The fifth type of maintenance. 2. Vibration curves of the third type of maintenance. 
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Plate VIII. Vibration curves of(l) the third type of maintenance and (2) the fourth type of maintenance. 
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Substituting for the terms on the left and reducing, we get four equations which 
give us the values of El,E and of the ratio Q/P and leave us in addition a relation 
between the ‘constants’ involved. The first equation is 

3kpP = — olQcos(E3 — £x) (16) 

and this expresses the relation between the energy supplied and the energy 
dissipated in any number of complete periods of the variable spring. The phase- 
difference (E3 — Ex) may be eliminated with the aid of the second relation 

tan(£3 — £i) = ” • (17) 

In practice, as can be seen from the vibration-curves, E3 is nearly equal to — n/4 
and nearly equal to + n/4. Cos (E3 — £x) is therefore nearly equal to zero. It is 
evident from (16) that kp is very small compared with a. 

The third relation is 

tan E 3 
(n2 — p2) — (a + kp) tan E1 

(a — kp) — (n2 — p2) tan El 
(18) 

This may be simplified and written as 

tan E3 = (8p2 — a tan Ex)/(a — 8p2 tan Ex). 

It is of interest to note that the ratio between the amplitudes P and Q is of the same 
order of quantities as the ratio between the constant and variable parts of the 
spring. It can be readily shown that to a first approximation 

9 ocP 
O =- • 

8n2 — 9a 
(19) 

Finally we get the relation between the constants involved by eliminating P, Q 
and (E3 — E1) between the three equations (16), (17) and (19). Neglecting 
quantities of the order a4 we get 

n — 3p = 
a2 / 9 81 a \ 

n2 \16 + 128 n2) 
(20) 

which gives us an idea of the accuracy in adjustment of pitch that is required. In 
duducing this relation it is assumed that 3kp is of the order a2/n4, and this is 
necessary if the motion is to be maintained. 

It remains to consider the effect of the force represented by the term 
— aPcos(5pr + E3) on the right of equation (15). For this purpose we start afresh 
and assume that 

u — Ax cospt -f A3 cos 3pt + A5 cos 5pt 

+ Bl sin pt + B3 sin 3pt + B5 sin 5pt. (21) 
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Substituting in the equation of motion 

u 4- ku + n2u = 2otu sin 2pt 

we get the following relations 

A5 = otB3/\6p2, B5 = — aA3/\6p2 

3kpA3—(n2 — 9p2 + ct2/\6p2)B3= — ocAt j 

{n2 — 9p2 + <x2/\6p2)A2 + 3kpB3 = — cnBl J 

(a + kp)A1 — (n2 — p^B^ = aA3 ) 

{n2 — p2)Ax — (a — kp)Bl = clB3 J 

Equations (18) and (24) are identical and by comparing equations (17) and (23) it 
can readily be seen that the only change is that instead of n2 we have the very 
slightly larger quantity (n2 + a2/16p2) in the latter equation. The inference is that 
the component in the displacement which has a frequency higher than that of the 
principal part of the motion does not assist in its maintenance, the effect produced 
by it being merely equivalent to a very small decrease in the free period of the 
oscillation of the string. It will be recollected that a similar result was obtained in 
the case of the second type of the maintenance of vibrations discussed above. 
From equation (22) it appears that the amplitude of the component of frequency 
5p/2n in the maintained motion is less than half the amplitude of the component 
of frequency p/2n. If the former is represented by R sin (5pt + E5) it is evident from 
what was said above that E5 is nearly equal to n/4. We have roughly 

u — P sin(3pf — n/4) + Q sin (pt + n/4) + R sin (5pt + n/4) 

when 
pt = n/4, u = (P + Q- R), 

and when 
pt = 5n/4, u = — (P + Q — R). 

The maximum amplitudes are therefore less than they would be if the component 
R did not exist. Its presence should therefore render itself evident by a flattening of 
the vibration-curve at the epochs of minimum tension. Some flattening of this 
kind, though not very marked, appears to be shown in figure 2, plate VII. 

The preceding discussion gives us only the phases and the ratios of the 
amplitudes of the components of the maintained motion, and according to the 
equations the actual amplitudes are indeterminate. In practice however the 
equation of motion is subject to modification on account of the variation of 
tension in free oscillations of sensible amplitude. For simplicity we may consider 
a case in which the string is vertical. The effect of gravity on its transverse 
oscillations may then be neglected, and the equations of motion may be written in 
the form 

(22) 

(23) 

(24) 

ii + ku + (n2 + pu2 — 2a sin 2 pt)u = 0 
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If 

u = Psin(3pt 4- £3) + Qsin(pt 4- £*) 4- Rs\n(5pt 4- Es), n2 4- flu2 

— n2 + P(P2 4- Q2 4- R2)/2 4- a large number of periodic terms. (25) 

As may have been expected, the average tension is increased by a large amplitude 
of motion and this is no doubt what secures the necessary adjustment of pitch and 
determines the amplitude of the maintained vibration. Of the periodic terms in 
(25) probably the most important are those which have a frequency equal to that 
of the imposed variable spring and tend directly to alter its magnitude or 
effectiveness. There are only three such terms, and if we neglect the others, 

n2 4- pu2 = n2 + P{P2 4- Q2 4- R2)/2 4- PQP cos 2pt + £3 - Ex 

— pQ2 cos 2pt 4- 2E1 4- pRP cos 2pt 4- E5 — E3. 

Putting E3 = — 7r/4 and El = E5 = n/4 approximately, we have as our equation 
of motion 

u + ku + [N2 — (2a - Q(P + Q) + RP)sin 2pi\u = 0. 

From this it seems evident that when the imposed variation of tension is in excess 
of that just required to maintain the motion, the component of amplitude Q tends 
to increase at the expense of the component with amplitude R. The latter tends to 
become even less important than it would otherwise be, and indeed there does not 
appear to be any very marked indication of its existence in the vibration curves. 

The fourth type of motion 

This is shown as figure 2, plate VI, and its vibration curve as figure 2, plate VIII. 

In the former a resting point intermediate between the two extreme positions of 

the string is clearly visible, and it can be seen in the vibration curve that this 

corresponds exactly to the terminal point of the swing at the epoch of maximum 

tension. The string makes four swings for every two vibrations of the fork. Of 

these the two occurring when the tension is in excess are less in amplitude and 

take a shorter time than the two others made when the tension is in defect. The 

maintained motion consists therefore of a principal component of frequency 

double that of the fork, the simple harmonic character of which is modified under 

the action of the variable spring and which therefore appears along with a 

subsidiary motion of the same frequency as that of the fork. As in the previous 

cases discussed, the ratio between tfie two components is practically the same at 

all points of the string, and the problem may therefore be dealt with as if it related 

to a system with one degree of freedom only. 

For a full discussion we must assume that the displacement at any instant may 
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be represented by an expression of the form 

u = A2 sin 2pt + A4 sin Apt + A6 sin 6pt + B0 + B2 cos 2pt 

+ B4cos Apt + B6cos6pt. (26) 

The terms of frequency Ap/2n form the principal part of the maintained motion, 
and these and the terms of lower frequency 2p/2n are, as can be seen from the 
vibration curve, predominant. As in the previous cases discussed, it can be shown 
that the latter terms are mainly instrumental in maintaining the motion, in other 
words that their product into the variable spring gives a transverse periodic force 
of the right frequency and phase for maintaining the vibrations. The components 
of frequency 6p/2n have an influence on the motion of the system which is 
equivalent merely to a slight decrease in the period of the free vibrations of the 
string, and they do not otherwise assist in the maintenance of the vibrations. The 
constant term B0 though small is by no means negligible, and it remains to 
investigate its influence in the present case. As shown in the investigation of the 
second type of motion, a term of this kind may be regarded as the result of a 
system of constant forces acting at all points on the string. To solve the equation 
of motion, we substitute (26) for u in the formula 

ii + ku + n2u = 2olu sin 2pt 

The following relations are obtained 

A6 = — aB4/20p2, B6 = otA4/20p2 

(n2 — 16p2 + oc2/20p2)A4 — AkpB4 = olB2 

AkpA4 + (n2 - 16p2 + ct2/20p2)B4 = - a 

n2B0 = ocA2 

(n2 - Ap2)A2 - 2kpB2 = ot{2B0 - B4) 

2kpA2 + (n2 — Ap2)B2 = a A4 

It is not permissible to leave out B0 in the first of the equations (30), for, if we do so 
and eliminate A2, B2, A4 and B4 between the equations (28) and (30) we get an 
eliminant of the form S2 = — T2 which is evidently absurd. The significance of 
this may be understood by writing equations (28) in the form 

Akp(A4 + B4)112 = - a(T2 + B2)112 cos (E2 - E4). (31) 

This formula expresses the relation that the energy dissipated by friction in a time 
comprising any number of complete periods of the variable spring is equal to that 
supplied in the same time through its agency. Now it can be seen from the 
vibration curve that (E2 — E4) is very nearly equal to n/2 and cos (E2 — E4) is 
therefore very small, but still sufficient to sustain the motion. If in the first of the 
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equations (30) we neglect B0, the value of(A2 + B2)l/2 and(A4 + B4)l/2 is not very 
appreciably affected, but cos (E2 — E4) is however reduced to such an extent that 
it is no longer possible for equation (31) to be satisfied, in other words the motion 
cannot be maintained. The term B0 is equal to ctA2/n2, i.e. equal to — 4cc2B4/3n4 
and is therefore very small, but as explained above, the maintenance of the 
vibrations cannot be fully explained without taking it into account. 

The components A4 and B2 in the maintained motion are both very small. The 
component A2 is approximately equal to — 4aB4/3n2. The ratio between the 
principal part of the maintained motion and the subsidiary component of lower 
frequency is therefore of the same order of quantities as the ratio between the 
constant and variable parts of the spring. 

The fifth type of motion and the general case 

Figure 1, plate VII and figure 1, plate IX, show this class of maintained motion 
and its vibration curves respectively. In this case, the frequency of the variable 
spring is two-fifths that of the free oscillations of the system. The forced 
oscillations of the system may be discussed as if it possessed one degree of freedom 
only, the displacement at any point on the string being given by an expression of 

the form 

u = Al sinpf + A3 sin 3pt + A5 sin 5pt + An sin Ipt + Bx cospt 

+ B3 cos 3pt + B5 cos 5pt + 1?7 cos Ipt (32) 

the variable spring being as in previous cases represented by — 2a sin 2pt, and the 
ratio of the constants being the same for all points on the string. The principal 
part of the maintained motion is (A5 + B5Y/2 sin(5pt + E5), which is very 
approximately of the same frequency as the free oscillations of the system. It can 
be seen from the vibration curve that E5 is approximately equal to — 3n/4 and A5 
is therefore nearly equal to B5. 

The subsidiary term (A3 + B3)s'm{3pt + E3) in the motion is from a physical 
point of view of great importance. It is not at all difficult to understand in what 
manner it is brought into existence. The successive oscillations of the string are 
evidently not all executed under identical conditions. At the epoch of minimum 
tension the motion being under diminished constraint swells out and increases in 
amplitude and the contrary is the case at the epochs of maximum tension. Again 
at the former epochs the time taken for a swing is more than at the latter. The 
motion as shown in the vibration curves is very analogous to the effect of‘beats’. 
Taking the general case in which a variable spring — 2a sin 2pt acts upon a system 
whose free oscillations have a frequency nearly equal to r/2 times that of the 
variable spring, the frequency of the ‘beats’ is equal to that of the variable spring 
and the frequency of the subsidiary motion is less by that quantity than the 
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Plate IX. Vibration curves of (1) the fifth type of maintenance and (2) the sixth type of maintenance. 

frequency of the principal motion, and we may therefore put 

W = Psin(rpt + Er) + Qsin(r — 2 pt + £r_2). (33) 

The product of the variable spring with the displacement at any instant may be 
regarded as the impressed part of the restoring force. Taking the first term on the 
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right of (33), the product — 2ocPsin2pt sin (rpt + £r) has no component of the 
frequency rp\2n which is required (by the general principle of resonance) if the 
oscillation is to be maintained. On the other hand the product 

— 2aQsin 2pt sin (r — 2pt + £r_2) 

does contain such a component which is equal to 

aQ cos (rpt -f £r_2) 

and can maintain the motion if the other conditions are suitable. The energy 
dissipated in any number of complete periods of the variable spring is equal to the 
energy supplied during the same interval if 

rkpP = —otQ cos (£r _ 2 — Er). (34) 

This equation conveys the fundamental principle underlying the type of the 
maintenance of vibrations under discussion. In the general case Q is of the order 

cuP 

± Mr- l)p2’ 

if we neglect possible effects due to the variability of the tension in free oscillations 
of sensible amplitudes. In order to show that the value of cos(£r_2 — Er) in 
equation (34) may be sufficiently large to ensure maintenance of the motion, it is 
necessary to consider the effects produced by terms of still smaller frequencies (if 
any) in the expression for the displacement at any instant. An illustration of this 
point has already been given in the case of the fourth type of motion. Such terms 
exist in all cases whose r > 3. They owe their origin to secondary and tertiary 
reaction between the forced oscillations and the variable spring, and though very 
small in magnitude play an important part in building up the requisite phase- 
difference between the principal motion and its immediate auxiliary of lower 
frequency. Thus, returning to the case of the fifth type discussed above, we cannot 
neglect the term 

(A\ + £2)sin(pt + £J 

in the expression for the displacement, for if we do we should find that the value of 
cos (£3 — £5) is not sufficient to maintain the motion. On the other hand the 
terms 

(An + £7)1/2 sin (pt + £7) 

etc. do not play any such part in the maintenance. Their effect is merely equivalent 
to a slight alteration in the free period of oscillation of the string, and they are 
generally inconspicuous. It is hardly necessary for me to add that in each case the 
necessary adjustment of pitch is secured by the variation of the period of the 
motion with increasing amplitudes. 
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I have also observed the sixth and seventh and higher types of motion in the 
series up to the eleventh and have photographed their vibration-curves. These are 
shown as figure 2, plate IX and plates X and XI. The appearance of a string 
executing the sixth or eighth or tenth type of motion is somewhat analogous to 
that in the case of the fourth type, and that of the seventh or ninth or eleventh to 

Plate X. Vibration curves of (1) the seventh type of maintenance and (2) the eighth type of 

maintenance. 
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Plate XL Vibration curves of (1) the ninth type of maintenance, (2) the tenth type of maintenance and 

(3) the eleventh type of maintenance. 
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the fifth type. The reason for this can be well understood. For the odd types are all 
more or less perfectly symmetrical and the even types are all unsymmetrical. 

Observations with revolving mirror and with stroboscopes 

That the string when maintained in any one of these types of vibration behaves as a 
single unit, in other words like a system having only one degree of freedom, can 
well be shown by observing the vibration curves at different points on the string. 
By illuminating any one point by a sheet of light transverse to the string and 
viewing the luminous line of light in a mirror kept revolving at a moderate speed, 
the vibration curve is seen at once. Even a mirror held in the hand which is tilted 
to and fro is sufficient for the purpose. Shifting the sheet of light so that it cuts the 
string at any other point produces no effect except to alter all the ordinates of the 
vibration curves in equal ratios. 

Some extremely interesting phenomena are noticed when a stroboscopic disc is 
used in observing these types of maintained motion. A Rayleigh synchronous 
motor on which is mounted a blackened disc with narrow radial slits cut in it is 
very suitable for this purpose. As already mentioned in section I, one of the discs 
which I use has thirty slits on it, the armature-wheel of the motor having the same 
number of teeth. The electric current from the self-interrupter fork which 
maintains the string in vibration also runs the synchronous motor. In making the 
observations, the stroboscopic disc is held vertically and the string which is set 
horizontal and parallel to the disc is viewed through the top row of slits, i.e. those 
which are vertical and move in a direction parallel to the string as the disc 
revolves. It is advantageous to have the whole length of the string brilliantly 
illuminated and to let as little stray light as possible fall upon the reverse of the 
disc at some distance from which the observer takes his stand. A brilliant view is 
then obtained. I have already explained that under these circumstances we see the 
string in successive cycles of phase along its length, and the peculiar character of 
the maintained motion in these cases is brought out in an extremely remarkable 
way. The string is seen in the form of a vibration curve, which would be identical 
with those shown above, but for the fact that the amplitude of motion is not the 
same at all points of the string, being a maximum at the ventral segments and zero 
at the nodes. 

Another point calls for remark. Using a fork with a frequency of 60 per second, 
the free oscillations of the string have a frequency of 30 in the case of the 1st type, 
60 in the case of the 2nd, 90 with the 3rd, 120 with the 4th, 150 with the 5th, and so 
on. With the disc having 30 slits on it we get 60 views per second of any one point 
on the string, and with the even types of motion, i.e. the 2nd, 4th, etc. the 
‘vibration-curve’ seen through the stroboscopic disc appears single. With the odd 
types, i.e. the 1st, 3rd, 5th, etc. two vibration-curves are seen, one of which is as 
nearly as can be seen the mirror-image of the other, intersecting it at points which 
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lie or should lie upon the equilibrium position of the string. The reason why with 
the odd types we see the vibration-curve double is obvious enough, and I need not 
proceed to detail it. The double pattern brings home to the eye in an extremely 
vivid and convincing manner the fact that under the action of the variable spring 
the ‘amplitude’ and ‘period’ of the motion periodically increase and decrease after 
the manner of ‘beats.’ 

An interesting variation on the experiment is made by using the disc with 60 
slits. We then get 120 views per second and with the even types we get the 
vibration-curves double, but one of the curves is not the mirror image of the 
other, the motion not being symmetrical. On the other hand, with the odd types 
we see the vibration-curves in quadruple pattern, the third and fifth types in 
particular giving extremely beautiful tracery effects. It seems somewhat difficult 
to obtain perfectly satisfactory photographs of these phenomena on account of 
slight periodic alterations in the speed of the stroboscopic disc, but I am still quite 
hopeful. 

V. The maintenance of compound vibrations by a simple 
harmonic force 

In this and the succeeding section on ‘Transitional Modes of Motion under 
Variable Spring’ I shall consider the phenomena of the maintenance of vibrations 
by a variable spring of simple harmonic character acting on a system that has 
more than one degree of freedom. In section IV, I have shown that a variable 
spring acting on a system having only one normal mode of oscillation may 
maintain its vibrations if the frequency of the variable spring stands to that of the 
system in any one of the ratios 2: r where r is an integer. We know that a vibrating 
system of the kind here dealt with, i.e. a stretched string, has not merely one free 
period of oscillation, but a series of such free periods in which it divides up into 
one, two or more segments. Since the frequencies of oscillation which a variable 
spring of given frequency may maintain under suitable circumstances also form a 
series, it is evidently possible for more than one mode of vibration to be 
maintained at one and the same time, each with its own appropriate frequency. In 
other words, the variable spring may maintain a compound vibration, and as the 
components of this motion need not both or all be in one and the same plane of 
vibration of the string, we may readily obtain by a little calculation and trial, 
types of maintained motion in which the oscillation in one principal plane is of 
one frequency and in the perpendicular plane of a different frequency. Under 
these circumstances, the motion of a point on the string in a plane transverse to it 
becomes and remains the appropriate Lissajous figure, and the frequency relation 
between the component motions is thus rendered evident to inspection in a most 
striking manner. 

The photographs shown in plate XII represent short sections of the string thus 
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maintained in stationary vibration, one point in the middle of the section being 
brilliantly illuminated. Figure 1 shows the ordinary first type of maintenance in 
which the frequency of the motion is half that of the fork. Figure 2 shows a 
compound of the first and second types in suitable phase relation, the motion 
being in a parabolic arc. Figure 3 is a compound of the first and third types. 
Figure 4 is a compound of the second and third types of frequencies respectively 
equal to and half as much again as that of the fork. Figures 5 and 6 are 
complementary, i.e. the same mode of vibration, figure 5 showing one part of the 
string and figure 6 another. In these two photographs the first and third types 
occur in one principal plane and the second type by itself in the perpendicular 
plane. In figure 5, the first and third are in similar phases, but in figure 6, they are 
opposed, hence the very remarkable split ring effect in the latter. In figure 7 we 
have the first and third types again in perpendicular planes but along with the 
third type there is a clear addition of the second type as well. Figures 8 and 9 are 
complementary, and show the first type maintained in one plane and the second 
and fourth types together in the perpendicular plane. Figure 10 represents a 
compound of the second and fifth types, and shows quite clearly the character¬ 
istics of the fifth type as described in the previous section, i.e. the increase of the 
amplitude and period of the motion at the epoch of minimum tension and their 
decrease when the tension is a maximum. Figure 11 shows the first type in one 
plane and the second and fifth types together in a perpendicular plane. Figures 12 
and 13 are complementary, i.e. show different parts of the string in the same mode 
of oscillation. They represent the first and fifth types together in one plane and the 
second by itself in the perpendicular plane. In figure 12, the first and fifth types are 
in the same phase and in figure 13 they are opposed. Figures 14 and 15 show the 
first type in one plane and the second and sixth types together in the 
perpendicular plane. The two latter are in different relative phases in the two 
photographs. 

Besides the above, I have observed a very large number of permanently 
maintained compound modes of vibration in which two or more of the types of 
motion discussed in the preceding section occur in various phase-relations to 
each other. In the case of types of higher order than the second, the observed 
range of variation of phase was not however very large. 

The compound modes of motion in which two or more of the types of 
maintained motion occur together in one plane of vibration can also be observed 
stroboscopically in the manner described in the preceding section. The special 
feature of interest in this case is that a large number of variations can be obtained 
and different parts of the string, sometimes even contiguous ones, show the 
component motions in different relative magnitudes and as seen through the 
stroboscopic disc in different phases. The double patterns obtained in this 
manner are extremely interesting and beautiful, and it is with regret that I decided 
not to delay the issue of this Bulletin till I had secured satisfactory photographs of 
some of them. 
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VI. Transitional modes of motion under variable spring 

In discussing the maintenance of vibrations by a variable spring of double 
frequency, vide section III above, it was tacitly assumed that the motion was that 
of a system having one degree of freedom only, or at any rate could be treated as 
such to a close approximation. In other words it was taken for granted that the 
ordinary ‘modes’ of vibration under constant spring, i.e. the ratios of the 
displacements at any instant of different points on the system, remain unaltered. 
We are justified in making this assumption so long as the free periods of the 
system in its several normal modes of oscillation are sufficiently removed from 
each other. But as will be seen from what follows, it breaks down entirely when 
the frequencies of two natural modes of vibration between which the half 
frequency of the imposed variable spring lies are sufficiently close together to fall 
simultaneously Within the range of maintenance for the given frequency. The 
phenomena that then result are of considerable experimental and theoretical 
interest and I have termed them ‘Transitional Modes of Motion’. The appropri¬ 
ateness of this will appear as we proceed. 

A variable spring of given frequency can maintain the vibrations of a system 
whose free period for small oscillations lies anywhere within a certain range 
determined by the magnitude of the imposed variation. If two of the normal 
modes of vibration of the system fall simultaneously within this range the steady 
motion, if any, that may result must evidently be of a frequency exactly half that of 
the variable spring imposed. It is possible to obtain the over-lapping of the ranges 
for two contiguous modes even if the free periods of these differ considerably, by 
sufficiently increasing the magnitude of the variable spring. It is experimentally 
observed that the maintenance of a steady state of vibration is perfectly possible 
under such circumstances. Thus for instance, there is absolutely no difficulty in 
obtaining a steady transitional mode of motion which is intermediate between 
the ordinary modes in which a string divides up with three and four ventral 
segments respectively. In the resulting vibration there is nothing that can even 
approximately be regarded as a ‘node’. The amplitude of vibration is not however 
the same at all points of the string, and there are recognizable maxima and 
minima. It is not however easy to describe the appearance seen with much 
exactness and to a cursory examination the nature of the motion is by no means 
evident. When however we use intermittent illumination of frequency nearly 
equal to that fork maintaining the string in vibration, the extremely remarkable 
and interesting character of the motion is at once revealed. Since the frequency of 
the illumination is nearly but not quite double that of the motion we see 
simultaneously two opposite phases of the motion which undergo periodic cycles 
of change. At one instant the string is seen in the form of recognizably perfect sine- 
curves which enclose three ventral segments. At another phase of the motion it is 
seen in the form of perfect sine-curves which enclose four ventral segments. The 
periodic change from three to four segments and back again is one of the most 
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striking and interesting phenomena that are met with in the study of the 

maintenance of vibrations. 
When the frequency of the intermittent illumination is somewhat less than that 

of the fork we see the motion proceeding in the manner in which it actually takes 
place. One way of describing what is observed is to say that extra loops are 
continually being formed at the end of the, string attached to the fork and 
continually moving off and disappearing at the fixed end. The process at one end 
is periodically faster and slower than that at the other, with the result that we have 
alternately three and four ventral segments on the visible portion of the string. 

There is however another fact which is observed, i.e. the ordinates of the three- 
loop curve are not equal to those of the four loops, being generally larger: this is 
not brought out in the description given above. Perhaps a more accurate idea may 
be conveyed in the following manner. If we have a pair of curves whose initial 
positions are given by the equations 

. 3nx , ^ . 4nx 
y=±P sin—— and z=±Qsm—— 

and which continually rotate round the axis of x, the plane yz being normal to the 
latter, their motion as seen projected on any given plane passing through the axis 
of x is similar to that seen in the actual experiment with the intermittent 
illumination. The projected curves would be given by the equation 

3nx 4nx 
± u = A sin —— sin (pt + n/4) + B sin —— sin (pt + 9). 

b b 
a) 

If the axes of y and z are at right angles, 6 = — n/4, and the phase difference 
between the two terms would be exactly quarter of an oscillation. 

From equation (1) it is clear that the phase of the resultant motion varies from 
point to point on the string. Working by the methods described in section III, I 
have observed the variation of the phase of the motion along the string and the 
indications of equation (1) of the present section are amply confirmed. Since A is 
generally larger than B, the most remarkable changes are observed on either side 
of the points where x = b/3 or 2b/3. At some distance from these points the ‘curves 
of motion’ (vide section III) are parabolic arcs convex to the fork. As we approach 
nearer they become first looped figures convex to the fork and then 8-shaped 
curves. Nearer still, they are looped figures concave to the fork and finally 
parabolic arcs with their curvature directed towards the fork. As we recede on the 
other side we get the same changes in reverse order, the curves at some distance 
off being parabolic arcs convex to the fork. I hope later to obtain and publish 
photographs of these remarkable types of motion with the varying phase. 

It is not difficult to see why the displacement at any point of the string is of the 
type given by equation (1). As already explained in the third section of this 
Bulletin, the maximum positive and negative phase-differences between the 
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variable spring of double frequency and the motion maintained by it are n/4 and 
— 7t/4 respectively. When the half-frequency of the variable spring is intermediate 
between the frequencies of free oscillations of the system in any two given modes, 
we may assume that the oscillations are set up and maintained simultaneously in 
the two different modes but with the same frequency, i.e. half that of the variable 
spring. The two modes of oscillations are however in different phases, and the 
sustained vibration can well be termed a transitional mode of motion. 

In concluding this Bulletin I have real pleasure in acknowledging my 
indebtedness of Dr Amrita Lai Sircar for his interest in the work and unfailing 
personal encouragement to myself, and also for his having as Hon. Secretary put 
the resources of the laboratory of the Association and the services of the staff 
unreservedly at my disposal during hours at which few institutions, if any, would 
remain open for work. I have also specially to mention the name of the senior 
demonstrator Mr Dey for having materially assisted in the early and rapid 
completion of the experimental work. 

Appendix 

Note on a stereo-optical illusion 

Working with a stroboscopic disc of the pattern already described, I noticed a 
very curious optical illusion that seems worthy of record. The disc with 30 slits 
was set up vertically, and the tuning-fork which regulated its motion was placed 
immediately behind with its prongs vertical and facing the disc so that the 
observer who took his stand immediately in front of it could get a good view of the 
motion of both the prongs. Using both eyes for comfort, I was surprised to notice 
that the prongs appeared bent out of their plane, one to the front and one to the 
rear, and actually executed oscillations to the rear and to the front as the head was 
moved along the row of slits! The explanation of the phenomenon was 
undoubtedly that the two eyes perceived the motion of each of the prongs of the 
fork in two distinct phases and endeavoured to reconcile them by seeing them 
bent out of their plane one to the front and the other to the rear! The appearance 
was most realistic. 
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Some acoustical observations 

C V RAMAN, M.A. 

Double sources of sound 

[Plate I] 

Lord Rayleigh has shown (Scientific Works, 1, page 468, and Theory of Sound, 

article 65, a) that by rendering an otherwise steady sound intermittent by the 
periodic interposition of an obstacle, we do not by any means succeed in 
reproducing the acoustical or dynamical effect of true ‘beats’. One essential point 
of difference is that in true ‘beats,’ the amplitude of the vibration changes sign 
every time that it passes through zero, in other words the phase of the vibration is 
periodically reversed. In the case, however, of an intermittent note, the vibration 
is resumed after each silence without reversal of phase. A simple analysis shows 
that as a consequence of this and other differences, we have three criteria by which 
we could or might distinguish in experiment between real ‘beats’ and an 
intermittent note, the latter being, after all, only an attempt to simulate the former 
by purely mechanical methods. Firstly, an intermittent note is resolvable into at 
least three distinct component tones, the ‘primary’ being always present. In true 
‘beats’ we have only two components, and there is no primary. Secondly, the 
difference in frequency between the two new secondary tones besides the primary 
perceivable in the former is twice that of the frequency of intermittence, whereas 
in the latter, the difference of frequency between the components is equal to that of 
the beats. Lastly, the law of variation of amplitude in an intermittent note is 
arbitrary, and we may have 5 or 7 components instead of 3 as in the simplest case. 

These points of difference are very beautifully illustrated in some recent 
experiments in which I endeavoured to analyse by the aid of resonators, the 
acoustical effect due to the rotation of ‘double’ source of sound about a line 
passing through it perpendicular to its axis. A ‘double’ source of sound is, in effect, 
a combination of two equal but opposite sources of identical frequency situated 
indefinitely near each other, the product of their intensity into their distance being 
a finite quantity. A ‘double’ source emits no sound in its equatorial plane, i.e. in 
any direction at right angles to its axis. It is therefore readily seen that if a double 
source is rotated with uniform angular velocity about any line passing through it 
and lying in its equatorial plane, an observer situated at any distance from the 
source would perceive the effect of ‘beats’ simulated in a most remarkable 
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manner. At each half-revolution, as the equatorial plane of the source sweeps 
through his position, there would be an extinction of the sound followed during 
the intervals by a recrudescence, and the frequency of the ‘beats’ is therefore twice 
the number of rotations made per second. 

* 

It is not at all a difficult matter to secure in experiment what is very 
approximately equivalent to a ‘double’ source of sound. It is known (Rayleigh’s 
Theory of Sound, article 325) that the disturbance due to the vibration of a 
sphere as a rigid body is the same as that corresponding to a double source at the 
centre whose axis coincides with the line of the sphere’s vibration. In practice, the 
flexural vibrations of a small flat disc or plate would be a very fair substitute, 
provided that one of the vibrating segments of the plate emits a sufficiently 
powerful and steady sound which is not sensibly interfered with by any effect of 
the other segments. With a circular plate, for example, the mode of vibration with 
one nodal circle would be the mpst suitable for the purpose, and this would be 
improved, if the thickness of the disc varied in such manner from the centre 
outwards that the nodal circle is rather nearer the edge of the disc than the 
theoretical position for a disc of uniform thickness. I have found that the gong of 
bell-metal shown in plate I serves most admirably as a double source of sound. 
When struck with a wooden hammer, its vibrations in the gravest mode are 
powerfully excited and a clear steady note is emitted which continues to be 
audible for over a minute, free from any ‘beats’ or quavers (so long as the plate is 
held in position) and free from perceptible admixture with upper partials, these 
latter ceasing to be audible within two or three seconds of the impact of the 
hammer. This very desirable result appears to be a consequence of the variation 

Plate I. Vibrating plate used as a double source of sound. 
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of the thickness of the plate, which is least at the centre of the horizontal edge of 
the plate and gradually increases in all directions upwards. The ‘wings’ at the end 
of the base of the plate are particularly massive and appear to be both ornamental 
and useful, as can be seen from the position of the nodal lines shown in the figure. 
The emission of sound is principally due to the central segment of the plate, the 
two wings having very little effect as could be shown by covering up the former 
when the bulk of the sound falls off. 

gong is excited and can at the same time be set in rotation at any moderate speed. 
The effect of‘beats’ is then reproduced in a most remarkable manner. The analysis 
of these beats was effected in the following manner by the aid of a tuning-fork 
mounted on a resonance box. The frequency of the fork was 512, and was a little 
greater than that of the vibrations of the plate. By loading the prongs of the fork 
suitably with wax, it was found possible to get the two to be of identical frequency 
or to have the frequency of the fork slightly in excess or defect as desired. For the 
analysis of the beats due to the rotation, the fork mounted upon its box was itself 
used as a resonator. 

Experiment 1 
The plate was excited and held in position. The fork was adjusted for exact 
unison, and held a few feet off. On stopping the vibration of the plate the fork was 
found to be sounding loudly. 

Experiment 2 
As above, but with the plate in rotation. There was no resonance. 

Experiments 3 and 4 
The fork was thrown out of unison in one direction or the other by putting on or 
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removing a little wax, so that when sounded it made approximately one beat per 
second with the gong. On repeating experiment 1, there was no resonance. 

Experiments 5 and 6 
As in experiments 3 and 4 but the plate in rotation at such a speed that two beats 
per second were heard. There was marked resonance. 

These observations are of interest as illustrating the mechanical production 
and analysis of ‘true’ beats. At each half-revolution of the plate we get an 
extinction of the sound, followed by a revival in which the phase of the motion is 
reversed. This can readily be understood from the fact that the motion on the two 
sides of the plate is in any instant in opposite phases, a compression on one side 

and a rarefaction on the other and vice versa. 

Some reciprocal effects 

On adjusting the fork and the vibrating plate used in the preceding experiments 
to exact unison and sounding the former, very marked resonance was exhibited 
by the plate. The arrangement was found to be very sensitive, a deviation from 
unison giving only one beat per second practically abolishing the resonance. This 
observation suggested the following experiments which appear to be of some 
interest as illustrations of the dynamical theory of resonance. 

Experiment 7 
Fork and plate in exact unison. Holding the fork mounted on its box a few feet 
from and facing the plate, it was found on exciting the fork that the plate showed 
marked resonance. 

Experiment 8 
As above, but with the fork and resonance box in the plane of the plate. Resonance 
extremely feeble. 

Experiment 9 

As in experiment 7, but with the plate in rotation. No resonance. 

Experiments 10 and 11 
As in the experiment 7 with the plate held in position, but the fork thrown slightly 
out of unison in one direction or the other (to the extent of one beat per second) by 
putting on or removing a little wax. No resonance. 
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Experiments 12 and 12(a) 

As in experiments 10 and 11, but with the plate in rotation at a speed of one 
revolution per second in either case. Marked resonance was noticed. 

Mathematical note 

The equivalence of the effect at any point due to a rotating double source and that 
due to the beats of two simple tones of differing frequencies can easily be shown 
theoretically. Thus: 

The velocity-potential of a double source is proportional to the real part in 

d exp{ik{at — r)) d exp(ik(at — r)) exp (ik(at — r)) ~ i 
dx r = ^dr r 

= — ikp- 
r l ikr \ 

where x is the axis and p is the cosine of the angle between x and r. Putting 
p = cos 6 = cos cot where co is the angular velocity of rotation of the double 
source, the expression given above may be written as 

ikr 
— ik exp (— ikr) 

exp (i(ka + co)t) + exp (i(ka — co)t) 

2 r 

From this, the inference is obvious. 
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The maintenance of vibrations 

c V RAMAN 

Part I 

In my paper on “Some Remarkable Cases of Resonance” published in the Phys. 

Rev. for December, 1912,1 described a new class of forced vibrations which form 
apparent exceptions to the general principle of resonance, i.e. in respect of which 
we find systems exhibiting marked resonance under the action of forces whose 
periods do not necessarily stand to their own in a relation of approximate 
equality. Of this class, the first type is the well-known case of double frequency 
exemplified by the form of Melde’s experiment in which the vibrations of a 
stretched string are sustained by the action of a varying tension imposed by a fork 
having double the frequency of the string. My experiments showed that the 
vibrations could be maintained in the following cases: 

(1) When the frequency of the fork is 2 times that of the string; 
(2) When the frequency of the fork is § times that of the string; 
(3) When the frequency of the fork is § times that of the string; 
(4) When the frequency of the fork is J times that of the string; 
(5) When the frequency of the fork is f times that of the string; 
and so on. 

Photographs illustrating the modes of vibration in each of these cases were 
published with the paper. 

Some very interesting phenomena are noticed when a stroboscopic disk is used 
in observing these types of maintained motion. A Rayleigh synchronous motor 
on which is mounted a blackened disk with narrow radial slits cut in it is very 
suitable for this purpose. One of the disks which I use has thirty slits in it, the 
armature-wheel of the motor having the same number of teeth. The electric 
current from the self-interrupter fork which maintains the string in vibration also 
runs the synchronous motor. In making the observations, the stroboscopic disk is 
held vertically and the string which is set horizontal and parallel to the disk is 
viewed through the top row of slits, i.e. those which are vertical or nearly so and 
move in a direction parallel or practically parallel to the string as the disk 
revolves. It is advantageous to have the whole length of the string brilliantly 
illuminated and to let as little stray light as possible fall upon the reverse of the 
disk at some distance from which the observer takes his stand. A brilliant view is 
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then obtained. Under these circumstances, we see the string in successive cycles of 
phase along its length, and the peculiar character of the maintained motion in 
these cases is brought out in a very remarkable way. The string is seen in the form 

of a vibration-curve, which would be identical with those obtained by other 
methods but for the fact that the amplitude of motion is not the same at all points 
of the string, being a maximum at the ventral segments and zero at the nodes. 

If we use a fork with a frequency of 60 per second, the free oscillations of the 
string should have a frequency of 30 in the case of the first type, 60 in the case of 
the second, 90 with the third, 120 with the fourth, 150 with the fifth, and so on. 
With the disk having 30 slits on it we get 60 views per second of any one point on 
the string, and with the even types of motion, i.e. the second, fourth, etc. the 
‘vibration-curve’ seen through the stroboscopic disk appears single. Figures 3 
and 7 show the curves for the second and fourth types respectively. With the odd 
types on the other hand, i.e. with the first, third, fifth, etc. two vibration-curves are 
seen, one of which is as nearly as can be seen the mirror-image of the other, 
intersecting at points which lie or should lie upon the equilibrium position of the 
string. Figures 1 and 5 show the curves for the case of the first and third types. The 
reason why with the odd type we see the vibration-curve double is fairly obvious 
and forms an excellent illustration of the principles of stroboscopic observation. 
The double pattern in the case of the third and higher types brings home to the eye 
in a very vivid and convincing manner the fact that under the action of the 
variable spring the “amplitude” and “period” of the motion periodically increase 
and decrease after the manner of “beats”. 

An interesting variation on the experiment is made by using a disk with 60 slits. 
We then get 120 views per second and with the even types we get the vibration- 
curves double, but one of the curves is not the mirror-image of the other, the 
motion not being symmetrical with respect to the position of equilibrium. On the 
other hand, with the odd types we see the vibration-curves in quadruple pattern, 
the third and fifth types in particular giving noteworthy effects. Figures 2, 4, 6, 
and 8 exhibit the patterns obtained in this manner with the first, second, third and 
fourth types respectively. 

Before leaving this subject, it is worthwhile to remark that the special method 
of stroboscopic observation described above can be very effectively applied to the 
study of the vibrations of stretched strings produced or maintained in any other 
manner, e.g. by bowing or striking. The vibrational forms for various points over 
the entire length of the string can all be observed together simultaneously with the 
apparatus, and this is often a very great convenience. For example, the widely- 
differing ratios between the forward and backward velocities at various points on 
a bowed string can all be seen together and compared in one experiment, and the 
effect of applying the bow at different positions, of reversing its direction of 
motion, or of removing it altogether and allowing the motion to die away 
gradually can be very conveniently studied. It is necessary in such work that the 
string should be tuned to the correct frequency in the first instance (by 
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observation through the stroboscopic apparatus) so that a stationary figure may 
be obtained. 

Part II 

A stroboscopic disk with radial slits mounted on a synchronous motor can be 
very effectively used in observing the peculiar properties of the small motion at 
the nodes of a vibrating string described by me in a previous publication in this 
Review.* In this case an arrangement somewhat different from that described in 
part I of the present paper should be used. An electrically-maintained fork 
maintains the string in oscillation in any convenient number of loops by imposing 
a transverse obligatory motion at one point on it. The current passing through the 
fork also drives the synchronous motor on which is mounted a stroboscopic disk 
having just double as many apertures as the armature-wheel has teeth. The disk 
therefore gives two views of the fork and of the string maintained by it, which are 
practically stationary provided the point of observation is fixed and the motor is 
running satisfactorily. In the present case it is essential that the position taken up 
by the observer or the camera should be quite close to the stroboscopic disk and 
should be so chosen that the slits through which the vibration is observed are as 
nearly as possible parallel to the string and move in a direction at right angles to 
its length. The most convenient plan is to have the string horizontal and the plane 
of its vibration vertical. The disk should then be set vertically and the 
observations made through the region of the disk in which the radial slits are 
horizontal or practically so. By changing the point of observation, successive 
phases of the motion and the periodic “travel” of the “nodes” over a large 
horizontal range seen under the intermittent illumination can all be observed at 
leisure. 

For photographic work, the camera employed is brought up close behind that 
one of the slits on the disk which is horizontal. The lens is stopped down by a plate 
which has a rectangular slit cut in it so as to correspond with those on the disk. By 
racking up the lens-front of the camera by successive small distances till it has 
moved through a length equal to that between contiguous apertures on the disk, a 
complete set of photographs can be obtained on one plate showing successive 
stages of the motion of the string. Figure 9 reproduces a photograph obtained in 
this manner and showing the cycle of changes in 13 stages. It will be seen that the 
point of intersection or “node” which is first in the center moves off to one side of 
the field, first slowly and then more quickly, till after the lapse of a time which can 
be seen to be exactly half the period of the cycle, it has gone well off the plate and 
the positions of the string seen in the photograph are sensibly parallel. Direct 

*“The Small Motion at the Nodes of a Vibrating String,” Phys. Rev. March, 1911. 
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observation shows that the point has moved off to a great distance, in fact to a 
distance equal to half the length of a ventral segment. It simultaneously appears 
at an equal distance on the other side and moves in from that direction first 
quickly and then more slowly till it reaches the center again and the cycle is 
complete. 

From figure 9, it is quite obvious that the phase of the small motion at the node 
differs by quarter of an oscillation from that of the large motion on either side of it 
at a distance. 

Part III 

A very neat modification of Melde’s experiments can be arranged by attaching 
one extremity of a fine, cotton or silk string to a prong of an electrically 
maintained fork held so that the string lies in a plane perpendicular to the prongs 
but in a direction inclined to their line of vibration.* In view of the ease with which 
the experiment is performed and the great beauty of the form of oscillation 
maintained (this must be seen to be fully appreciated), the following brief 
discussion of the results may be of interest. 

The obligatory motion imposed at one extremity of the string may be resolved 
into two components, one parallel and the other perpendicular to the string. The 
two components may be put respectively equal to y cos pt cos 6 and y cos pt sin 6. 

The transverse component maintains an oscillation having the same frequency as 
that of the fork and having an even number of ventral segments when the tension 
of the string is suitably adjusted. The longitudinal component will then generally 
be found to maintain an oscillation having half the frequency of that of the fork. 
The success of the experiment lies in isolating the two vibrations, the frequency of 
one of which is double that of the other, into perpendicular planes. This is easily 
secured by a simple little device. The end of the string is attached to a loop of 
thread which is passed over a prong instead of directly to the prong itself. The 
result of this mode of attachment is that the frequencies of vibration in the two 
planes at right angles differs slightly and this has the desired effect of keeping the 
component vibrations confined to their respective planes, if the tension of the 
string lies anywhere within a definite range. 

If the distance of any point from the fixed end when at rest is x, the transverse 
components of the maintained motion may be written as under 

OR 
Y = y sin-—- cos {pt + Ex — Eb), (1) 

*See Phys. Rev. XXXII 311. 
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vide Lord Rayleigh’s Theory of Sound, article 134. 

(2) 

the values of B and E being ascertained from the investigation given in the Phys. 

Rev., XXXV, 451. If we exclude any consideration of the motion at points near the 
nodes of the maintained oscillation, equation (1) may be written in the simple 

form 

px 
Y = y sin 6 sin — cos {pt + E). 

a 

Z = J9cos 
71X 

sin 
b 9 

If p/a = 2n/b, (1) and (2) may be written in the form 

Y = 
. 2nx 

A sin—— 
b 

cos {pt + E'), 

. 71X f pt 
Z = B sin—-cos — 

b \2 

It should be understood that in these equations Y and Z do not refer to the 
coordinates of any point fixed relatively to the string but to the points at which a 
plane transverse to its equilibrium position cuts the surface generated by the 
moving string. The distinction is of importance in view of the fact that each point 
on the string possesses a small longitudinal motion derived from that imposed by 
the fork and the x coordinate of any point fixed relatively to the string is therefore 
not itself constant. 

In particular cases equations (3) and (4) may be reduced to very simple forms. 
Thus if E' = 2E and also in the special case when both E and E' are equal to zero 

Y 2nx 2Z2 ,7zx 
— cosec —— = —x- cosec —— 1, (5) 
A b B2 b v ' 

Which is the equation of the surface generated by the moving string, the sections of 
which by planes perpendicular to the axis of x are parabolic arcs. The curvatures 
of the arcs are in opposite direction in the two halves of the string. When E' = 2E 

+ 7i, a parabolic type of motion should also be obtained. This case can be realized 
approximately by having the tension of the string as low as possible consistent 
with the maintenance of the motion. In the intermediate case when E' = 2E + n/2, 

the sections of the surface described by the moving string elsewhere than at its 
center are 8 curves. At the center, the curve is a very flat parabolic arc, as the phase 
of the small motion at the node differs by quarter of an oscillation from that of the 
rest of the string. 

\ 
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On motion in a periodic field of force 

C V RAMAN, M A 

(Plates I-VIII) 

SUMMARY OF CONTENTS 

Vibrations maintained by a periodic field of force 
On synchronous rotation under simple excitation 
Combinational rotation speeds under double excitation 
Some applications of the synchronous motor 

Vibrations maintained by a periodic field of force 

The experimental study of the motion of a dynamical system in a periodic field of 
force leads to results of quite exceptional interest. One aspect of the problem, i.e. 
the oscillatory motion of the system about a position of equilibrium in the field, 
has some affinities to the case of vibrations maintained by a variable spring which 
I have dealt with in my previously published work, but the two classes of 
investigations lead to results which differ from one another, yet are related in a 
most remarkable way. By experimenting on stretched strings subjected to a 
variable tension, I showed that a normal variation of spring will enable the 
oscillations of the system to be maintained, when the frequency of these 
oscillations is sufficiently nearly equal to \ of, or § times, or § times, or § times, etc. 
the frequency of variation of the spring, these ratios forming an ascending series. 
By experiments on the vibrations of a body about a position of equilibrium in a 
periodic field of force (to be described below), I have shown that the frequency of 
the oscillations maintained may be equal to, or half of, or one-third, or one-fourth 
etc. of the frequency of the field, in other words, it may be any one of a descending 
series of sub-multiples of the frequency of the field. It appears, in fact, that we have 
here an entirely new class of resonance-vibrations. It will be noticed that if the two 
series referred to above are both written in the same order of descending 
magnitudes of frequency, thus, 

6 5 4 3 2 1 
2’ 2’ 2> 2’ 2’ 2’ 
1 1 1 1 1 I 
1> 2’ 3’ 4^ 55 6 
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the last two terms of the first series, and the first two of the second series coincide, 
and these two are to some extent typical of the rest. For, as I have shown in section 
IV of Bulletin no. 6, the 1st, the 3rd, the 5th and the odd types generally in the first 
series bear a family resemblance to each other, giving symmetrical vibration 
curves. The 2nd, the 4th and the other even types similarly resemble each other in 
giving markedly asymmetrical vibration curves. Since the first term in the 
ascending series is the 2nd in the descending series, we may expect that the 2nd, 
4th, 6th etc. in the latter would give analogous types of motion, and that similarly 
the 1st, 3rd, 5th etc. would show resemblances amongst each other. These points 
will be dealt with more fully as we proceed. 

The vibrations studied which form the subject of this section were those of the 
armature-wheel of a synchronous motor of the attracted-iron type, about a 
position of equilibrium in the magnetic field produced by an intermittent current 
circulating in the coils of an electromagnet. The phonic wheel or synchronous 
motor devised by La Cour and Lord Rayleigh is, as is well known, of great service 
in acoustical investigations. In my own work on vibrations and their mainte¬ 
nance, it has been of considerable assistance, vide sections I, II and IV to VI of 
Bulletin no. 6. Apart however from the various uses of the instrument in different 
branches of Physics and in Applied Electricity, it possesses much intrinsic interest 
of its own as an excellent illustration of the dynamics of a system moving in a 
periodic field of force, and the present paper deals almost entirely with 
experiments carried out by its aid and with its applications to the study of 
vibrations. 

The instrument used by me was supplied by Messrs. Pye & Co. of Cambridge 
and has given entire satisfaction. The motor consists of a wheel of soft iron 
mounted on an axis with ball-bearings between the two poles of an electromagnet 
placed diametrically with respect to it. The wheel has thirty teeth, and when a 
direct current is passed through the electromagnet, sets itself rigidly at rest with a 
pair of teeth at the ends of a diameter opposite the two poles of the electromagnet. 
The equilibrium under such conditions is of course thoroughly stable, and, in fact, 
the wheel possesses a fairly high frequency of free angular oscillation for 
displacements from this position of rest, and any motion set up by such 
displacement rapidly dies out, apparently on account of Foucalt currents induced 
in the iron by the motion. This, in general, is also true when an intermittent 
current supplied by a fork-interruptor is used to excite the electromagnet, except 
however in certain cases, when it is observed that the equilibrium becomes 
unstable of its own accord and the wheel settles down into a state of steady 
vigorous vibration about the line of equilibrium: or that an oscillation of 
sufficient amplitude once started maintains itself for an indefinitely long period. 

An optical method can be conveniently used to study the frequency and the 
phase of the oscillations of the armature-wheel maintained in the manner 
described above. A narrow pencil of light is used, which first suffers reflection at 
the surface of a small mirror attached normally to one of the prongs of the fork- 
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interruptor furnishing the intermittent current, and then falls upon a second 
similar mirror attached to the axle of the armature-wheel parallel to its axis of 
rotation. The apparatus is so arranged that the angular deflexions produced by 
the oscillations of the fork and the wheel are at right angles to each other, and the 
pencil of light which falls upon a distant screen, or which is focussed on the 
ground-glass of the photographic camera, is seen to describe a Lissajous figure 
from which the frequency, and the phase-relations between the oscillations of the 
fork-interruptor and of the armature-wheel, can be readily ascertained. 

Figures 1 to 6, plate I, reproduce photographs of the curves secured in this 
manner. The vertical motion is that due to the fork and the horizontal motion 
that of the armature-wheel. Of these, figures 2 to 5 were obtained using a fork- 
interruptor of frequency about 24 per sec, and figure 1 with a fork of somewhat 
smaller frequency. It will be observed that the periods of the vibration of the 
armature-wheel as shown in figures 1 to 6 are respectively equal to, twice, thrice, 
four times, five times and six times the period of the fork: in other words the 
frequency is equal to or \ of or ^ or ^ or j or ^ that of the fork. 

In taking the photographs, the motor-wheel was relieved of the large 
stroboscopic disk that is usually mounted upon it, and in working down the 
series, the adjustment of frequency is secured by suitably loading the wheel. The 
fine adjustment for resonance is effected by altering the current passing through 

Plate I. To illustrate the maintenance of vibrations by a periodic field of force. The maintained 

vibration is horizontal and the vertical motion represents the periodicity of the field. 
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the interruptor with the aid of a rheostat and if necessary by regulating the 
contact-maker on the fork. Any oscillation of the wheel, when started, dies away 
except in the cases referred to above, in other words no frequencies intermediate 
between those of the series are maintained. In obtaining figure 1 in which the 
oscillations of the wheel and the fork are shown in unison, it is generally found 
necessary to increase the ‘spring’ of the wheel by passing a steady direct current 
through the electromagnet of the motor from a cell connected in parallel, in 
addition to the intermittent current flowing in the same direction from the 
interruptor circuit. 

It will be seen that the Lissajous figures for the 1st, 3rd and 5th cases are 
distinctly asymmetrical in character; the 3rd (shown in figure 3) being markedly 
so. The 2nd, 4th and 6th types are quite symmetrical. This, it will be remembered, 
was what was anticipated above, and in fact the 1st, 3rd and 5th types differ rather 
markedly in their behaviour from the 2nd, 4th and 6th types. These latter are 
maintained with the greatest ease, while the former, particularly the 5th, are not 
altogether so readily maintained. In fact it is found advantageous, in order to 
maintain the 5th type steadily, to load the wheel somewhat unsymmetrically and 
to put it a little out of level, in order to allow the oscillations to take place about 
an axis slightly displaced from the line joining the poles of the electromagnet. 

It will be noticed also that the lower frequencies of vibration have much largei 
amplitudes. This, I would attribute principally to the greatly reduced damping at 
the lower frequencies owing to the slower motion, the larger masses and the 
weaker magnetic fields employed. 

We are now in a position to consider the mathematical theory of this class of 
maintained vibrations. To test the correctness of my theoretical work, I have 
prepared a series of photographs of the simultaneous vibration-curves of the fork 
and of the armature-wheel, which are reproduced as figures 1 to 3, plate II and 
figures 1 to 3, plate III. These curves were obtained by the usual method of 
recording the vibrations optically on a moving photographic plate, it being so 
arranged that the directions of movement of the two representative spots of light 
on the plate lie in the same straight line. The upper curve in each case shows the 
maintained vibration of the armature-wheel. The lower represents that of the 
fork-interruptor. The frequency of the former, it will be seen, is } or j or ^ or J or j 

or i x that of the latter. The precise features of the vibration-curve noticed in each 
case will be referred to below, in connection with the mathematical discussion. 

The equation of motion of a system with one degree of freedom moving in a 
periodic field of force, and subject also to the usually assumed type of viscous 
resistance, may be written in the following form, 

U + kU + 2ocf(t)F{U) = 0 (1) 

where F{U) gives the distribution of the field, f(t) its variability with respect to 
time, and 2a is a constant. If we are dealing with oscillations about a position that 
would be one of stable equilibrium if the field were constant, F(U) may as an 
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Plate II. Vibration-curves of oscillations maintained by a periodic impulsive field of force. The upper 

curve in each case represents the maintained motion. 



Plate III. Vibration-curves of oscillations maintained by a periodic impulsive field of force. The 
upper curve in each case represents the maintained motion. 
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approximation be put equal to U. We then have 

U + kU + 2<xf(t)U = 0. (2) 

In the experiments described above, the periodicity of /(f) is the same as that of 
the intermittence of the exciting current. If an alternating current had been used, 
the frequency of /(f) would have been double that of the alternations. In any case 
we may write 

oc/(f) = a{ sin nt + a2 sin 2nt 4- a3 sin 3nt + etc. 

4- b0 4- frj cos nt 4- b2 cos 2nt 4- b3 cos 3nf 4- etc. (3) 

Since U is shown to be periodic by experiment, we may write 

U = A l sin pt 4- A2 sin 2pt + A3 sin 3pf 4- etc. 

4- B0 4- B1 cos pt 4- B2 cos 2pt 4- B3 cos 3pf 4- etc. (4) 

As a typical example of the even types of maintenance, we may take the cases in 
which n = 4p. We have 

a/(f) = ai sin Apt 4- a2 sin 8pf 4- a3 sin 12pf 4- etc. 
4- b0 4- bi cos 4pt 4- b2 cos 8pf 4- b3 cos 12pf 4- etc. (5) 

In this case, and also in the case of the second, sixth and in fact in all the even types 
of maintenance, we find that the quantities A2, A4, A6, etc. and B0, B2,£4, etc. do 
not enter into the equations containing A1 and B1. We therefore write them all 
equal to zero. The significance of this is that with the even types of vibration 
maintained by a periodic field of force, the even harmonics are all absent from the 

maintained motion. This result is fully verified by a reference to the vibration- 
curves of the 2nd, 4th and 6th types shown in figure 2, plate II, and figures 1 
and 3, plate III. It will be seen that the vibratory motion of the armature-wheel 
has that type of symmetry so familiar in alternating current curves, in which all 
the even harmonics are absent. In other words, the image of one-half of the curve 
above the zero axis as seen by reflexion in a mirror placed parallel to this axis, is 
exactly similar to the other half below it. 

Substituting now the odd terms alone left on the right-hand side of (4), for U in 
equation (2), we have the following series of equations: 

— (b0 — p2)Al 4- kpBl = — blA3 4- alB3 4- blAs — aiB5 — etc. 4- etc. 

— (b0 — p2)B{ — kpA1 = a1A3 4- blB3 4- a\A5 4- b1Bs 4- etc. 4- etc. 

— (b0 — 9p2)A3 4- 3kpB3 = — b1Al 4- ciiBl — b2A5 4- a2B5 4- etc. — etc. 

— (b0 — 9p2)B3 — 3kpA3 — axAx 4- blBl 4- a2A5 4- b2B5 4- etc. 4- etc. (6) 

and so on. 
Evidently, the possibility of this being a consistent set of con vergent equations 

depends upon the suitability of the values assigned to the constants k, p, b0, al9 bx, 

etc. 
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It is not possible here to enter into a complete discussion of the solution of these 
equations. One point is however noteworthy. From the first two of the set of 
equations given above, it will be seen that such of the harmonics in the steady 
motion of the system as are present serve as the vehicles for the supply of the 
energy requisite for the maintenance of the fundamental part of the motion. 
Paradoxically enough, the frequency of none of these harmonics is the same as 
that of the field. 

We now proceed to consider the odd types of vibration, i.e. the 1st, the 3rd, etc. 
Taking the 3rd as a typical case, we put n = 3p and get 

ccf(t) = a1 sin 3pt + a2 sin 6pt + a3 sin9pf + etc. 

+ b0 + bx cos 3pt + b2 cos 6pt + b3 cos 9pt + etc. (7) 

Substituting (4) and (7) in equation (2) and equating the coefficients of sine and 
cosine terms of various periodicities to zero, we find that the quantities A3, A6, A9, 

etc. and B0, B3, B6, B9, etc. do not enter into the equations containing A1 and Bl. 

We therefore write them all equal to zero. The significance of this is that the 
maintained motion contains no harmonics, the frequency of which is the same as, 
or any multiple of the frequency of the periodic field of force. This remarkable 
result is verified by a reference to figure 3, plate I, from which it is seen, that the 
vibration curve is roughly similar to that of the motion of a trisection point of a 
string bowed near the end, the 3rd component, the 6th, the 9th, etc. being absent 
at the point of observation. 

We then obtain the following set of relations by substitution: 

— (b0 — p2)A1 +kpBl = — bxA2 + a1B2 + blA4 — a1B4r — etc. 

— (h0 — p2)#! — kpAl = alA2 + blB1 + a1A4 + b^B^ + etc. 

— (b0 — 4p2)A2 + 2kpB2 = — blAl + a{B{ + bxA5 — axB5 + etc. 

— (b0 — 4p2)B2 — 2kpA2 = aiA1 + blB1 + alA5 + b1B5 + etc. (8) 

and so on. 
It must be remembered that these relations are all only approximate, as F(U) in 

general contains powers of U higher than the first which we have neglected, and 
which no doubt must be taken into account in framing a more complete theory. 
The general remarks made above with reference to equation (6) apply here also. 

The exact character of the vibratory motion maintained by the periodic field of 
force in any case, depends upon the form of the functions F(U) and f(t) which 
determine respectively the disposition of the field and its variability with respect 
to time. One very simple and important form of f(t) is that in which the field is of 
an impulsive character, in other words is of great strength for a very short interval 
of time comprised in its period of variation, and during the rest of the period is 
zero or nearly zero. Such a type of variation is not merely a mathematical 
possibility. In actual experiment, when a fork-interruptor is used to render the 
current passing through the electromagnet intermittent, the magnetization of the 
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latter subsists only during the small fraction of the period during which the 
current flows and at other times is practically zero. When the current is flowing, 
the acceleration is considerable: at other times, the acceleration is nearly zero, and 
the velocity practically constant. These features are distinctly shown in all the 
vibration-curves (except those of the first type) reproduced in plates II and III, 
the sudden bends in the curves corresponding roughly to the extreme outward 
swings of the fork, i.e. to the instants when the magnetizing current was a 
maximum. It seems possible that a simpler mathematical treatment than that 
given above might be sufficient to discuss the phenomena of the maintenance of 
vibrations by a periodic field of force when the periodicity of the field is of the 
‘impulsive’ type, in other words when the dynamical system is subject to periodic 
impulsive ‘springs’ one, two, three or more of which occur at regular intervals 
during each complete period of the vibration of the system. 

These experiments on vibrations maintained by a periodic field of force are 
very well suited for lecture demonstration, as the Lissajous figures obtained by 
the method described above can be projected on the screen on a large scale, and 
form a most convincing demonstration of the fact that the frequency of the 
maintained motion is an exact sub-multiple of the frequency of the exciting 
current. 

On synchronous rotation under simple excitation 

It is well known that with an intermittent current passing through its 
electromagnet, the synchronous motor can maintain itself in ‘uniform’ rotation, 
when for every period of the current, one tooth in the armature-wheel passes each 
pole of the electromagnet. In other words, the number of teeth passing per second 
is the same as the frequency of the intermittent current. From a dynamical point 
of view it is of interest, therefore, to investigate whether the motor could run itself 
successfully at any^speeds other than the ‘synchronous’ speed. Some preliminary 
trials with the motor unassisted by any independent driving proved very 
encouraging. The phonic wheel I have is mounted on ball-bearings, and runs very 
lightly when the large stroboscopic disc usually kept fixed upon it is taken off, and 
there is no current passing through the motor. When a continuous or intermittent 
current is flowing through the motor, the latter does not however run very lightly, 
being subject to very large electromagnetic damping apparently due to Foucalt 
currents in the iron. In the preliminary trials, however, I found that, using the 
intermittent unidirectional current from an interruptor-fork of frequency 60, the 
motor could run successfully of itself at half the synchronous speed, i.e. with 30 
teeth passing per second. It of course ran very well at the usual synchronous 
speed, i.e. with 60 teeth passing per second. By increasing the speed, it was found 
that the motor could also run well of itself at double the synchronous speed, i.e. 
with 120 teeth passing per second. Using an interruptor-fork of low frequency 
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(23.5 per second) the motor, it was found, could also run of itself at triple the 
synchronous speed. No certain indication was however obtained of the 
intermediate speeds, i.e. 1| and 2\ times respectively the synchronous speed. 

To test these points, therefore, independent driving was provided. This was 
very satisfactorily obtained by fixing a small vertical water-wheel to the end of the 
axis of the motor and directing a jet of water against it. The water-wheel was 
boxed in to prevent any splashing of water on the observer. By regulating the tap 
leading up to the jet, the velocity of the latter could be adjusted. The speed of the 
phonic wheel was ascertained by an optical method, i.e. by observing the rim of 
the wheel as seen reflected in a mirror attached to the prong of the interruptor- 
fork. When the motor ‘bites,’ the pattern seen becomes stationary and remains so 
for long intervals of time or even indefinitely, and the speed of the wheel can be 
inferred at once from the nature of the pattern seen. 

It was found in these trials that the motor could ‘bite’ and run at the following 
speeds. (Frequency of interruptor 60 per sec.). 

(a) \ the synchronous speed: stationary pattern of rim of moving wheel seen as a 
single sine-curve: wavelength \ the interval between teeth. Number of teeth 
passing electromagnet per second = 30. 

(b) Synchronous speed: stationary pattern of rim of moving wheel seen as a sine- 
curve, wavelength = interval between teeth. Number of teeth passing 
electromagnet per second = 60. 

(c) 1^ times the synchronous speed: stationary pattern of rim of wheel seen as 
three interlacing waves. Number of teeth passing electromagnet per second 
= 90. 

(d) 2 times the synchronous speed: stationary pattern seen as two interlacing 
curves. Number of teeth passing per second = 120. 

(e) 2j times the synchronous speed: this was only obtained with difficulty. 
Number of teeth passing per second = 150. 

if) 3 times the synchronous speed: stationary pattern seen as three interlacing 
curves. Very satisfactory running. Number of teeth per second = 180. 

(g) 4 times the synchronous speed: stationary pattern seen as 4 interlacing curves. 
Number of teeth per second = 240. 

(h) 5 times the synchronous speed: stationary pattern seen as 5 interlacing curves. 
Number of teeth per second = 300. 

The outstanding fact of observation is that while speeds which are equal to the 
‘synchronous’ speed or any integral multiple of it are readily maintained, only the 
first two or three members of the other series (i.e. having ratios \{ etc. to the 
synchronous speed) can be obtained and the ‘grip’ of the wheel by the periodic 
magnetic forces, i.e. the stability of the motion, is hardly so great as in the integral 
series. This fact may be explained in the following general manner. 

We may assume, to begin with, that the independent driving is less powerful 
than that required to overcome resistances, so that the wheel is a little behind the 



ON MOTION IN A PERIODIC FIELD OF FORCE 101 

correct phases. In the case of the integral series, one or two or more teeth pass for 
every intermittence of the current, the wheel being in the same relative position, 
whatever this may be, to the electromagnet, at each phase of maximum 
magnetization of the latter. This is not, however, the case with the fractional 
speeds. It is only at every alternate phase of maximum magnetization that the 
wheel assumes the same position (whatever this may be) relative to the 
electromagnet. At the intermediate phases, it is displaced through a distance 
approximately equal to half the interval between the teeth. Whereas with the 
integral series, every phase of maximum magnetization assists the rotation, in the 
fractional series the wheel is alternately assisted and retarded by the successive 
phases of maximum magnetization, and it is the net effect of assistance that we 
perceive, this being of course comparatively small. 

The explanation given above may be made clearer by reference to plates IV and 
V, in which are reproduced photographs of the armature-wheel in rotation taken 
under special arrangements for illumination. Figures 1 and 4, plate IV, show the 
motor in rotation at half the synchronous speed, photographed under intermit¬ 
tent illumination having the same frequency as the fork-interruptor. Figure 1 
refers to the anti-clockwise rotation, and figure 4 to clockwise rotation. Figures 1 

and 4, plate V, refer similarly to the cases of rotation at the normal synchronous 
speed in the anti-clockwise and clockwise directions respectively. In these four 
photographs the position of both the poles of the electromagnet is indicated, and 
the displacement of the position of the armature-wheel with respect to the poles 
on reversing the direction of rotation can readily be made out by comparison. 
From figures 1 and 4, plate IV, it will be seen that in the case of the half-speed 
rotation the attraction of the poles on the armature-wheel would tend alternately 
to encourage and retard the motion, the difference only being the surplus 
available to balance the loss of energy due to frictional forces. 

In taking these photographs it was arranged that the axis of the motor should 
point towards the camera, and the normal illumination of the wheel was secured 
by an arc lamp and a silvered mirror placed at an angle of 45° between the motor 
and camera. The removal of a small circular patch of the silvering from the back 
of the glass opposite the lens of the camera, and the interposition between these 
two of the fork-interruptor with light overlapping plates fixed on its prongs 
periodically to open out a passage for the light to enter the camera, completed the 
arrangements. It was found that rotation at double the synchronous speed could 
be similarly photographed: the definition was however not so good on account of 
the greater velocity of motion. It was found that the arrangement described above 
was far more satisfactory than the employment of intermittent illumination from 
the spark of an induction coil worked with a fork-interruptor. 

As the synchronous, half-synchronous and double-synchronous speeds can all 
be readily maintained without independent driving, they can be very effectively 
exhibited as lecture experiments by lantern projection in the following way. The 
synchronous motor (which is quite small and light when the stroboscopic disk is 



Figure 1. Synchronous motor, rotating at half-speed (anti-clockwise) photographed under periodic 
illumination. 

2 

<- 

Figures 2 and 3. Edge of wheel photographed through oscillating lens. Direction of rotation indicated 
by arrow. 

4 

Figure 4. Same as figure 1 with direction of rotation reversed. 

Plate IV 



Figure 1. Synchronous motor, rotating at normal speed (anti-clockwise) photographed under 
intermittent illumination. 

2 

Figures 2 and 3. Edge of wheel photographed through oscillating lens. Direction of rotation indicated 
by arrow. 

Figure 4. Same as figure 1 with direction of rotation reversed. 

Plate V 



104 C V RAMAN: ACOUSTICS 

removed) is placed on the horizontal stage of the lantern and the rim of the wheel 
is focussed on the screen. In front of the projection prism, where the image of the 
source of light is formed, is placed the fork-interruptor with the necessary device 
for intermittent illumination fitted to its prongs. When these are set into vibration 
and the synchronous motor is set in rotation, the “pattern” corresponding to the 
maintained speed becomes visible on the screen, and the effect of reversing the 
direction of rotation can also be demonstrated. 

Figures 2 and 3 in plates IV and V are photographs of the edge of the phonic 
wheel revolving at the half-synchronous and the synchronous speeds, taken 
through a lens which was fixed to one of the prongs of the interruptor-fork, and 
which therefore caused the image of the wheel to vibrate on the plate in a 
direction at right angles to the plane of rotation. In these photographs also, the 
displacement of the position caused by reversing the direction of rotation is 
clearly shown. 

We now proceed to discuss the mathematical theory of the maintenance of 
uniform rotation in each of these cases. The first step is obviously to show that 
with the assumed velocity of rotation, the attractive forces acting on the disc 
communicate sufficient energy to it to balance the loss due to frictional forces. 
Taking the line joining the poles as the axis of x, the position of the wheel at any 
instant may be defined by the angle 6 which a diameter of the wheel passing 
through a given pair of teeth makes with the axis of reference. If n is the number of 
teeth in the wheel, the couple acting on the latter for any given field strength at the 
poles is obviously a periodic function of nO which vanishes when 9 = 2nr/n, and 
also when 6 = 2n(r + j)/n, where r is any integer. 

We therefore write 

Couple = Field strength x [ai sin n6 + a2 sin 2n9 + a3 sin 3n6 + etc.] 

= Field stength x f{n6) say, 

where the terms a{, a2, a3, etc. rapidly diminish in amplitude. It will be seen that 
the cosine terms are absent. Since the field strength is periodic, we may write the 
expression for the couple acting on the wheel thus 

Couple = Lf(n6)lbl sin {pt + el) + b2 sin(2pt + e2) + etc.] 

= Lf(n0)F(t), say. 

The work done by the couple in any number of revolutions 

= Lf(n9)F(t)dt. 
J 

It is obvious that this integral after any number of complete revolutions is zero, 
except in any of the following cases, when it has a finite value proportional to and 
increasing with r; i.e. when 

n6 = pt or 2pt or 3pt or 4pt and so on 
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or when 

2n6 = pt or 2pt or 3pt or Apt and so on 

or when 

3n6 = pt or 2pt and so on. 

It is therefore a necessary but not, of course, always a sufficient condition for 
uniform rotation to be possible that one or more of the above relations should be 
satisfied. The first series corresponds to the synchronous speed and multiples of 
the synchronous speed. These have been observed experimentally by me up to the 
fifth at least. The second series includes the above and also the half-synchronous 
speed and odd multiples of the same. These latter have also been observed by me 
up to the fifth odd multiple. Since a2 is much smaller than au the relative 
feebleness of the maintenance of the half-speeds observed in experiment will 
readily be understood. 

The third series has not so far been noticed in experiment. It is obvious that the 
maintaining forces in it should be excessively feeble compared with the first or the 
second. Perhaps, experiments with interruptor-forks of higher frequencies and 
independent driving of the motor may succeed in showing the existence of 
controlled rotation-speeds at these ratios. 

Figure 1, plate VI, shows a record of the rotation of the motor maintained at 
double the synchronous speed, side by side with the vibration-curve of the fork- 
interruptor which supplied the intermittent current necessary. The record of the 
rotation of the motor was secured by the use of a moving photographic plate, and 
of an illuminated slit, the light from the latter being cut off periodically by the 
teeth of the armature-wheel, as it revolved. An illuminated pin-hole in a small 
piece of metal foil attached to a prong of the fork was simultaneously 
photographed on the plate. It will be seen that the number of teeth of the 
armature-wheel that passed in any given time is double the number of vibrations 
of the fork recorded in the same time. 

Combinational rotation-speeds under double excitation 

When the electromagnet of the synchronous motor is excited simultaneously by 
the intermittent currents from two separate interruptor-forks having different 
frequencies, maintenance of uniform rotation is possible not only at the various 
speeds related to the synchronous speeds due to either of the intermittent currents 
acting by itself, but also at speeds related jointly to the frequencies of the two 
currents. 

The preliminary experiments on this point were made without the assistance of 
any independent driving of the motor and it found at once that differential 
rotation of the motor was easily maintained, the number of teeth passing per 



106 C V RAMAN! ACOUSTICS 

second being equal to the difference of the frequencies of the two interruptor- 

forks. This result is shown in figure 2, plate VI, the motion of the wheel and of the 
two forks being recorded in the same way as that described in a preceding 
paragraph. In this case it is seen that the teeth of the rotating armature-wheel 
have been clearly reproduced on the moving photographic plate. 

When the ‘differentially’ revolving wheel was examined by reflexion in mirrors 
attached to the prongs of the two interruptor-forks, it was found that the patterns 
seen in neither of them was stationary. They were found to be moving steadily 
forward or backward with a definite speed, with occasional slight to and fro 
oscillations superposed thereon. This continuous rotation of the pattern seen was 
obviously due to the fact that the frequencies of the forks and their difference did 
not bear any simple arithmetical ratios to each other, and it enabled a rotation- 
speed maintained by joint action to be distinguished by mere inspection from one 
maintained by either of the two currents separately. 

Using this optical method, and assisting the rotation of the motor with 
independent driving by a water-motor, various other combinational speeds were 
found to be maintained. Of these, the most powerfully and steadily maintained 
was the simple summational rotation. The summationals and differentials of the 
second series, i.e. those in which the half-frequencies of the fork enter, were also 
noticed. The rotation-speeds were determined by actual counting and a stop¬ 
watch. 

The mathematical theory of these combinational speeds is very similar to that 
given for the case of excitation by one periodic current. For, the field strength in 
this case is also a periodic function of the time, and the function F(t) which 
expresses its value at any instant may be expanded in the following form: 

F(t) = aYLb sin l(rpl ± sp2)t + E], 

where Pi/2n and p2lln are the frequencies of the two interruptors, and r, s are any 
two positive integers. Using the same notation as before, we find that in any 
complete number of revolutions, a finite amount of energy proportional to the 
time is communicated to the wheel, only in any one out of the following sets of 
cases: 

or 
nd = (rp, t sp2)t 

2n0 = (rpt ± sp2)t 

or / 

3n8 = (rpj ± sp2)t 

and so on. 

The cases actually observed in which rotation is maintained fall within the first 
two of the sets given above. 
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Figure 1. Double-synchronous rotation of phonic wheel. 

Figure 2. Differential rotation of phonic wheel. 

Figure 3 

Figure 4. Stroboscopic pictures of vibrating string. (See also plates XIII & XIV.) 

Plate VI 
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Figure 1. First type: 30-slot disk. 

Figure 2. First type: 60-slot disk. 

Figure 3. Second type: 30-slot disk. 

Figure 4. Second type: 60-slot disk. 

Plate VII. Vibrations of a stretched string maintained by a variable tension, observed through a 
stroboscopic disk mounted on a synchronous motor. 
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Figure 1. Third type: 30-slot disk. 

Figure 2. Third type: 60-slot disk. 

Figure 3. Fourth type: 30-slot disk. 

Figure 4. Fourth type: 60-slot disk. 

Plate VIII. Vibrations of a stretched string maintained by a variable tension observed through a 

stroboscopic disk mounted on a synchronous motor. 
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Some applications of the synchronous motor 

In acoustical observations, particularly where regularly intermittent illumination 
is desired, the synchronous motor is of great use. This is specially the case, when it 
is desired that the vibrations under observation should be seen under control, 
simultaneously or successively in various phases of motion. An excellent example 
where this requirement has to be met is in the study of the small motion at the 
nodes of a vibrating string. A series of 13 photographs of this small motion 
secured with a stroboscopic disc mounted on a synchronous motor was 
published as plate II of Bulletin no. 6. Another very interesting application of a 
stroboscopic disc with radical slits mounted on a synchronous motor is for the 
study of the oscillations of a stretched string under a variable tension. In this case, 
as I have shown, the vibrations of the string can be maintained when the 
frequency of its free oscillations is half of, or equal to, or one and half times, etc., 
etc. the frequency of the fork which varies its tension. This fork is electrically self- 
maintained, and the intermittent current from it also feeds the synchronous 
motor. The number of radial slits in the stroboscopic disc is either 30 or 60, i.e. 
equal to, or double the number of teeth on the armature-wheel. In making the 
observations, the stroboscopic disc is held vertically and the string is set 
horizontal and parallel to the disc is viewed through the top row of slits, i.e. those 
which are vertical and move in a direction parallel to the string as the disc 
revolves. It is advantageous to have the whole length of the string brilliantly 
illuminated and to let as little stray light as possible fall upon the reverse of the 
disc at some distance from which the observer takes his stand. A brilliant view is 
then obtained. Under these circumstances we see the string in successive cycles of 
phase along its length, and the peculiar character of the maintained motion in 
these cases is brought out in a very remarkable way. The string is seen in the form 

of a stationary vibration curve, which would be identical with those published in 
Bulletin no. 6, but for the fact that the amplitude of motion is not the same at all 
points of the string, being a maximum at the ventral segments and zero at the 
nodes. 

Another point calls for remark. Using a fork with a frequency of 60 per second, 
the free oscillations of the string have a frequency of 30 in the case of the 1st type, 
60 in the case of the 2nd, 90 with the 3rd, 120 with the 4th, 150 with the 5th, and so 
on. With the disc having 30 slits on it we get 60 views per second of any one point 
on the string, and with the even types of motion, i.e. the 2nd, 4th, etc. the 
‘vibration-curve’ seen through the stroboscopic disc appears single. With the odd 
types, i.e. the 1st, 3rd, 5th, etc., two vibration-curves are seen, one of which is as 
nearly as can be seen the mirror-image of the other, intersecting it at points which 
lie or should lie upon the equilibrium position of the string. The reason why with 
the odd types we see the vibration-curve double is fairly clear and furnishes an 
excellent illustration of the principles of stroboscopic observation. The double 
pattern brings home to the eye in a vivid and convincing manner the fact that 
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under the action of the variable spring the ‘amplitude’ and ‘period’ of the motion 
periodically increase and decrease after the manner of ‘beats.’ 

An interesting variation on the experiment is made by using the disc with 60 
slits. We then get 120 views per second and with the even types we get the 
vibration-curves double, but one of the curves is not the mirror-image of the 
other, the motion not being symmetrical. On the other hand, with the odd types 
we see the vibration-curves in quadruple pattern. 

Plates VII and VIII, and figures 3 and 4, plate VI, reproduce photographs 
secured with the apparatus described above. 

Figures 1 and 2, plate VII, represent the 1st type of maintenance observed 
through the 30-slot and the 60-slot discs respectively. 

Figure 3, plate VII, represents the 2nd type seen through the 30-slot disc and 
figure 3, plate VI, and figure 4, plate VII, represent this type as seen through the 
60-slot disc. 

Figures 1 and 2, plate VIII, represent the 3rd type as seen through the two discs. 
Figure 3 and 4, plate VIII, similarly show the 4th type. Figure 4, plate VI, shows a 
compound type of vibration maintained by a simple harmonic variation of 
tension as seen through the 30-slot disc. It will be seen that in all these 
photographs, there is a slight degree of distortion towards the end of the string, 
due to the fact that the discs are relatively of small diameter and that the ends of 
the string are seen through the slits in a position of the latter in which they are 
inclined and move in a direction inclined to the string. 

The arrangement described above may also be applied to the study of the 
motion of a bowed string. For this purpose, the string should be carefully tuned to 
be in unison with the fork-interruptor running the synchronous motor. With this 
arrangement, it is possible at one glance to recognize the modes of vibration at all 
points of the bowed string simultaneously. The definition of the curve seen is 
fairly good in the case of the simpler types, but it is not easy or possible to secure 
satisfactory photographs of the configuration of a bowed string by this method, 
on account of the appreciable width of the slots on the disc. 
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On motion in a periodic field of force 

C V RAMAN, M.A.* 

[Plate I] 

Vibrations maintained by a periodic field of force 

The experimental study of the motion of a dynamical system in a periodic field of 
force leads to results of quite exceptional interest. One aspect of the problem, i.e. 
the oscillatory motion of the system about a position of equilibrium in the field, 
has some affinities to the case of vibrations maintained by a variable spring which 
I have dealt with in my previously published work, but the two classes of 
investigations lead to results which differ from one another, yet are related in a 
most remarkable way. By experimenting on stretched strings subjected to a 
variable tension, I showed that a normal variation of spring will enable the 
oscillations of the system to be maintained, when the frequency of these 
oscillations is sufficiently nearly equal to j of, or § times, or \ times, or § times, &c. 
the frequency of variation of the spring, these ratios forming an ascending series+. 
By experiments on the vibrations of a body about a position of equilibrium in a 
periodic field of force (to be described below), I have shown that the frequency of 
the oscillations maintained may be equal to, or half of, or one-third, or one- 
fourth, &c. of the frequency of the field; in other words, it may be any one of a 
descending series of sub-multiples of the frequency of the field. It appears, in fact, 
that we have here an entirely new class of resonance-vibrations. It will be noticed 
that if the two series referred to above are both written in the same order of 
descending magnitudes of frequency, thus, 

6 5 4 3 2 1 
2> 2’ 2i 2> 2’ 2’ 

1 1 I 1 1 1 
1 > 2> 3’ 5’ 6» 

the last two terms of the first series, and the first two of the second series coincide, 
and these two are to some extent typical of the rest. For, as I have shown in a 

* Communicated by the author. 

+ See Philos. Mag. October 1912, “The Maintenance of Forced Oscillations of a New Type.” 
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previous publication*, the 1st, the 3rd, the 5th and the odd types generally in the 
first series bear a family resemblance to each other, giving symmetrical vibration 
curves. The 2nd, the 4th and the other even types similarly resemble each other in 
giving markedly asymmetrical vibration curves. Since the first term in the 
ascending series is the 2nd in the descending series, we may expect that the 2nd, 
4th, 6th, &c. in the latter would give analogous types of motion, and that similarly 
the 1st, 3rd, 5th, &c. would show resemblances amongst each other. These points 
will be dealt with more fully as we proceed. 

The vibrations studied which form the subject of this section were those of the 
armature-wheel of a synchronous motor of the attracted-iron type, about a 
position of equilibrium in the magnetic field produced by an intermittent current 
circulating in the coils of an electromagnet. The phonic wheel or synchronous 
motor devised by La Cour and Lord Rayleigh is, as is well known, of great service 
in acoustical investigations. In my own work on vibrations and their mainte¬ 
nance, it has been of considerable assistance. Apart, however, from the various uses 
of the instrument in different branches of Physics and in Applied Electricity, it 
possesses much intrinsic interest of its own as an excellent illustration of the 
dynamics of a system moving in a periodic field of force, and the present paper 
deals almost entirely with experiments carried out by its aid and with its 
applications to the study of vibrations. 

The instrument used by me was supplied by Messrs Pye & Co. of Cambridge, 
and has given entire satisfaction. The motor consists of a wheel of soft iron 
mounted on an axis with ball-bearings between the two poles of an electromagnet 
placed diametrically with respect to it. The wheel has thirty teeth, and when a 
direct current is passed through the electromagnet, sets itself rigidly at rest with a 
pair of teeth at the ends of a diameter opposite the two poles of the electromagnet. 
The equilibrium under such conditions is of course thoroughly stable, and, in fact, 
the wheel possesses fairly high frequency of free angular oscillation for 
displacements from this position of rest, and any motion set up by such 
displacement rapidly dies out, apparently on account of Foucault currents 
induced in the iron by the motion. This, in general, is also true when an 
intermittent current supplied by a fork-interrupter is used to excite the 
electromagnet, except however in certain cases, when it is observed that the 
equilibrium becomes unstable of its own accord and the wheel settles down into a 
state of steady vigorous vibration about the line of equilibrium: or that an 
oscillation of sufficient amplitude once started maintains itself for an indefinitely 
long period. 

An optical method can be conveniently used to study the frequency and the 
phase of the oscillations of the armature-wheel maintained in the manner 
described above. A narrow pencil of light is used, which first suffers reflexion at 

*See Phys. Rev., December 1912. 
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the surface of a small mirror attached normally to one of the prongs of the fork- 
interrupter furnishing the intermittent current, and then falls upon a second 
similar mirror attached to the axle of the armature-wheel parallel to its axis of 
rotation. The apparatus is so arranged that the angular deflections produced by 
the oscillations of the fork and the wheel are at right angles to each other, and the 
pencil of light which falls upon a distant screen, or which is focussed on the 
ground-glass of the photographic camera, is seen to describe a Lissajous figure 
from which the frequency, and the phase-relations between the oscillations of the 
fork-interrupter and of the armature-wheel, can be readily ascertained. It is then 
observed that the period of the vibration of the armature-wheel is equal to, or 
twice, or thrice, or four times, &c. the period of the fork: in other words, the 
frequency is equal to or j of or ^ or J or | or ^ that of the fork. 

In making the experiments, the motor-wheel is relieved of the large strobo¬ 
scopic disk that is usually mounted upon it, and in working down the series, the 
adjustment of frequency is secured by suitably loading the wheel. The fine 

adjustment for resonance is effected by altering the current passing through the 
interrupter with the aid of a rheostat, and if necessary by regulating the contact- 
maker on the fork. Any oscillation of the wheel, when started, dies away except in 
the cases referred to above; in other words, no frequencies intermediate between 
those of the series are maintained. In obtaining the 1st case, in which the 
oscillations of the wheel and the fork are in unison, it is generally found necessary 
to increase the “spring” of the wheel by passing a steady direct current through 
the electromagnet of the motor from a cell connected in parallel, in addition to the 
intermittent current flowing in the same direction from the interrupter circuit. 

It is found that the Lissajous figures for the 1st, 3rd and 5th cases are distinctly 
asymmetrical in character, the 3rd being markedly so. The 2nd, 4th and 6th types 
are quite symmetrical. This, it will be remembered, was what' was anticipated 
above, and in fact the 1st, 3rd and 5th types differ rather markedly in their 
behaviour from the 2nd, 4th and 6th types. These latter are maintained with the 
greatest ease, while the former, particularly the 5th, are not altogether so readily 
maintained. In fact it is found advantageous, in order to maintain the 5th type 
steadily, to load the wheel somewhat unsymmetrically and to put it a little out of 
level, in order to allow the oscillations to take place about an axis slightly 
displaced from the line joining the poles of the electromagnet. 

It is noticed also that the lower frequencies of vibration have much larger 
amplitudes. This, I would attribute principally to the greatly reduced damping at 
the lower frequencies owing to the slower motion, the larger masses, and the 
weaker magnetic fields employed. 

We are now in a position to consider the mathematical theory of this class of 
maintained vibrations. To test the correctness of my theoretical work, I have 
prepared a series of photographs of the simultaneous vibration-curves of the fork 
and of the armature-wheel, which are reproduced as figures 1 to 6, plate I. These 
curves were obtained by the usual method of recording the vibrations optically 
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on a moving photographic plate, it being so arranged that the directions of 
movement of the two representative spots of light on the plate lie in the same 
straight line. The upper curve in each case shows the maintained vibration of the 
armature-wheel. The lower represents that of the fork-interrupter. The frequency 
of the former, it will be seen, is { or \ or | or J or | or ^ x that of the latter. The 
precise features of the vibration-curve noticed in each case will be referred to 
below, in connexion with the mathematical discussion. 

The equation of motion of a system with one degree of freedom moving in a 
periodic field of force, and subject also to the usually assumed type of viscous 
resistance, may be written in the following form, 

U + kU + 2af(t)F{U) = 0, (1) 

where F(U) gives the distribution of the field, /(f) its variability with respect to 
time, and 2a is a constant. If we are dealing with oscillations about a position that 
would be one of stable equilibrium if the field were constant, F(U) may as an 
approximation be put equal to U. We then have 

U + kU + 2af(t)U = 0. (2) 

In the experiments described above, the periodicity of /(f) is the same as that of 
the intermittence of the exciting current. If an alternating current had been used, 
the frequency of /(f) would have been double that of the alternations. In any case 
we may write 

af(t) = ax sin nt + a2 sin 2nt 4- a3 sin 3nf 4- &c. 

Fbo + bi cos nt 4- b2 cos 2nt 4- b3 cos 3nt 4- &c. (3) 

Since U is shown to be periodic by experiment, we may write 

U = A 1 sin pt 4- A2 sin 2pt 4- A3 sin 3pt 4- &c. 

4- B0 4- Bl cos pt 4- B3 cos 2pt 4- B3 cos 3pf -I- &c. (4) 

As a typical example of the even types of maintenance, we may take the cases in 
which n = 4p. We have 

af(t) = ax sin4pf + a2 sin 8pf 4- a3 sin \2pt 4- &c. 

+ b0-\-b1 cos Apt 4- b2 cos 8pt 4- b3 cos 12pt 4- &c. (5) 

In this case, and also in the case of the second, sixth, and in fact in all the even types 
of maintenance, we find that the quantities A2, A4, A6, &c., and B0, B2, B4, &c., 
do not enter into the equations containing A l and Bl. We therefore write them all 
equal to zero. The significance of this is that with the even types of vibration 
maintained by a periodic field of force, the even harmonics are all absent from the 

maintained motion. This result is fully verified by a reference to the vibration- 
curves of the 2nd, 4th and 6th types shown in figures 2,4 and 6, plate I. It will be 
seen that the vibratory motion of the armature-wheel has that type of symmetry 
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so familiar in alternating current curves, in which all the even harmonics are 
absent. In other words, the image of one-half of the curve above the zero axis, as 
seen by reflexion in a mirror placed parallel to this axis, is exactly similar to the 
other half below it. 

Substituting now the odd terms alone left on the right-hand side of (4), for U in 
equation (2), we have the following series of equations: 

— (b0 — p2)A1 -F kpB{ = — blA3 + alB3 -1- bxA5 — alB5 — &c. + &c. 

— (b0 — — kpA1 = alA3 + blB3 + aiA5 -1- blB5 -F &c. + &c. 

— (b0 — 9p2)^3 -I- 3kpB3 = — b1A1 + a1B1 — b2A5 + a2B5 -F &c. — &c. 

— (b0 — 9p2)B3 — 3kpA3 = alA1 4- blB1 + a2A5 -I- b2B5 + &c. + &c. (6) 

and so on. 
Evidently, the possibility of this being a consistent set of convergent equations 

depends upon the suitability of the values assigned to the constants /c, p, b0, au bx, 

&c. 
It is not possible here to enter into a complete discussion of the solution of these 

equations. One point is, however, noteworthy. From the first two of the set of 
equations given above, it will be seen that such of the harmonics in the steady 
motion of the system as are present serve as the vehicles for the supply of the 
energy requisite for the maintenance of the fundamental part of the motion. 
Paradoxically enough, the frequency of none of these harmonics is the same as 
that of the field. 

We now proceed to consider the odd types of vibration, i.e. the 1st, the 3rd, &c. 
Taking the 3rd as a typical case, we put n — 3p and get 

af(t) = ax sin 3pt + a2 sin 6pt + a3 sin 9pt + &c. 

+ b0 + bl cos 3pt + b2 cos 6pt + b3 cos 9pt + &c. (7) 

Substituting (4) and (7) in equation (2) and equating the coefficients of sine and 
cosine terms of various periodicities to zero, we find that the quantities A3, A6, A9, 

&c. and B0, B3, B6, B9, &c., do not enter into the equations containing Ax and B v 

We therefore write them all equal to zero. The significance of this is that the 
maintained motion contains no harmonics the frequency of which is the same as, 
or any multiple of the frequency of the periodic field of force. This remarkable 
result is verified by a reference to figure 3, plate I from which it is seen, that the 
vibration curve is roughly similar to that of the motion of a trisection point of a 
string bowed near the end, the 3rd component, the 6th, the 9th &c., being absent 
at the point of observation. 

We then obtain the following set of relations by substitution: 

-(b0~ P2)Ai +kpBl = —b1A2 a^B2 + b1A4 — alB4, — &c. 

~(bo ~ P2)Bi — Mi = ai^2 + biB2 -F a1A4. + b1B4 -1- &c. 
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— (bx — 4p2)A2 + 2kpB2 = — b1Al 4- a1B1 4- bxA5 — alB5 4- &c. 

— (b0 — 4p2)B2 — 2kpA2 = alA1 + blBl 4- 4- biB5 4- &c. (8) 

and so on. 
It must be remembered that these relations are all only approximate, as F(U) in 

general contains powers of U higher than the first which we have neglected, and 
which no doubt must be taken into account in framing a more complete theory. 
The general remarks made above with reference to equation (6) apply here also. 

The exact character of the vibratory motion maintained by the periodic field of 
force in any case, depends upon the form of the functions F(U) and f(t) which 
determine respectively the disposition of the field and its variability with respect 
to time. One very simple and important form off(t) is that in which the field is of 
an impulsive character, in other words is of great strength for a very short interval 
of time comprised in its period of variation, and during the rest of the period is 
zero or nearly zero. Such a type of variation is not merely a mathematical 
possibility. In actual experiment, when a fork-interrupter is used to render the 
current passing through the electromagnet intermittent, the magnetization of the 
latter subsists only during the small fraction of the period during which the 
current flows and at other times is practically zero. When the current is flowing 
the acceleration is considerable: at other times, the acceleration is nearly zero, and 
the velocity practically constant. These features are distinctly shown in all the 
vibration-curves (except those of the first type) reproduced in plate I, the sudden 
bends in the curves corresponding roughly to the extreme outward swings of the 
fork, i.e. to the instants when the magnetizing current was a maximum. It seems 
possible that a simpler mathematical treatment than that given above might be 
sufficient to discuss the phenomena of the maintenance of vibrations by a periodic 
field of force when the periodicity of the field is of the “impulsive” type; in other 
words, when the dynamical system is subject to periodic impulsive “springs,” one, 
two, three or more of which occur at regular intervals during each complete 
period of the vibration of the system. 

These experiments on vibrations maintained by a periodic field of force are 
very well suited for lecture demonstration, as the Lissajous figures obtained by 
the method described above can be projected on the screen on a large scale, and 
form a most convincing demonstration of the fact that the frequency of the 
maintained motion is an exact sub-multiple of the frequency of the exciting 
current. 

On synchronous rotation under simple excitation 

It is well known that with an intermittent current passing through its 
electromagnet, the synchronous motor can maintain itself in “uniform” rotation, 
when for every period of the current, one tooth in the armature-wheel passes each 
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pole of the electromagnet. In other words, the number of teeth passing per second 
is the same as the frequency of the intermittent current. From a dynamical point 
of view it is of interest, therefore, to investigate whether the motor could run itself 
successfully at any speeds other than the “synchronous” speed. Some preliminary 
trials with the motor unassisted by any independent driving proved very 
encouraging. The phonic wheel I have is mounted on ball-bearings, and runs very 
lightly when the large stroboscopic disk usually kept fixed upon it is taken off, and 
there is no current passing through the motor. When a continuous or intermittent 
current is flowing through the motor, the latter does not, however, run very 
lightly, being subject to very large electromagnetic damping, apparently due to 
Foucault currents in the iron. In the preliminary trials, however, I found that, 
using the intermittent unidirectional current from an interrupter-fork of 
frequency 60, the motor could run successfully of itself at half the synchronous 
speed, i.e. with 30 teeth passing per second. It of course ran very well at the usual 
synchronous speed, i.e. with 60 teeth passing per second. By increasing the speed, 
it was found that the motor could also run well of itself at double the synchronous 
speed, i.e. with 120 teeth passing per second. Using an interrupter-fork of low 
frequency (23 5 per second) the motor, it was found, could also run of itself at 
triple the synchronous speed. No certain indication was, however, obtained of the 
intermediate speeds, i.e. \\ and 2j times respectively the synchronous speed. 

To test these points, therefore, independent driving was provided. This was 
very satisfactorily obtained by fixing a small vertical water-wheel to the end of the 
axis of the motor and directing a jet of water against it. The water-wheel was 
boxed in to prevent any splashing of water on the observer. By regulating the tap 
leading up to the jet, the velocity of the latter could be adjusted. The speed of the 
phonic wheel was ascertained by an optical method, i.e. by observing the rim of 
the wheel as seen reflected in a mirror attached to the prong of the interrupter- 
fork. When the motor “bites,” the pattern seen becomes stationary and remains 
so for long intervals of time or even indefinitely, and the speed of the wheel can be 
inferred at once from the nature of the pattern seen. 

It was found in these trials that the motor could “bite” and run at the following 
speeds. (Frequency of interrupter 60 per sec.) 

(a) j the synchronous speed: stationary pattern of rim of moving wheel seen as a 
single sinercurve: wavelength \ the interval between teeth. Number of teeth 
passing electromagnet per second = 30. 

(b) Synchronous speed: stationary pattern of rim of moving wheel seen as a sine- 
curve, wavelength = interval between teeth. Number of teeth passing 
electromagnet per second = 60. 

(c) \\ times the synchronous speed: stationary pattern of rim of wheel seen as 
three interlacing waves. Number of teeth passing electromagnet per second 
= 90. 

(,d) 2 times the synchronous speed: stationary pattern seen as two interlacing 
curves. Number of teeth passing per second = 120. 
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(e) 2\ times the synchronous speed: this was only obtained with difficulty. 
Number of teeth passing per second = 150. 

(/) 3 times the synchronous speed: stationary pattern seen as three interlacing 

curves. Very satisfactory running. Number of teeth per second = 180. 
(ig) 4 times the synchronous speed: stationary pattern seen as 4 interlacing 

curves. Number of teeth per second = 240. 
(h) 5 times the synchronous speed: stationary pattern seen as 5 interlacing 

curves. Number of teeth per second = 300. 

The outstanding fact of observation is that while speeds which are equal to the 
“synchronous” speed or any integral multiple of it are readily maintained, only 
the first two or three members of the other series (i.e. having ratios j, 1^, &c. to the 
synchronous speed) can be obtained, and the “grip” of the wheel by the periodic 
magnetic force, i.e. the stability of the motion, is hardly so great as in the integral 
series. This fact may be explained in the following general manner. 

We may assume, to begin with, that the independent driving is less powerful 
than that required to overcome resistances, so that the wheel is a little behind the 
correct phases. In the case of the integral series, one or two or more teeth pass for 
every intermittence of the current, the wheel being in the same relative position, 
whatever this may be, to the electromagnet, at each phase of maximum 
magnetization of the latter. This is not, however, the case with the fractional 
speeds. It is only at every alternate phase of maximum magnetization that the 
wheel assumes the same position (whatever this may be) relative to the 
electromagnet. At the intermediate phases, it is displaced through a distance 
approximately equal to half the interval between the teeth. Whereas with the 
integral series, every phase of maximum magnetization assists the rotation, in the 
fractional series the wheel is alternately assisted and retarded by the successive 
phases of maximum magnetization, and it is the net effect of assistance that we 
perceive, this being of course comparatively small. 

As the synchronous, half-synchronous and double-synchronous speeds can all 
be readily maintained without independent driving, they can be very effectively 
exhibited as lecture experiments by lantern projection in the following way. The 
synchronous motor (which is quite small and light when the stroboscopic disk is 
removed) is placed on the horizontal stage of the lantern and the rim of the wheel 
is focussed on the screen. In front of the projection prism, where the image of the 
source of light is formed, is placed the fork-interrupter with the necessary device 
for intermittent illumination fitted to its prongs. When these are set into vibration 
and the synchronous motor is set in rotation, the “pattern” corresponding to the 
maintained speed becomes visible on the screen, and the effect of reversing the 
direction of rotation can also be demonstrated. 

We now proceed to discuss the mathematical theory of the maintenance of 
uniform rotation in each of these cases. The first step is obviously to show that 
with the assumed velocity of rotation, the attractive forces acting on the disk 
communicate sufficient energy to it to balance the loss due to frictional forces. 
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Taking the line joining the poles as the axis of x, the position of the wheel at any 
instant may be defined by the angle 6 which a diameter of the wheel passing 
through a given pair of teeth makes with the axis of reference. If n is the number of 
teeth in the wheel, the couple acting on the latter for any given field strength at the 
poles is obviously a periodic function of n6 which vanishes when 6 = 2nr/n, and 
also when 6 = 2n(r + ^)/n, where r is any integer. 

We therefore write 

Couple = Field strength x lal sin n6 + a2 sin 2n6 + a3 sin 3n6 + &c.] 
= Field strength x f(n6) say, 

where the terms al9 a2, a3, &c. rapidly diminish in amplitude. It will be seen that 
the cosine terms are absent. Since the field strength is periodic, we may write the 
expression for the couple acting on the wheel thus 

Couple = Lf(n9)[bl sin (pt + ex) + b2 sin(2pt + e2) + &c.] 

= Lf(nd)F(t), say. • 

The work done by the couple in any number of revolutions 

= Lf(nd) F(t) d t. 

It is obvious that this integral after any number of complete revolutions is zero, 
except in any of the following cases, when it has a finite value proportional to and 
increasing with t; i.e. when 

n6 = pt or 2pt or 3pt or 4pt and so on, 

or when 

2n6 = pt or 2pt or 3pt or 4pt and so on, 

or when 

3n6 — pt or 2pt and so on. 

It is therefore a necessary but not, of course, always a sufficient condition for 
uniform rotation to be possible that one or more of the above relations should be 
satisfied. The first series corresponds to the synchronous speed and multiples of 
the synchronous speed. These have been observed experimentally by me up to the 
fifth at least. The second series includes the above and also the half-synchronous 
speed and odd multiples of the same. These latter have also been observed by me 
up to the fifth odd multiple. Since a2 is much smaller than ax, the relative 
feebleness of the maintenance of the half-speeds observed in experiment will 
readily be understood. 

The third series has not so far been noticed in experiment. It is obvious that the 
maintaining forces in it should be excessively feeble compared with the first or the 
second. Perhaps experiments with interrupter-forks of higher frequencies and 
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independent driving of the motor may succeed in showing the existence of 

controlled rotation-speeds at these ratios. 

Combinational rotation-speeds under double excitation 

When the electromagnet of the synchronous motor is excited simultaneously by 
the intermittent currents from two separate interrupter-forks having different 
frequencies, maintenance of uniform rotation is possible not only at the various 
speeds related to the synchronous speeds due to either of the intermittent currents 
acting by itself, but also at speeds related jointly to the frequencies of the two 
currents. 

The preliminary experiments on this point were made without the assistance of 
any independent driving of the motor, and it was found at once that differential 
rotation of the motor was easily maintained, the number of teeth passing per 
second being equal to the difference of the frequencies of the two interrupter- 
forks. 

When the “differentially” revolving wheel was examined by reflexion in mirrors 
attached to the prongs of the two interrupter-forks, it was found that the patterns 
seen in neither of them were stationary. They were found to be moving steadily 
forward or backward with a definite speed, with occasional slight to and fro 
oscillations superposed thereon. This continuous rotation of the patterns seen 
was obviously due to the fact that the frequencies of the forks and their difference 
did not bear any simple arithmetical ratios to each other, and it enabled a 
rotation-speed maintained by joint action to be distinguished by mere inspection 
from one maintained by either of the two currents separately. 

Using this optical method, and assisting the rotation of the motor with 
independent driving by a water-motor, various other combinational speeds were 
found to be maintained. Of these, the most powerfully and steadily maintained 
was the simple summational rotation. The summationals and differentials of the 
second series, i.e. those in which the half-frequencies of the fork enter, were also 
noticed. The rotation-speeds were determined by actual counting and a stop¬ 
watch. 

The mathematical theory of these combinational speeds is very similar to that 
given for the case of excitation by one periodic current. For the field strength in 
this case is also a periodic function of the time, and the function F(t) which 
expresses its value at any instant may be expanded in the following form 

/■'(f) = a£Y ftsin [(rpj ± sp2)t + £], 

where and p2/2rc are the frequencies of the two interrupters, and r, s are any 
two positive integers. Using the same notation as before, we find that in any 
complete number of revolutions, a finite amount of energy proportional to the 
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time is communicated to the wheel only in any one of the following sets of cases: 

or 

or 

n6 = (irp1 ± sp2)t, 

2 nO = (rp1±sp2)t, 

3n6 = {rpl ±sp2)t, 

and so on. 
The cases actually observed in which rotation is maintained fall within the first 

two of the sets given above. 

Summary and conclusions 

The vibrations of a dynamical system maintained by a periodic field of force have 
been investigated experimentally and theoretically, and it is shown that they form 
a new class of resonance-vibrations, in which the frequency of the maintained 
motion is any sub-multiple of the frequency of the exciting force. The possible 
speeds of synchronous rotation of a motor of the attracted-iron type under simple 
and double excitation are also investigated. The experiments and observations 
described in the present paper were carried out in the Physical Laboratory of the 
Indian Association for the Cultivation of Science, Calcutta, where further work 
on the dynamics of vibration is now in progress. One very interesting case which 
has been worked out is that of the combinational vibrations of a system 
maintained by subjecting it simultaneously to two simple harmonic forces 
varying its spring. This is experimentally realized by attaching a stretched string 
at its two extremities to the prongs of two tuning-forks of different periods, the 
directions of motion of which are parallel to the string. If M and N are the 
frequencies of the forks, it is found that the string is set into vigorous transverse 
oscillation if its tension is so adjusted that the natural frequency is nearly equal to 
i(.Mm ± Nn), where m and n are integers. Further details of this investigation will 
be published in due course. 
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The maintenance of vibrations by a periodic field 
of force 

C V RAMAN, M.A. 

and 
ASHUTOSH DEY* 

[Plate I] 

The effect of a periodic field of force on the motion of a body subject to its 
influence has been discussed by one of us in a previous publication in this 
Journal1, one of the results of outstanding importance noticed being the series of 
special relations between the frequency of the field and that of the steady 
vibration possible under its action. It was shown that the motion is capable of 
being maintained when its frequency is either equal to, or is \ or j, or \ of the 
frequency of the field, that is, any submultiple of it, but not when the frequency 
has any intermediate value. The experimental work and theory published in that 
paper related to the motion of a system with only one degree of freedom, the 
period of free vibration of which is determined entirely by the field1. Recently, 
when experimenting with the electrically maintained vibrations of wires, we have 
noticed certain interesting effects which may be classed with the phenomena 
referred to above, but which merit separate discussion in view of the fact that the 
system in this case has a series of free periods of its own, quite independently of the 
field. These will now be described. 

Experimental method and results 

The present investigation relates to the vibrations of a steel wire about 2 metres in 
length, stretched vertically under an adjustable tension, and subject to the 
transverse periodic force exerted by an electromagnet placed near some selected 

*Communicated by the authors. 

+ “On the Motion in a Periodic Field of Force,” Philos. Mag. January 1915, by C V Raman, M.A. Also 

Sci. Abstr., 1914, p.586, and 1915, p.434. 

The vibrations studied in that paper were those of the armature of a synchronous motor of the 

attracted-iron type when not in rotation, under the influence of the magnetic field due to an 

intermittent current. 

124 



MAINTENANCE OF VIBRATIONS BY PERIODIC FIELD OF FORCE 125 

point on it. The electromagnet is excited by an intermittent current from a fork- 
interrupter of frequency which in our experiments in generally 60 per second. The 
forced vibrations (having the same frequency as the intermittent current), which 
are usually excited in the first instance, when the tension of the wire is adjusted for 
resonance, are of the same form as those described by Klinkert in a paper on 
electrically-maintained vibrations*. It is noticed, however, that when the tension 
is such that the wire vibrates in two, three, or larger number of segments, and the 
electromagnet is not too far away from the wire, the motion of the usual type first 

set up is unstable, and gradually changes form, the nodes ceasing to be points of 
rest, and the frequency of vibration changes to a value which is a submultiple of 
the frequency of the fork. For instance, if the wire initially divides up into two 
segments and vibrates with a frequency of 60, its centre, which at first is a node, 
gradually acquires a very considerable motion, and the frequency of the vibration 
alters to 30. Similarly, if the wire initially vibrates in 3 segments, the frequency 
changes to 20 when the instability sets in; when the initial vibration is in 4 
segments, the frequency changes to either 30 or 15 according as the instability 
does not result in a movement of the centre of the wire, and so on. 

The rate at which the instability sets in and results in a change of type depends 
upon the position of the electromagnet, its distance from the wire, and the 
strength of the intermittent current which excites it. Generally speaking, the rate 
of increase of the motion at the nodes is small, and it may take some minutes for 
the change to develop to the fullest extent. The gradual alteration of the form of 
the vibration may thus be closely studied, and this fact adds considerably to the 
interest of the experiment from the acoustical point of view. If the distance of the 
electromagnet from the wire and the strength of the exciting current be suitably 
proportioned, the vibration with the altered frequency finally reaches a steady 
state, the amplitude of variation then attaining its maximum. If, however, the 
electromagnet be too near the wire, or if the exciting current be too strong in 
proportion to the distance, the motion continues to increase in amplitude till the 
wire finally comes up against the pole of the magnet. This occurs most frequently 
when the tension is small and the wire divides up initially into a considerable 
number of segments. 

To enable the frequency of the field to be compared with that of the motion set 
up by it, the vibration-curves of some selected point on the wire and of a small 
style attached to the fork-interrupter are simultaneously recorded on photo¬ 
graphic paper1. This may be done, either at some stage in the progressive change 
of vibration-type, or when the motion reaches a final steady state. Six records 

*G Klinkert, Ann. Phys. IXV (1898). For a practical application, in acoustics, of this class of vibration, 

see Sci. Abstr. (1916), p. 433. 

+A method based on the optical composition of the vibration of the fork and of a selected point 

on the wire could, no doubt, be used for the same purpose, as an alternative. 
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Plate I. Illustrating vibratory motion in a periodic field of force; the upper curve in each case 

representing the vibration set up by the field, and the lower showing the frequency of the field for 
comparison. 
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obtained in the course of the work are reproduced in plate I. They represent, 
respectively, cases in which the frequency of the vibration is equal to, j, J, j, and 
i of the frequency of the field. Excluding the first, which is of the usual type, these 
records are typical of those secured at a fairly early stage of the progressive 
change of vibration-form, the electromagnet being placed at about ^ of the length 
of the wire from one end, and the point of observation being at a similar distance 
from the other end. The upper record in each case; which represents the vibration 
of the wire, shows a strong upper partial having the same frequency as the field. 
Other records (not reproduced) show that at a later stage the partial having the 
same frequency as the field becomes relatively less important than the others and 
is not then so obvious to inspection. It is clear, especially from the first two of the 
records reproduced, that the motion includes a considerable retinue of upper 
partials. This is not surprising in view of the fact that the field due to the 
electromagnet under the excitation of the intermittent current is practically of an 
impulsive character, as already shown in the paper quoted above (Philos. Mag. 
January 1915). 

Theory (as will be shown below) indicates that the ordinary forced vibration 
which is excited when the tension of the wire is adjusted for resonance is not at all 
essential to enable a vibration having a frequency equal to a submultiple of the 
frequency of the field to be set up and maintained. This has been tested in the 
following way: two electromagnets are placed opposite different points on the 
wire, one or the other of which could be excited at pleasure. The first being placed 
opposite a point distant, say, ^ of the length from one end, and excited, the tension 
of the wire is carefully adjusted for resonance so that it vibrates in two, three, or 
larger number of segments as desired. The second electromagnet is placed exactly 
opposite a node of this forced oscillation, so that, in accordance with a well- 
known principle, it is incapable of maintaining a forced vibration of the ordinary 
kind when fed with intermittent current. It is observed that when the second 
electromagnet alone is excited, the wire remains practically at rest. But this state of 
rest is unstable, and, gradually, a vibration develops and attains a large amplitude, 
its frequency being a submultiple of the frequency of the field. Investigation by the 
method of vibration-curves shows that, in the motion thus excited, the 
components having the same frequency as the field or any multiple thereof are 
practically or entirely absent. Records (not reproduced) have been obtained of the 
motion at various selected points of the wire for these and other cases. 

Theory of the experiments 

The attractive force of the electromagnet in the experiments described is exercised 
over a very small region of the wire which may practically be treated as a 
mathematical point. The essential feature of the case which enters into the 
explanation of the phenomena noticed above is that this attractive force is not a 
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simple function of the time, but depends also on the position, at the particular 
epoch, of the point on the wire with reference to the pole of the electromagnet. In 
other words, the expression for the maintaining force is not independent of the 
form of the maintained motion. For our present purpose, we may write it as the 
product of two functions, one of which involves only the time and the other is 
determined by the position of the wire in the field. Thus, 

Force = F(y0)f(t) 

n = oo 

= ^(>’o) Z °n C0S 
n = 0 

(2nrnt 
n I’ 

where T/r is the periodic time of the field and y0 is the displacement of the wire at 
the point x0 (opposite the pole of the electromagnet) from its position of 
equilibrium. y0 being positive when measured towards the pole, F(y0) increases 
with y0, and may be taken to be unity when y0 = 0. We may expand F(y0) by 
Taylor’s theorem and write it in the form (1 + by0 + cyl + &c.). If the force varies 
inversely as some power of the distance between the pole and the wire*, it may 
readily be shown that the constants b, c, &c., are all positive. The complete 
expression for the force, which may be assumed to act at the point x0 of the wire, is 
thus 

n — °° / 2nrnt 
(l+by0 + cyl + &c.) £ a„ cos ——-e„ 

n = 0 \ i 

We may now consider, first, the ordinary forced vibration. This may be obtained 
by the method of successive approximations. To begin with, we may neglect the 
quantities by0, cyl, &c., in the expression for the maintaining force, which then 
assumes the simple form cos (27rrnt/T — en). Since the forced vibration is of 
negligible amplitude, except when the period of the field is more or less nearly 
equal to one of the free periods of the wire, the harmonic components in the 
motion may be determined, term by term, from the corresponding components of 
the impressed force. The forced vibration may therefore be written as 

, . nnx . nnx0 (2nnrt 
ankn sin-sin-cos —--e„ - e„ 

a a \ T 

where a is the length of the string or of each vibrating segment, and /c„, e'n are 
quantities which, in respect of each harmonic, may be expressed in terms of the 
natural and impressed frequencies of vibration and of the decrement of the free 
vibrations. If x0 is equal to a or any multiple of it, the forced vibration becomes 
negligibly small, the periodic force having an inappreciable effect when applied at 
a node. 

*From the measurements made by Klinkert over a limited range, it would appear that the attractive 

force on the wire varies inversely as the square root of the distance. 
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An interesting example in which the formula given above may be applied is that 
of a single impulse acting at the point x0, once in each period of vibration. The 
coefficient an is then the same for all the harmonics, and en = 0 for all values of n. 

It may readily be shown that if the period of forced vibration in this case is 
somewhat greater or somewhat less than the period of free vibration of the string, 
the form of the maintained vibration is practically the same as that of a string 
plucked at the point x0. For the phase-constants e'n are then practically all equal 
to zero and n respectively. Further, kn is then practically independent of the 
dissipation of energy (whatever this may be due to), and is inversely proportional 
to the difference between the squares of the natural and impressed frequencies. 
For different harmonics, kn is proportional to 1/n2, and the expression for the 
forced vibration is then of the form 

± 

and is thus similar to that of a string plucked at x0 in the same direction as the 
periodic impulses or in the opposite direction, according as the natural frequency 
is greater or less than the frequency of the impulses*. If the periodic force, instead 
of being inpulsive in character, has a finite constant value during a part 2p of the 
period and zero at other times, the maintained vibration in the two extreme cases 
assumes the form 

00 Z. nnx . nnx0 2nnrt 
- -y sin-sin-cos- 

i n a a T 

“ 1 . nnx . nnx0 . 2nnrp 2nnrt 
± L ~T sin->sin-> sm ———, cos —— 

i rc a a T T 

If p be small, this is practically of the same type as the expression for a plucked 
string in respect of the first few harmonics, but would differ appreciably from it in 
respect of the harmonics of higher order. 

The next step is to introduce a correction in the expression for the impressed 
force on account of the neglected terms by0, cy\, &c. On substituting the value of 
y0 first found in these terms and simplifying the product F(y0)f(t), it is seen that 
the correction results only in alterations of the amplitudes and phases of the 
harmonic components of the impressed force, but no new terms are introduced of 
which the frequency is not the same as that of the field or a multiple thereof. This 
shows that the corrections cannot, by themselves, result in an alteration of the 
frequency of the forced vibration, so long as we assume, in the first instance, that 
y0 has the same frequency as the field of force. They may, however, result in the 
impressed force (and therefore also the maintained motion) including such partial 
components as are absent in the field itself. 

A consequence of the preceding formulae, which is of particular importance, is 

*It is assumed, of course, that the free periods of the wire form an harmonic series. This may be 

subject to modification if the wire is imperfectly flexible or yields at the ends. 
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that, when the impressed force is of an impulsive character, the corrections by0, 

cyl, &c., when introduced cannot result in any alterations, in the relative 

amplitudes and phases of the components of the maintained vibration. For the 
product F(y0)f(t) is zero at all times, except at the particular instant in each 
period at which the impulse acts, and, as these epochs are fixed, any change in 
F(y0) can only result in the amplitudes of all the components of the impressed 
force being increased or decreased in the same proportion, their phases 
remaining unaltered. The non-uniformity of the field may thus affect the 
amplitude of the vibration, but cannot alter its form, it being assumed, of course, 
that the amplitudes are not so large as to alter the free periods. This peculiarity of 
the action of a non-uniform impulsive field is the explanation of certain 
interesting observations described, but not explained, by Klinkert in the paper 
referred to above. Klinkert experimented with two wires, both electromagneti- 
cally maintained, one of which was self-acting and the other was worked by a 
current on separate circuit rendered intermittent by the vibrations of the first 
wire. The vibration-curves of the two wires showed a marked dissimilarity, a 
special feature of interest being the fact that the vibration of the second wire when 
at its maximum was practically similar to that of a plucked string. In view of what 
has been said above, this result will be readily understood. The magnetic field is of 
appreciable strength only during a small fraction of the period, and may thus be 
regarded as of an impulsive character. When there is an appreciable difference 
between the natural and impressed frequencies of vibration, the form of the 
motion approximates to that of a plucked string and this is what is actually 
observed when the exciting current is rendered intermittent by an independent 
interrupter. It is when the natural frequency is somewhat greater than the 
impressed frequency that the vibrations of largest amplitude and those that show 
the closest similarity to the vibrations of a plucked string are obtained. For the 
vibrations are then nearly in the same phase as the impulses, and as an increase in 
the amplitude brings the position of the wire at which the impulses act closer to 
the electromagnet, and therefore still further increases the magnitude of the 
impulses, a vibration of large amplitude may be maintained in spite of the 
difference between the natural and impressed frequencies of vibration. The 
increase of natural frequency, due to a large amplitude, would also tend to 
encourage the assumption of this form of vibration and to make it stable. The 
conditions are, however, entirely different when the vibrating wire is a self-acting 
interrupter which determines the period and character of its own excitation, and a 
detailed mathematical theory of the vibration-forms obtained with it must be 
reserved for separate consideration. 

We may now pass on to consider the cases in which the frequency of the 
vibration is not the same as the frequency of the field, but is a submultiple of it. To 
fix our ideas, we may assume the free vibration of the wire when it divides up into r 

segments to have nearly the same period as the field, that is T/r. The period of 
vibration of the wire, as a whole, is therefore T. Experiment shows that the forced 
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vibration having the period T/r may be unstable, giving place to a vibration with 
period I To explain this result, we may examine the effect, according to our 
equations, of superposing a small vibration of period Tupon the ordinary forced 
vibration, if any, of period T/r. If by0, cy\, &c., be neglected, there is no 
component in the impressed force having the period T, and the initial disturbance 
assumed would die away in the ordinary course. It is not possible, therefore, to 
obtain the resonance of submultiple frequency with uniform fields of force. With 
non-uniform fields, the additional terms by0, cy\, &c., have to be taken into 
account, and it may readily be shown, on expanding the product F(y0)f(t) in a 
series of sines, that there would be a term of period T in the expansion which 
would, under certain circumstances, be capable of magnifying the assumed 
disturbance continually till it assumes a large amplitude. For example, we may 
take r = 2, and the initial disturbance to be, say, 

. 2nt 
y sin — . 

T 

The product 

would contain a term 

by0-al cos 

f . 2nt (Ant 
odiJ sin—cos I — — ex ,, 

which, on being expanded, is seen to include a component 

jba1ysmel cos-^-. 

This is proportional to the assumed disturbance, has the same period, and has a 
phase in advance of it by 90°. It would therefore tend to magnify the assumed 
disturbance of period T till the latter reaches a considerable amplitude. An 
explanation of the phenomenon noticed is thus possible for the case r — 2, in 
which no part is played by the component of y0 having the same frequency as the 
field. For the cases in which r = 3 or 4, &c., we have to proceed to a higher degree 
of approximation by taking into account, not only the assumed disturbance of 
frequency 1/T, but also other subsidiary components whose frequencies are 
multiples of 1/T and play a part in the magnification or maintenance of the 
vibration of that frequency. If, in the distribution of the field F(y0), only the first 
correction term by0 is taken account of, the analysis proceeds practically on the 
same lines as that contained in the Philos. Mag. paper of January 1915, except 
that, instead of the equations of motion for one degree of freedom, the general 

formulae for the normal coordinates in the forced vibrations of the wire would 
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have to be used. The same general result would be obtained, that the components 
in the motion having the same frequency as the field or any multiple of it, would 
not play any part in the maintenance of the motion of the kind now considered. 
We have already seen how this indication of theory may be verified 

experimentally. 
When, however, the correction terms of higher order, that is, cy\, &c., are 

considered, some modification of this general statement might become necessary. 

Summary and conclusion 

The present paper considers experimentally, and theoretically, a case of 
vibrations maintained by a non-uniform periodic field of force which is of some 
practical importance. It is shown that when a wire divides up into two or more 
segments and vibrates under the transverse attraction of an electromagnet, the 
motion which has the same frequency as the field may be rendered unstable by the 
non-uniformity of the field and then passes over into one, the frequency of which 
is a submultiple of the frequency of the field. Photographic records illustrating the 
first six cases of the kind are presented with the paper. 

It is also shown that a motion of this type may be set up and maintained even 
when the attracted point on the wire is a node and the ordinary forced vibration is 
therefore absent. The effects of the non-uniformity and of the periodic variation of 
the field on the ordinary forced vibration are also considered in detail and the 
mathematical theory of certain effects noticed by Klinkert is set out. 

The experiments and observations described in the present paper were made in 
the Laboratory of the Indian Association for the Cultivation of Science. 

Calcutta 
2 February 1917 
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Introductory 

In a previous publication (Bull Indian Assoc. Cultiv. Sci. No. 6) I dealt with my 
experimental investigations on a new class of forced oscillations maintained by 
periodic variation of spring, of which the well-known phenomenon of the 
maintenance of vibrations by forces of double frequency (dealt with by Faraday, 
Melde and Lord Rayleigh) is a specific case. Working with the same apparatus as 
is used for one of the forms of Melde’s experiment, I showed that a simple 
harmonic force acting longitudinally upon a stretched string could maintain its 
vibrations when the frequency of the free oscillations of the string in any given 
mode, is sufficiently nearly equal to any integral multiple of half the frequency of 
the fork. To illustrate and explain the manner in which such maintenance is 
effected, a series of photographs were published with the paper, showing 
simultaneous vibration-curves of the exciting tuning-fork and the maintained 
motion of the string, in which the natural frequencies of the latter were various 
multiples (up to the eleventh), of half the frequency of the former. From these 
photographs and the mathematical discussion, it became clear that a very 
important part in the maintenance of the motion is played by certain subsidiary 
components introduced into it under the action of the variable spring. The 
principal component of the maintained vibration together with the subsidiary 
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motions thus introduced could, it was shown, be arranged in the form of a Fourier 
series, the difference of frequency between the successive terms being that of the 

vairable spring itself. 
The successful investigation of this class of resonance-vibrations suggested 

further experiments with systems subjected simultaneously to two simple 
harmonic forces of differing frequencies varying the spring. These have been 
productive of some extremely interesting results and will form the subject of the 

present paper. 

Experimental arrangements 

As mentioned above, the idea underlying the investigation now to be described 
was to subject a system, having a frequency of vibration that could be adjusted to 
any desired value over a wide range, e.g. a stretched string, simultaneously to two 
simple harmonic forces of known frequencies varying its spring, and then to 
observe and record the various cases in which the state of equilibrium which 
usually obtains becomes unstable and the system settles down into vigorous 
vibration. 

The experimental method adopted was extremely simple. Two electrically- 
maintained tuning-forks were used. These stood on the table at some distance 
apart with their prongs vertical, in one plane, and directions of vibration parallel. 
A fine silk or cotton string, one or two metres in length, was stretched 
horizontally between the two forks, its extremities being attached to one prong of 
each fork (i.e. to those nearest to each other). The tension of the string when the 
forks were at rest could be readily adjusted by merely sliding one fork slightly 
towards or away from the other along the table. Since the prongs of the fork are 
vertical and the string is parallel to their direction of vibration, we have as the 
result when the forks are excited, that the tension of the string is periodically 
varied by the vibrations of both simultaneously. 

Of course, with the arrangements described neither of the forks, whether acting 
by itself or conjointly with the other, tends directly to displace the string from its 
position of equilibrium. They vary the tension of the string, but the latter remains 
undisturbed so far as transverse movement is concerned, except when the initial 
tension, i.e. the frequency of free oscillation of the string, is adjusted so as to 
coincide more or less accurately with certain values which we may for 
convenience term ‘resonance frequencies,’ leaving the justification of this 
phraseology to be dealt with later. 

Certain of the resonance-frequencies should obviously be multiples of half the 
frequency of one or the other of the forks by itself. For, each of the forks acting 
alone can maintain a vigorous vibration in a number of cases as shown in the 

paper referred to above (Bulletin no. 6), and this vibration is excited and 
maintained under suitable conditions even in the presence of the other periodic 
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force varying the spring. To put it mathematically, if the frequency of free 
oscillation of the string in any given mode is sufficiently nearly equal to either 
2 rN! or ^sN2, where NX,N2 are the frequencies of the forks, r, s being any positive 
integers, we would get resonance-vibrations as already shown. That certain of the 
resonances observed are of this class, can readily be verified by stopping the fork 
which does not play a part in the maintenance, when the vibration of the other 
fork continues to sustain the motion of the string. 

Besides the resonances of the kind described in the preceding para, the observer 
is surprised and delighted to find, even at a first trial of the experiment, a large 
number of other cases of vigorous maintenance which have evidently to be 
ascribed to the joint action of the two forks on the string. Their variety and 
number is extraordinary, and these, together with the way in which they come 
rapidly following one another particularly at the higher frequencies, remind the 
observer, by a vivid analogy, of the lines in a complicated spectrum-series. It is 
readily guessed at once that these are cases of ‘Combinational’ resonance in 
which the frequency of the principal term in the maintained motion is related 
jointly to the frequencies of both the forks. This fact is readily verified by 
experimental investigation as described below, and the results obtained can be 
stated with generality thus. Under suitable conditions the equilibrium of the 
system becomes unstable and a vigorous motion is maintained if the frequency of 
free vibration in any given mode is sufficiently nearly equal to ^rN1 
+ jsN2, where r and s are positive integers. The degree of accuracy of adjustment 
necessary for maintenance increases as r and s increase. Where the positive sign 
applies we have ‘summational’ resonances. With the negative sign we have 
‘differential’ resonances. The frequency of the maintained motion is exactly equal 
to ^rN1 ±jsN2, where r and s have the values assigned. 

Of course Nx and N2, which are the frequencies of the forks, do not in general 
stand in any simple arithmetical ratio, and the cases of ‘Combinational’ 
resonance described in this paper could in almost all cases be recognized and 
distinguished from ‘simple’ resonance due to either of the forks acting alone by a 
peculiar appearance of ‘flicker’ due to the presence of small components of 
very low frequencies in the motion. Even if this method failed, there is the 
alternative test of stopping either of the two forks when a ‘Combinational’ is 
instantly extinguished, whereas a ‘simple’ resonance is only abolished by 
stopping one of the two forks, and not either. One very characteristic feature 
which was noticed in the experiments was that while resonance-vibrations of the 
summational class were obtained with great ease up to fairly high orders and 
vigorously maintained, differential vibrations were not nearly so readily main¬ 
tained, and it was found necessary, in order to realize them, to arrange matters so 
that none of the other resonances due to the forks, simple or summational, lay in 
the neighbourhood of the one sought for and could therefore extinguish it, the 
former being maintained by preference. The result noticed above is an inversion 
of the ordinary experience in acoustical work with combinational tones in which 
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it is found that differentials are generally stronger and easier to demonstrate than 
summationals. The theoretical explanation of the effect will be discussed later in 
this paper. 

Photographic record of combinational vibrations 

In order to demonstrate that the frequency of maintenance is that given by the 
combinational formula referred to above, the method of vibration-curves was 
used. Arrangements were made to obtain simultaneous photographic records of 
the vibration of the two forks and of the maintained oscillation of the string. 
These records incidentally throw light on the modus operandi of the maintenance. 
The disposition of the apparatus employed is shown in the diagram. 

T1 and T2 are the two forks which stand with prongs vertical on the table. The 
string is stretched horizontally between the inner prongs of the forks as shown. 

Diagram 1. Apparatus for the production and 

photographic record of combinational vibration. 
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To enable its plane of vibration to be brought into the vertical at pleasure, the 
simple device described by me in a previous publication1 is adopted. Each end of 
the string is attached to a loop of thread which is passed over the prong of the 
fork, instead of directly to the prong itself. The result of this mode of attachment is 
that the frequencies of vibration in the horizontal and vertical planes differ 
slightly, and this has the desired effect of keeping the vibration confined to the 
vertical if the tension of the string is suitably adjusted in each case. Immediately in 
front of the string is placed a camera, the plate-carrier of which has been removed, 
and which carries instead a square sheet fitted with a narrow vertical slit S as 
nearly as possible contiguous to the string. The light from an electric arc emerges 
from the nozzle of the lantern L; and is then divided into three parts. 

(1) One part passes first through the vertical slit S, then through the lens of the 
camera carrying it, and after suffering reflexion at the fixed mirror M passes on to 
the lens of the moving-plate camera DD (to be described below). 

(2) The second part is deflected by the mirror Mu and after passing through a 
narrow horizontal slit Sx suffers reflexion at the surface of a small plane mirror 
M2 attached to the prong of the fork Tl and is finally deflected by the mirror M3 
to the lens of the camera DD. 

(3) The third part after deflexion by the mirror M4 passes through the 
horizontal slit S2, and thence after reflexion at a plane mirror M5 attached to the 
prong of the fork T2 passes on to the camera DD. 

By suitably adjusting the position of the slits Sx and S2 and the distance 
between the slit S and the lens of the camera carrying it, it was found possible 
without the use of any additional collimating lenses to obtain in the focal plane of 
the camera DD real images of the vertical slit S and of the horizontal slits S2 and 
Sl9 the images of the latter being formed respectively above and below the images 
of the vertical slit S. A narrow vertical slit placed in the focal plane of the camera 
immediately in front of the ground-glass or its substitute, the photographic 
plate, cuts off everything except two brilliant spots of light, one for each fork, and 
between them the image of the illuminated vertical slit crossing which is seen the 
shadow of the string when at rest. The plate-holder can be moved (by hand) in 
horizontal grooves behind the slit in the focal plane, and when the forks are set in 
vibration we can thus obtain photographic records of simultaneous vibration- 
curves of the string and forks. 

By counting the number of swings shown in each of the three curves appearing 
in a record, the relation between the frequencies of the forks and that of the 
maintained motion of the string can be observed and tested with the exact 
combinational formula ^(rN1 + sN2). Illustrations of this method will be given 
later. 

1A new form of Melde’s experiment, Bulletin no. 6 of this Association, page 2. 
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Isolation of individual types 

As already mentioned above, the vibrations of the summational class are 
obtained with great ease. Taking only the first four types of summationals, i.e. 

with r = 1 or 2 or 3 or 4 and s = 1 or 2 or 3 or 4, we get 4x4, i.e. 16 distinct types 
possible, or if we include the cases in which either r or s is zero, i.e. those of 
resonance due to each of the forks acting by itself, 24 distinct types. In practice 
summationals of types even higher than the fourth are distinguishable. For each 
of these various frequencies of vibration, the string may divide up into one, two, 
three or more ventral segments, according to circumstances. We have therefore a 
very large number of cases in which resonance is possible, and it is a matter for 
considerable surprise that it should be at all possible (not to speak of its being 
quite easy) to isolate in experiment any one of these manifold modes and 
frequencies of vibration and obtain distinctive photographic records of the same. 
The explanation of this result is very instructive. It rests upon the following facts: 
for each of these summationals there is a limited and fairly well-defined range of 
frequency within which the natural frequency of the system should lie if 
maintenance is to be possible. If the natural frequency of the system lies within 
this range, the vibration is vigorously maintained. If outside it, the summational 
does not put in an appearance. The range becomes narrower and narrower as we 
go higher up the scale and is smallest in the very region where the summationals 
are relatively speaking most numerous. This effectually prevents their crowding 
in unduly upon each other. 

The facts mentioned in the foregoing paragraph sufficiently explain the 
successful isolation of the several vibrational types. After a little practice it will be 
found easy to arrange that any given member of the series of summationals (if not 
of too high an order) is obtained and vigorously maintained. The necessary guide 
to the proper adjustment of tension is to be had by noticing the tensions at which 
the ‘simple’ resonances in various modes due to either of the forks acting alone 
occur, and by drawing up a table of frequencies of the summational vibrations it is 
a simple matter to get the right tension for any one of them. 

In practical work, it will be found a useful device (besides adjusting the tension 
of the string to correspond with the frequency required), to regulate the amplitude 
of vibration of the forks in a suitable manner. This is readily done, if the forks are 
electrically maintained by altering the driving current or the position of the 
contact-maker. The formula to be borne in mind is, if r is large and s is small, to 
work the Nx fork vigorously and the N2 fork with quite a small amplitude of 
vibration: vice-versa if r is small and s is large. If r and s are to be nearly equal, the 
amplitudes are to be roughly commensurate with the values of r and s. This 
regulation of the amplitude ensures the desired summational being obtained 
without fail, and unaccompanied by other modes of vibration. 
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Vibration-curves of summationals 
i 

Plates I to V exhibit the photographic records for all the nine summationals 
comprised within the first three types, for one summational of the fourth type and 
one of the fifth, i.e. eleven photographs in all. The two forks used had frequencies 
of 60 and 23-7 respectively per second. In the reproductions their vibration-curves 
appear white on a dark ground and that of the string dark on a bright 
background. The two former appear one on each side of the latter. It is obvious 
from an inspection of the vibration-curves of the string that in each case the 
principal part of the maintained motion is accompanied by subsidiary compo¬ 
nents. These components are introduced by the alteration of the character of the 
maintained motion due to the imposed variable spring, and it will be seen from 
the theoretical discussion to follow that they act as vehicles for the supply of 
energy to the system. In a few cases their periodicity is fairly evident to inspection. 

Plate II, figure 1 —This is the first and most important summational, the 
frequency of maintenance being equal to the sum of half the frequencies of the 
forks. This is readily shown by counting the swings shown on each curve. Thus 

Summational jNl +\N2 

Fork Fork N2 String 

Number of swings 17-50 6-90 12-23 

Calculated frequency 60-00 23-70 41-95 

Observed frequency 60-00 23-70 41-93 

An inspection of the vibration-curve of the string clearly shows the periodic 
flattening and sharpening of the maintained motion under the joint action of the 
components of the variable spring. 

Plate I, figure 2—This shows the next higher frequency of maintenance, 
summational \NX + N2, frequency 53-7 approximately. 

Plate II, figure 1, shows the summational ^N1 +§N2, frequency 65-6. 
Plate II, figure 2, shows the summational N1 +^N2, frequency 71-9. 
Plate III, figure 1, shows the summational Nx + N2, frequency 83-7. 
Plate III, figure 2, shows the summational N1 + § N2, frequency 95-6. 
Plate IV, figure 1, shows the summational fiVj +jN2, frequency 101-9. 
Plate IV, figure 2, shows the summational §Nx + N2 frequency 113-7. 
Plate V, figure 1, shows the summational § N1 + fiV2, frequency 125-6. 
Plate V, figure 2, shows one of the summationals of the fourth type, frequency 

2N1+\N2, i.e. 131-9. 
Plate V, figure 3, shows one of the summationals of the fifth type, frequency 

2Ni +fN2, i.e. 179-3. 



Figure 1. Summational maintenance: frequency N1/2 + N2/2. 

Figure 2. Summational maintenance: frequency N1/2 + N2. 

Plate I 



Figure 2. Summational maintenance: frequency fV, + N2. 

Plate II 



Figure 1. Summational maintenance: frequency Nx + N2. 
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Figure 2. Summational maintenance: frequency Nx + 3iV2/2. 

Plate III 



Figure 1. Summational maintenance: frequency 3N,/2 + N2. 

Figure 2. Summational maintenance: frequency 3N,/2 + N2. 

Plate IV 
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Figure 1. Summational maintenance: frequency 3Nj/.2 + 3N2/2. 

Figure 2. Summational maintenance: frequency 2iV, + iV2/2. 

Figure 3. Summational maintenance: frequency 2Nx + 5N2/2. 

Plate V 
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Vibration-curves of differentials 

Using the two forks of frequencies 60 and 23*7 it was not found possible to obtain 
any cases of differential resonances, as these lay in the region in which the 
primaries and summationals were present and were strongly maintained in 
preference. After some trial, however, using forks of adjustable frequencies with 
which the frequencies of possible differentials lay far removed from that of the 
stronger resonances due to either of the forks alone or their summationals, I 
succeeded in isolating two cases of differential resonance. Plate VI, figure 1, 
represents the differential of the first type, frequency ^N1 — 2 being 52-2, the 
frequencies of the two forks used, N1 and N2, being respectively 128 and 23-7. 
Plate VI, figure 2, represents a differential of the second type, frequency Nx — N2 

being 92-3, the frequencies of the two forks used, Nx and N2, being respectively 
128 and 35-7. 

It will be seen that in both of these cases, the frequency of the differential is such 
that it cannot be readily confused with that of any resonances due to either of the 
forks acting alone or to their summationals. 

General theory of combinational maintenance 

The equation of motion of a simple oscillatory system having one degree of 
freedom when subject to two periodic forces varying its spring may be written as 

U + kU + n2JJ = 2U[a1 sin2.pxt + oc2 sin2p2t + cos2plt + /?2cos2p2t (1) 

= U[2y1 sin(2pxt + Ex) + 2y2 sin(2p2£ + £2)]. (2) 

It may also be written in the form 

U + kU + (n2 — 2yl sin 2pxt + — 2y2 sin 2p2t 4- E2)U — 0. (3) 

It is instructive to compare the equation of motion as it is written in forms (1) and 
(2) above, with that of an asymmetrical system subject to double forcing 
considered by Helmholtz. The latter may be written as 

U + kU + (n2 — yU)U = 2yx sin(2pxt + E J + 2y2 sin(2p2t + E2) (4) 

or as 

U + kU + n2U = yU2 + 2yx sin(2/qf + Ex) + 2y2 sin(2p2£ + E2). (5) 

Equations (2) and (5) are analogous in so far as the term on the right-hand side 
which represents the “disturbing force” acting on the system is in both cases a 
function of two variables, i.e. the time, and the configuration of the system: the 
form of the function is however different in the two cases. 



Figure 1. Differential maintenance: frequency NJ2 — N2/2. 

Figure 2. Differential maintenance: frequency Nl — N2. 

Plate VI 
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Equations (3) and (4) are analogous in so far as that the coefficient of the third 
term on the left which represents the “spring” of the system is in both cases a 
variable. But here the analogy ends, for in one case the variable part of the spring 
is an independent function of the time, in the other case it is a function of the 
configuration only. 

In any case, however, there is abundant material to suggest that the 
maintenance of a series of combinational vibrations should be possible under the 
joint action of two periodic forces of different frequencies varying the spring, and 
this is fully verified by the results of the experiments described above. 

Discussion of diagram of periodicities 

The exact process by which the maintenance of the combinational vibrations is 
effected in these experiments is best understood by analogy with the simpler case 
of oscillations under variable spring of only one periodicity, and by reference to 
diagram 2 below. In the theory of oscillations maintained by a simple variable 
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Diagram 2. Representation of periodicities of combinational maintenance. 

spring (Bulletin No. 6, section IV), it was shown that when resonance was secured 
by adjusting the natural frequency of the system to any multiple of half the 
frequency of the impressed force, the principal part of the maintained motion and 
the subsidiary components of smaller amplitudes introduced under the action of 
the variable spring could be arranged in the form of Fourier series. For example, 
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in the case of the 4th type of maintenance, the equation of motion is 

U + kU + n2U = 2ccU sin 2pt, 

and n being nearly equal to 4p, we have as the solution 

U = A2 sin 2pt + A4 sin 4pt + etc. 

+ B0 + B2 cos 2pt + B4 cos Apt + etc. 

Similarly in the case of the 3rd type of maintenance where n is nearly equal 3p we 

have 

U — A1 sin pt + A3 sin 3pt + etc. 

+ B{ cos pt + B3 cos 3pt -f etc. 

It will thus be seen that in each case, the subsidiary components introduced under 
the action of the variable spring proceed by successive differences of 2pt. The 
components having smaller frequencies than that of the system were the vehicles 
for the supply of energy required for the maintenance of the oscillations: those 
having higher frequencies play no such part, but are equivalent merely to a small 
alteration in the natural frequency of the system. The components of smaller 
frequencies are none of them negligible so far as the explanation of the 

maintenance is concerned: those of higher frequencies can generally (though not 

always) be safely ignored. 
In diagram 2 each of the points marked corresponds to a frequency of the 

system at which (to a close approximation) resonance is possible under the sole or 
joint action of the two components of variable spring in the experiments 
described above. The diagram also enables us to see at a glance the periodicity of 
the subsidiary components in the motion in each such case. For, starting at the 

resonance-point for the case, we move by successive steps of 2px and 2p2 

respectively parallel to the two axes, and each point so arrived at represents a 
component in the motion induced under the action of the variable spring. Only 
about one-fourth of the total number of points in the diagram can be arrived at in 
this way from a given starting-point. Such of the components as are represented 
by points lying outside the diagonal square drawn through the resonance-point, 
(as in the specimens shown by dotted lines in the diagram), may be neglected in 
considering the maintenance of the motion. For example, when considering the 
case n = (pl-\- p2) nearly, only the components which are trigonometrical 
functions of (pl + p2)t and (px — p2)t need be taken into account to arrive at an 
approximate solution. It will be seen that alternative paths starting from the same 
point lead to periodicities having the same value, with or without the sign 
reversed; and it is this fact and the negligibility of points lying outside the 
diagonal square in each case that enables a definite solution of the equation of 
motion to be obtained easily by the method of approximations. 

The diagram of periodicities has other uses. It enables us to obtain at a glance 
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an indication of the circumstances under which maintenance can be successfully 
effected in each case, and to arrange the experimental conditions accordingly. For 
instance, in the case of motion under one of the components of variable spring 
alone, we know that the adjustment of the natural frequency of the system with 
reference to that of the impressed force should be more and more accurate as we 
proceed outwards along the axes of the diagram and meet the successive 
resonance-points. In the case of the point p1 the adjustment should be accurate to 
the order a, in the case of the point 2p to the order a2, and so on, a being the 
coefficient of the variable spring (supposed small). The diagram suggests that a 
similar increase in the accuracy of adjustment would be found necessary as we 
proceed outwards from the origin in any other direction and meet resonance- 
points situated on successive diagonals (shown as dotted lines). This indication is 
amply confirmed both by experiment and by the detailed mathematical 
treatment. For instance it will be shown below that a degree of adjustment 
accurate to the order a2 would be necessary for the point pl + p2 which lies 
midway between 2px and 2p2. 

The position of any resonance-point on the diagram is also found to indicate 
approximately the amplitude of vibration of the two tuning-forks required for 
successful maintenance. 

Theory of summational of the first type 

We now proceed to consider the detailed theory of the simplest summational type 
in which the frequency of maintenance is equal to the sum of half the frequencies 
of the forks. As already explained, the whole of the string behaves as one unit, in 
other words, we may write down the equation of motion as that of a system 
having only one degree of freedom. The equation is 

U + kU + n2U = 2L/[a1 sin2 plt + cc2sm2p2t + p1 cos 2 pxt + /?2 cos 2/?2r]. (1) 

Since by assumption n is nearly equal to px + p2, we may commence building up a 
solution by putting 

U = A j sin {p1 + p2)t + Bi cos (px + p2)t + etc. + etc. (6) 

On substituting the first two terms on the right of (6) for U in the right-hand side 
of equation (1) and expanding the terms in it, we find that none of them is a sine or 
cosine of (pL -1- p2)t, i.e. represents a force which is competent to excite resonance, 
if we regard (1) as the ordinary equation of forced oscillations. It is obvious, 
therefore, that to solve the equation even approximately and explain the 
maintenance of the motion, we have to take a second subsidiary pair of terms in 
the expression for U. The frequency of these terms is ascertained at once by 
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reference to the diagram of periodicities given above, and we may then write 

U = A1 sin (pj + p2)t + Bl cos {px + p2)t 

+ A2 sin (px — p2)t + £2 cos (/?! — p2)t + etc. (7) 

The terms in 42 anc* ^2 are of course small compared with those in At Bx, yet are 
sufficiently large to make their presence felt in the vibration-curve pictured 
previously. They are introduced by the action of either of the two periodic 
components of the variable spring on the fundamental motion, and in their turn 
maintain the latter by making the requisite supply of energy to the system 
possible. This can be shown by writing out the equation of work in a manner 
similar to that adopted in my paper in the Philos. Mag. for October 1912. In the 
present case it can be shown in a much simpler way by merely equating separately 
the terms of various periodicities on either side of equation (1) after substituting 

the value of U given by (7). 
We have thus: 

writing n2 - {pt + p2)2 = 6j and n2 - (p, - p2)2 = 02, k{p1 +p2) = 4>i 

and k(p1 — p2) = (j)2 for brevity, 

6lA1 — (f)1Bl = A2(P2 — px) + B2(iXi + a2) 

+ 0i^i = ^2(ai — a2) + B2(pi + p2) 

®iA2 — &2B2 — Ai(fi2 — Pi) + Bi(<Xi — a2) 

(j)2A2 + O2B2 = Aifai + a2) + Bx(pi + p2). (8) 

It will be seen that these four equations were derived by retaining only terms 
containing trigonometrical functions of {Pi + p2)t and (pj — p2)t and neglecting 
all others. Before considering the effect, if any, of the neglected terms, it is well to 
discuss the physical significance of the equations. They give us the three ratios Al9 

Bi, A2, B2 in terms of the known quantities 0lt 02, (j)l9 <f>2, and ax, a2, Px, P2, as an 
approximate solution of the equation of motion and leave us in addition a 
relation between these ‘constants’ which must be satisfied for steady motion to be 
possible. 

We now proceed to solve the equations. This may, of course, be done in the 
usual way in terms of certain determinants, but it is more instructive to proceed 
by an approximate method retaining only terms up to the order of smallness 
desired. Assuming that al5 a2, Pi, P2 (the coefficients of variable spring) are small, 
it is obvious from the equations that A2i B2 are small compared with Al9 Bv 

Further (p2 is a very small quantity compared with 02 (which is finite and large), 
since the former is proportional to /c, the coefficient of friction, which must itself 

be small for maintenance to be possible. We are therefore justified in neglecting 
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02 and writing the last two of equations (8) thus: 

M2 = 4i(02 - Pi) + Bl(ocl - a2) 

92B2 — ^i(ai + a2) + Bi(Pi + P2)- (9) 

These equations give us the subsidiary components of motion A2, B2, in terms of 
the principal parts Al3 Bl. Substituting these values in the first two of equations 
(8), we have 

— 0i#i = tt“[(<Xi + Pi) + (a2 + Pi) + 2(ol1cc2 — /?i/?2)] 
U2 

+ -frUfaiPi + (X2Pi)l u2 

0!^+Mi =^[2(^2 + ^)] 
U2 

+ [(«? + Pi) + («1 + Pi) - 2(a,a2 - /},&)]. (10) 
“2 

Writing 

9l-^-[(«l+/»i) + («2 + i»2)]=fl 

2 
7T“(aia2 ~ PiP2) ~a 
“2 

7r(otiP2 + %2Pi) =b 
V2 

we have 

(0-aMi =(0j + Mi 

(0 + = — (0i — 

The solution of this is 

£?! 6 — a b — 0! 

^41 (j) i b 0 ci 

and the eliminant, i.e. the relation between the constants involved which must be 
satisfied for maintenance to be possible, is 

02 — a2 = b2 — 0i. 

It is interesting to consider a few special cases. For instance put 

Pi — P2 — 0 and <xx = a2 = a/2. 

(11) 

(12) 

(13) 
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From (9) we find then that 

A2 = 0 and B2 = A1ol/2. 
Also 

(14) 

From (14) it is evident that 61 and t/q are both of the order oc2/62, i.e. both the 
friction and adjustment of frequency for resonance must be correct to the second 
order of small quantities. The equations leave the actual amplitude of the motion 
indeterminate. In practice both the necessary adjustment of frequency and the 
determinateness of the amplitude would be secured by the fact that n is not 
absolutely constant, in other words by the variation of spring existing in free 
oscillations of sensible amplitude. It will be seen that the term B2 is small 
compared with A x, since the variable part of the spring is small compared with the 
permanent spring: nevertheless the term B2 plays a very important part in the 
maintenance of the motion, being, as is evident from the foregoing equations, the 
vehicle for the supply of the requisite energy to the system. 

It will be seen that the equations cannot be satisfied if = 0, as 9X + (f)l/0l then 
becomes infinitely large. According to these equations therefore, resonance is 
possible only when 6X has a small but a definite positive value: i.e. when the 
frequency of the free oscillations is very slightly greater than the sum of the half¬ 
frequencies of the two imposed variations of spring. This conclusion would no 
doubt have to be modified in view of two factors which we have not so far taken 
into account. First, the neglected terms in the motion which are trigonometrical 
functions of (px + 3p2)t and (3p1 + p2)t etc., etc. The two terms {Pi+3p2)t, 

(3pl + p2)t which are of the order a when compared with the fundamental motion 
(p i -l- p2)t cannot actually assist in maintaining it. This can be shown from very 

simple considerations. For one thing, they are not introduced by the action of 
both the components of variable spring. The first is due to one component and the 
second is due to the other. The components in the restoring force due to their 
action and which are trigonometrical functions of (p1 -f p2)t are in such a phase 

that their effect is equivalent to a small increase in the frequency of free 
oscillations of the system which is some importance when 6X is very small. 

The second factor which we have to take into account is the variation of spring 
existing in free oscillations of large amplitude. This, as in the case of oscillations 
maintained by a single variable spring, when expanded is found to contain both 
constant and periodic terms. The former are equivalent to a direct increase in the 
natural frequency of the system, and the latter profoundly modify the effect of the 
impressed forces and the phases of the respective components in the motion when 
the amplitude is at all sensible. 
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Theory of summationals of the second and higher types 

As typical of the summationals of the second type we may take the case 

nx = 2px + p2 (nearly). The equation of motion is 

U + kU + n2U = 2U 
ocx sin 2pxt 4- oc2 sin 2p2t 

4- Px cos 2pxt + P2 cos 2p2t 

We may to start with put 

U = Ax sin(2px + p2)t 4- Bx cos(2px + p2)t + etc. 4- etc. 

(1) 

(15) 

As before, we can only solve the equation by taking certain additional terms on 

the right of (15). A reference to the diagram of periodicities shows that we have to 

take three additional pairs of terms to get an approximate solution. We may thus 

write 

U = Ax sin(2px 4- p2)t 4- Bx cos(2px -f p2)t 

+ A2 sin(2p: — p2)t 4- B2 cos (2px - p2)t 

4- A3 sin p2t 4- B3 cos p2t 

4- A4sin3p2t 4- £4cos3p2L (16) 

Of course, the terms in Ax and Bx are the largest in amplitude. In substituting the 

right-hand side of (16) for U in equation (1) and writing down in the results, we 

may use the following abbreviations: 

n2 - (2px + p2)2 = 0i, fc(2Pi +P2) = <t>i 

n2 ~ (2Pi - p2)2 = d2 k(2p1 - p7) = <j>2 

n1 - pj = d}kp2 =03 

n2 - 9p\ = 04 3kp2 =4>4- (17) 

By equating the various sine and cosine terms on either side of (1) after 

substitution, we" have 
9XAX — (f)xBx = fixA3 + <xxB3 P2A2 4* x2B2 

4>XAX 4- 9XBX = - a.xA3+pxB3 - a2A2 + P2B2 

92A2 — 02^2 = Pl^l ~~ <X2Bx — fiXB3 4- 0CxB3 

(j)2A2 4- 92B2 = oc2Ax 4- P2Bx 4- olxA3 4- pxB3 

^3^3 — 03-^3 = P 1^1 — al Bx — PxA^-\- CCxB2 

4- P2A4 — a2B4 

(f)3A3 -)- 93B3 = ocxAx 4- P\BX 4* ocxA2 P2B2 + oc2^4. T P2B4. 

94A4 - = p2A3 4- cc2B3 

(f>4.A4 4- 04J34 — — X2A3 T P2^3* (18) 
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From the last four equations in (18) it will be seen that a further simplification 

can be effected. For A4 and B4 are of the order a2, P2 in comparison with A3 and 
B3, and the terms fi2A4, oc2B4, oc2A4 and fi2B4 on the right-hand side of the fifth 
and sixth equations in (18) can therefore be neglected in comparison with all other 
terms involved. We are therefore finally left with six equations only 

61A1 — = Pi^3 + a1^3 + $2^2 + a2^2 

4- 61B1 = — cclA3 4- PXB3 — cc2A2 4- P2B2 

92A2 ~ 4*2^2 ~ $2 A1 ~ a2-^l Pl^3 "F a1^3 

4>2A2 4- 62B2 = cc2Al 4- p2Bl 4- oi1A3 4- PxB3 

63A3 - (j)3B3 = pxAx - a 1B1 - filA2 4- ct1B2 

(j)3A3 -1- 63B3 = cl1A1 + PiB1 4- %iA2 4- P\B2. (19) 

These equations contain only terms having three periodicities, i.e. the principal 
part of the maintained motion of frequency (2pl 4- p2)/2n and two others, 
subsidiary to it, which are given by the two nearest admissible points on the 
periodicity diagram, i.e. of frequencies (2p — p2)/2n and p2/2n respectively. These 
components are derived from the principal motion by the action on it of the 
variations in spring, and serve to maintain it permanently in the presence of 
dissipative forces. They are both small compared with the main motion provided 
ax, a2, px, p2, are small. Plate II, figure 2, represents the vibration curve of this 
type of summational, and the component of frequency p2/2n (i.e. half that of the 
graver fork) is very obvious to inspection. 

Equations (19) when solved give us values for the five ratios (B1/Al\ (B2/Ax)9 
(B3/Ax), (42/4i) and {A3/Al) and leave us in addition a relation between the 
“constants” involved in the equations which must be satisfied for steady 
maintenance to be possible. The solution of the equations by the method of 
determinants is really a formidable business and is in fact unnecessary: an 
approximate method of solving them may be used which gives results quite as 
accurate as the equations themselves. We notice that A2, B2, A3, B3 are small 
quantities relatively to Al9 Bu and further, since /c, the co-efficient of friction, is 
necessarily very small for maintenance to be possible, the quantities 3 are 
negligible in comparison with 02 and 03. The first step in solving the 
equations (19) is therefore to simplify the last four of them and obtain 
approximate values for T2, B2, A3, B3. 

We thus have 

e2B2 = ct2Al +^2Bl +-—(2txiPlA1-a21- pjB^ 
“3 
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63A3 = plAl - <xiB1 + ^-(a1a2 - PiP2Ai + aift> + ^PiBi) 
“2 

93p3 = <x1A1 p1B1 + —(a 1P2 + UiPi Ai ~~ aia2 ~ PiP2Bi)- (20) 
(J2 

The equations give us the values of the subsidiary components of motion in terms 
of the principal part and of the coefficients of the variable spring by which they are 
produced. 

Substituting these values in the first two of equations (19) we have 

01^1 + 01^1 = n a [^2(al + Pi) + $3(a2 + Pi) U2U3 

+ 2/?2(ai — P\) + 4a2a1/?1] 

+ - 2a2(af - fi*)] 

<Mi +0lBl=A^[4/]2!Xlfil-2a2(af-fi2l)] 
“ 1^3 

+ + Pi) + ^3(a2 + Pi) 
V2V3 

- 2P2(*i ~ Pi) ~ 4a2ai/?i]. (21) 

Writing 

e, - +/»?)+03(«2 + Pin = e 
“2^3 

^4“[2ft>(ai - 0i) + 4a2oclJ81] = a 

—-[4/^aJii - 2a2(a? - Z^)2] = 6 

equations (21) may be put into the form 

(6-a)A1 =(4>i +6)5i 

(0 + a)^ = -(^-i)/!,. (22) 

It will be seen that equations (22) are identical in form with equations (11) 
obtained for the summational of the first type and the further discussion must 
proceed on much the same lines. 
The solution is 

Bx 9 — a b — (j) 

Ai 4*i T ^ 0 + o 
(23) 
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and the eliminant is 
e2-a2 = b2-(j)2l. (24) 

We may as before consider the special case in which ft, = p2 — 0 and = oc2 
= a 

62A2 = — ccB, + oc2Al/63 

62B2 = olA1-(x2B1/63 

63/13 = — ccB, + a 2Al/62 

63B3 = ixA, — cc2Bi/62 

B, 9l62e3 - x2{62 + 63) ~ 2oe3 " fM3 

A, <t>\0203 — 2a3 6,d263 — x2{62 A 63) 

16,626, - a2(02 + 63)-]2 = 4a6 - <p\6\62. (25) 

For maintenance to be theoretically possible in this case, the frictional 
coefficient k should be of the third order of small quantities and the adjustment of 
frequency must therefore be accurate up to the same order. 

Cases of summationals of higher orders can be worked out in a similar 
manner, the approximation being carried to a higher and higher degree as we rise 
up the series. 

Theory of differentials 

The solution of the equation of motion in the case of the first differential is 
obviously to be obtained in this case by merely writing A,, Bl9 6,, (p, for A2, B2, 
62, (p2 and vice versa, in equations (8) obtained for the summational of the first 
type. We thus have 

6,A,-(p,B, = A2(P2 -p,) + B2{x, -cc2) 

0i^i + 6,B, = A2(al + a2) + B2(p, + p2) 

62^2 — 02-^2 — T 1 (Pi — Pi) + ^l(al + a2) 

(p2A2 + 62B2 = A,(x, — a2) + B,(P, + /?2) (26) 

where 

U = A,sm{p1 -p2)t + B,cos{p, - p2)t 

+ A2 sin (pj + p2)t + B2 cos{p, — p2)t + etc. (27) 

61 = n2 - pi - p\, 62 = n2-p,+ p\ 

01 = KPi ~ P2) & 02 = KPi + P2\ 

and 



THE MAINTENANCE OF COMBINATIONAL VIBRATIONS 157 

Proceeding as before, we put 

#2^2 = ^l(Pl ~ Pi) + #l(ai + a2) 

^2^2 = ^(al — a2) + ^l(^l + ^2) (28) 

Mi - = ^[(a? + + (aj + j&f) - 2(a1a2 + Plp2)'] 

+ ■7C~[2(<2i/?2 ~ a2^l)3 
^2 

<Mi + Mi =4i[2(a1j52- 
“2 

+ Tp[(ai + Pi) + (a2 + ^2) + 2(a1a2 + ^1^2)]- (29) 
“2 

It will be seen that equations (29) are of the same general form as (10) with 

certain modifications. The terms on the right-hand sides of (10) and (29) can be 

derived from each other by writing cc2 f°r — a2 an^ vice versa. The further 
reduction of equations (29) may be proceeded with in the usual way. 

The outstanding feature of the differential types is the relative difficulty of 

isolating and maintaining them successfully. No doubt this is partly due to the 

fact that the differentials of any given order are of much lower frequency than the 

summationals of the same order, and they lie therefore generally in the very 

region of frequencies in which simpler types of resonance are maintained far more 

powerfully over wide ranges. These latter are maintained by preference and 

extinguish the differentials. The foregoing however does not appear to be a 

complete explanation. Possibly the following further considerations must also be 

taken into account in explaining the relative poverty of differentials. In the 

mathematical discussion, it was shown that the subsidiary components of motion 

introduced under the action of the variable spring, themselves enabled the 

principal motion to be maintained, and the relative amplitudes and phases of 

these components were determined on the assumption that n2, the free spring of 

the system, was a constant. It was however indicated that in practice this was not 

strictly the case, and in fact the success or otherwise of the experiments, i.e. the 

steady maintenance of vibration in a certain amplitude, is dependent on the 

quantity n2 not being itself absolutely a constant. For large displacements n2 is 

greater than for small displacements and the equation of motion when modified 

to take account of this fact may be written thus, 

U + kU + [n2 + mU2 — 2ol1 sin 2pxt + ^ cos 2pxt 

— 2oL2sin2p2t + p2co$2p2t]U = 0. (30) 
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The quantity mU2 has been added to the third term within the brackets to 
represent the increase of spring for large displacements in a symmetrical system. It 
is obvious that when expanded for any periodic solution of U, mU2 will give us 
both constant and periodic terms. The latter, i.e. the periodic terms, would be of 
various frequencies, and of them the most important would be those which are 
sines or cosines of 2pxt or 2p2t, since they would directly modify the action of the 
components of the variable spring. It is therefore quite evident that the 
amplitudes and phases of the subsidiary components of motion would not be the 
same as when mU2 is omitted. Some components would tend to increase at the 
expense of others. Instances of such action have already been furnished in 
Bulletin No. 6 (page 28) when discussing maintenance by a simple variation of 
spring. 

What we may expect to find is that when mU2 is taken into account in the 
equation of motion, the subsidiary components which maintain differentials are 
less effective than they would otherwise be, whereas, in the case of summationals, 
they would be more effective. For, in the former case, some of them at least are of 
frequency higher than that of the maintained motion, in the latter they are 
invariably less, and the components of lower frequencies are encouraged at the 
expense of those of higher frequencies. 



Philos. Mag. 31 47-51 (1916) 

On discontinuous wave-motion—Part I 

C V RAMAN, M.A. 
and 

S APPASWAMAIYAR* 

[Plate I] 

An analytical discussion of the principal mode of vibration of a bowed string as 
ascertained from the form of its vibration-curves, leads to the result that at two 
epochs in each period of vibration the string should pass as a whole through its 
position of statical equilibrium, alternately in opposite directions. At the first 
epoch, according to the analysis, the velocity at every point on the string is 
proportional to its distance from one end, there being a discontinuous fall of the 

velocity to zero at the other end. At the second epoch the state of matters is 
reversed, the motion being such that the velocities are proportional to the 
distances from the farther end, the discontinuous fall being at the nearer. These 
results are of importance as defining the essentially discontinuous nature of the 
motion involved, but it is noticed from the literature of the subject1 that they are 
obtained by an elaborate and indirect analytical process from the observed form 
of the vibration-curves, and have not so far received direct experimental 
confirmation. Some time ago it occurred to one of us that an experimental test 
was not impracticable and would be of considerable interest, as affording a direct 
demonstration of the discontinuous distribution of velocity indicated by the 
analysis. The present paper deals briefly with the method adopted and the results. 

The mode of vibration of the string is evidently determined by its configuration 
and its velocities at either of the two epochs referred to above. If, therefore, it is 
possible directly to impose at every point of a finite string in its position of 
equilibrium the initial distribution of velocities with a discontinuity at one end 
indicated by the analysis, the resulting free oscillations should have the same 
characteristic vibration-curves as a bowed string. We have found it possible 
successfully to realize these conditions in experiment by arranging that a 
stretched string has initially a uniform angular velocity about one end, and that in 
the course of this motion one point on it impinges upon and is suddenly brought 

* Communicated by the authors. 

fSee Riemann and Weber’s The Partial Differential Equations of Mathematical Physics, pp. 216 

223. 
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to rest by a fixed stop or bridge provided for the purpose. The length of the string 
between the fixed extremity and the bridge is thus isolated, and photographs of 
the vibration-curves of the resulting motion are secured by the following device. 
By setting a narrow slit across and immediately behind the string in any desired 
position, and illuminating the slit with the light from an electric arc, any given 
point on the string can be caused to record its motion photographically on 
sensitive paper contained in a dark slide which is caused to move in a direction 
parallel to the string, i.e. vertically downwards, with uniform velocity behind the 
illuminated slit. The necessary movement of the string itself is secured by drawing 
it to one side together with the weight attached to its free end, and allowing it to 
swing down in the manner of a pendulum before one point on it comes up against 
a fixed stop, which is placed about three-fourths of the way down between the 
upper fixed extremity and the free end. The shadow of the string across the slit 
records itself on the photographic paper as a white curve on a dark ground. Six 
records obtained in this manner are reproduced in plate I. One of the points of 
observation chosen was the centre of the string and the others were on either side 
of it. 

It will be noticed that the records show the motion at each of the points of 
observation, both before and after the first impulse set up by the impact reaches it. 
The velocity at every point in the initial motion is exactly the same as the velocity 
of the upward motion in the vibration-curves. The form of the vibration as shown 
by the records evidently reproduces that of a bowed string in a very perfect 
manner, the discontinuous changes of velocity being clearly shown. Though the 
motion is a free oscillation, it remains practically unaltered in form for a 
considerable number of periods, and the experiment can thus be readily projected 
on the screen, and is suitable for lecture demonstration. 

We shall now briefly consider the theory of the experiment described above 
from two distinct points of view. First, by application of the Fourier 

Analysis: Taking the originally fixed end as the origin (x = 0) and the position of 
the string at time t = 0 as the axis of x, we obtain the expansion 

. tlx . 2nt . 2nx . 4nt 
y = ax sin — sin —— + a2 sin —— sin + &c., 

I T l T 

in which the cosine terms are entirely absent, y being equal to zero when t = 0. 
The values of the coefficients ax, a2, &c. have to be found from the initial 
condition (dy/dOt = o = cox. By expanding cox in a series of sines, differentiating the 
expression for y, and putting t = 0, we obtain 

2n 

~T 

. tcx . 2nx 0 
al sin — + 2a2 sin ——b &c. 

/ / 

2lco 

71 

. nx 1 . 2nx 
sm —— - sm ——b &c. 

/ 2 l l 
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Plate I. Photographs showing the initial movement and the subsequent vibration with discontinuous 

changes of velocity. 
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The values of the coefficients may now be written down: 

IcoT 

and so on. Finally we have 

l IcoT 

4 n2 

n — co 

y= I (-i)n_1 
n= 1 

IcoT 

n2n2 
sin 

nnx . 
——sin 

2nnt 

To find the character of the motion expressed by the series, we have to effect its 
summation. This is best done by differentiating the series and writing it in the 
form 

dy 

dt 
(-i r1 

1(0 

rnz 
sin nn + sin nn 

The two series into which the expansion has thus been split up may be summed 
independently and then added together. It will suffice to trace the value of dy/dt 

over times ranging from t. = 0 up to t = T, as the values subsequently repeat 
themselves. At any given point x0 on the string, the velocity dy/dt remains at its 
initial value cox0 from t = 0 up to the time t = T/2(l — x0/l). It then suddenly 
changes to the value — co(/ —x0), at which it remains up to the time t=T/2 

(/ + x0/l). The velocity then suddenly regains its original value cox0, which it retains 
up to the end of the complete period T. From these values the configuration of the 
string may be constructed, and is seen to consist of two straight lines meeting 
sharply at a point which travels with uniform velocity 21/T along two parabolic 
arcs situated one of either side of the string. As the edge or angle in the 
configuration of the string passes over any point on it, the velocity at that point 
suddenly alters by the quantity /co. This sudden alteration of velocity is evidently 
due to the resultant of the forces acting on the element of the string over which the 
edge passes being infinite in proportion to its mass, and in this we may trace the 
propagation of the impulse originally sent out by the impact on the bridge. 

Secondly, by the geometrical method: Since the impulse set up by the sudden 
stoppage of the motion at the bridge should evidently travel with the ordinary 
velocity of wave-propagation, the character of the motion can be found from 
purely geometrical considerations without the aid of the Fourier Analysis, and 
this is really the more instructive method of considering the problem. The 
solution of the equation of wave-propagation on an infinite string not subject to 
damping is 

y — f(x —at) + F(x + at). 

Differentiating with respect to time, we have 

dy 

dt 
af'{x — at) + aF\x + at). 
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If the two terms on the right-hand side of this equation are periodic functions with 
wavelength equal to 21, and are so related that at the two points x = 0 and x = /, 

dy/dt has always zero value, the velocity at any point on the finite string in the 
actual case can be found for any instant during the vibration by summation of the 
values of the two functions. At time t = 0, in the experiment described, the initial 
displacements of the string from the position of equilibrium are everywhere zero, 
and we may therefore take half the initial velocity at each point for the positive 
velocity-wave and the other half for the negative velocity-wave, and the two 
waves may be constructed in the manner shown in the figure below. 

By superposing the waves after shifting them through equal distances in 
opposite directions, the character of the motion at every point on the string can be 
found by inspection, and the configuration of the string can be found from the 
known velocities and the times during which they subsist. The geometrical 
construction shown in the figure emphasizes the fact that the case is essentially 
one of the propagation of a discontinuous wave. 

The experiments described in this note were first made at the Presidency 
College, Madras. 

The Indian Association for the Cultivation of Science 
Calcutta, 27 August 1915 
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On discontinuous wave-motion—Part II 

C V RAMAN, M.A. 
and 

ASHUTOSH DEY* * 

[Plate I] 

In an important paper on the theory of discontinuous wave-propagation1, 
Harnack has given an elegant general formula expressing the mode of vibration 
of a string whose configuration is completely determined by a finite number of 
discontinuous charges of velocity travelling over it. As an illustration of his result, 
Harnack has discussed, in some detail, the cases in which the form of vibration is 
determined by one and by two such changes of velocity respectively. The analysis 
indicates that the case of a single discontinuity is identical with that of the 
principal mode of vibration of a bowed string, and in a previous communication 
from this laboratory1 it has been shown how this mathematical result may be 
confirmed experimentally. The general case of two discontinuities considered by 
Harnack covers a considerable and interesting variety of forms of vibration, and 
the method described in the previous paper has now been successfully extended 
so as to obtain an experimental confirmation of Harnack’s results in some of these 
cases also. 

Experimental method 

If Cl and C2 represent two discontinuous changes of velocity travelling on a 
string of finite length which completely determine its motion, the velocity- 
diagram of the string must in general consist of three parallel straight lines as 
shown in figure 1(a) or figure 1(b). Each of the two outer lines passes through one 
of the fixed ends of the string and is separated from the intermediate line by a 
discontinuity. 

♦Communicated by the authors. 

+A Harnack, Math. Ann., xxix, p. 486. 

*C V Raman, M.A. and S. Appaswamaiyar, “On discontinuous wave-motion.” Philos. Mag. January, 

1916. 
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(a) (b) 

Figure 1 

In figure 1(a) the discontinuities are of the same sign, and in figure 1(b) they are 
of opposite signs. A velocity-distribution similar to that shown in either of the 
figures would be obtained if a string has initially a uniform angular velocity about 
a point in its own line, and if in the course of this motion the two points A and B 

are suddenly fixed, either simultaneously or else successively, at an interval less 
than that necessary for an impulse to travel from A to B or vice versa. If the point 
about which the string has initially a uniform angular velocity lies within AB, we 
have the case shown in figure 1(a). If it lies in BA produced, the velocity- 
distribution is similar to that shown in figure 1(b). The photographic records 
presented with this paper (plate I, figure 2) refer to a case in which the string has 
initially a uniform angular velocity about a point lying outside the two fixed stops 
A and B, and the discontinuous changes of velocity which determine the form of 
vibration are therefore of opposite signs. 

The method by which the records are obtained is similar to that described in 
the previous paper, but with certain necessary modifications. The tension and 
initial motion of the string are, as before, secured by a weight attached to its free 
end, which is allowed to swing down in the manner of a pendulum. The stops A 

and B are placed approximately in a vertical line below the point of suspension of 
the string. As soon as the string impinges on the lower stop B, the weight swings 
inwards, and the end B is thus effectually fixed. The upper stop A, however, 
presents some difficulty as it is practically in the same line as that joining B with 
the point of suspension, and does not therefore, except at the first impact, 
effectually fix the string at A. To avoid this difficulty, a small cylinder of soft iron is 
fixed to the string midway between A and its point of suspension, and an 
electromagnet is provided which, when the string reaches the vertical position 
carrying the cylinder with it, draws the latter inwards and then holds it. The stop 
at A is thus rendered completely effective. The initial motion at any point on the 
string between A and B and its subsequent vibration are photographically 
recorded on sensitive paper contained in a dark-slide, which moves downwards 
behind an illuminated slit set across the string*. 

When the position of the stops A and B is such that the string impinges upon 
both simultaneously, the impulses cross one another midway between A and B, 

*For facility of work, it is arranged that the weight and string are released electromagnetically. 
Simultaneously an auxiliary pendulum is released, which after an adjustable interval of time breaks a 

contact and releases the photographic slide. 
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Figure 2. Photographs of vibration-curves showing the initial motion and the subsequent vibration 

with discontinuous changes of velocity. 

Plate I 
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and the resultant vibration is then necessarily symmetrical. The first six records 
shown in the plate refer to the motion at different points when this condition is 
practically attained. The last record, however, shows a different case, in which the 
string is fixed at the stop A an appreciable interval after it is fixed at B. This 
condition is attained by drawing A a little out of the straight line joining B and the 
point of suspension. The discontinuities cross elsewhere than at the centre of the 
string twice in each period of vibration, and the vibration-curves are then 
necessarily asymmetrical. This is evident from the record shown. 

Theory 

The theoretical form of the vibration-curve at any specified point may be deduced 
from the velocity-diagram. For, the velocity at any given point on the string is 
unaffected by the motion of the discontinuities except when one of them actually 
passes over it. The successive velocities and the intervals for which they subsist 
are thus known, and the vibration-curve which represents the resulting 
displacements may be plotted from these values without difficulty. The records 
shown in the plate are found to be completely in agreement with the results thus 
obtained. The special feature of interest is that the vibration-curves are seen to be 
intermediate in form between the two-step zigzags of a bowed string and those 
characteristic of a plucked string*. The reason for this is not far to seek. When one 
of the discontinuities is zero, we have, as already seen, the case of the bowed 
string. When Cx — — C2, the motion reduces exactly to that of a string plucked at 
the point at which the discontinuities cross. The cases actually recorded in these 
experiments are those in which C1 and C2 are unequal but of opposite signs, and 
are thus intermediate between the two extreme types referred to above. 

The cases in which Cx and C2 are of the same sign are also of interest in 
connexion with the theory of the special forms of vibration of a bowed string 
obtained at the “wolf-note” pitch, and also under other conditions when the 
vibration-curves assume the form of four-step zigzags. Experiments are being 
undertaken to reproduce these special forms of vibration by the method indicated 
in this paper. 

Summary and conclusion 

In these experiments, the characteristic vibration-forms produced by the motion 
of two unequal discontinuous changes of velocity of opposite sign have been 
observed and recorded photographically. Some are of the symmetrical type and 

*Krigar-Menzel and Raps, Sitzungberichte of the Berlin Academy, 1983, p. 509. 
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the others are asymmetrical. The results are in full agreement with the 
mathematical theory first given by Harnack. The vibration-curves are found to be 
intermediate in form between those characteristic of bowed and of plucked 
strings. The cases in which the discontinuities are of the same sign are also of 
special acoustical interest and will be studied separately. 

The Indian Association for the Cultivation of Science 
Calcutta, 29 September 1916 
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On discontinuous wave-motion—Part III 

C V RAMAN, M.A. 
and 

ASHUTOSH DEY* 

[Plate I] 

In a previous communication under the same title published in this Journal 
(Philos. Mag., January 1916), it has been shown that by imposing a linear 
distribution of initial velocities with a discontinuity at one end upon a stretch¬ 
ed string in its position of equilibrium, free oscillations may be obtained of 
identically the same type as the principal mode of vibration of a bowed string. The 
experiment furnishes a striking confirmation of the analytical theory of the 
motion of bowed strings. In the present paper it will be shown that some of the 
more complicated types of vibration of a bowed string may also be investigated 
by similar methods. Figures 1 and 2 (plate I) reproduce a few typical records 
from amongst those secured in the course of this work. 

From the mechanical theory, it appears that the most general form of vibration 
of a bowed string obtained by applying the bow at a point not coinciding with any 
node of importance approaches in the limit a type defined by one, two, three, or 
more equal discontinuous changes of velocity travelling over it. But when the 
limiting conditions are not attained, the mode of vibration may still to a close 
approximation be defined by a finite number of such discontinuous changes of 
velocity, these no longer being all equal to one another or of the same sign. In the 
present paper we are concerned only with the cases in which two discontinuous 
changes having the same sign define the form of vibration. These cases may be 
considered in two broad divisions, the first comprising the limiting types in which 
the two discontinuities are of the same magnitude and sign; and the second, those 
in which they are unequal. We may discuss these separately. 

Two equal discontinuities 

In this case the velocity-diagram of the string must evidently consist of three 
parallel straight lines, each passing through one of the three nodes of the second 

^Communicated by the authors. 
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harmonic, namely, the two ends of the string and its centre. At particular epochs, 
however—that is, when the discontinuities pass each other or reach an end of the 
string—one or even two of the straight lines may contract and vanish, leaving 
only two lines or one line on the diagram. For instance, if the two discontinuities 

Figure 1. Photographs of vibration-curves showing initial motion and subsequent vibration with 

two equal discontinuous changes of velocity. 

Plate I 
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are at the two ends of the string simultaneously, the diagram reduces to one line 
passing through the centre of the string. As the discontinuities move in towards 
the centre, two new lines appear, each passing through an end of the string, and 
the third line passing through the centre gradually contracts and finally vanishes 
when the discontinuities both arrive and pass each other at the centre. The line 
then reappears and the form of the velocity-diagram then goes back to its initial 
state, passing through the same stages in the reverse order. It is obvious that in 
this case the centre of the string remains completely at rest, and that the string 
vibrates in two segments with double the ordinary frequency, the fundamental 
component being entirely absent. In general, however, the discontinuities do not 
cross at the centre of the string, but at some other point; if one such crossing takes 
place at a point distant 1/2 + b from an end (/ being the length of the string), a 
second crossing would take place half a period later at the point 1/2 — b. The 
vibration-curve at either of the points 1/2 ± b is readily seen to be a simple two- 
step zigzag. For, the velocity of either point remains unaltered when the two 
discontinuities pass over it simultaneously in opposite directions, and changes 
only at the two epochs at which either discontinuity passes over it singly. If tan oc 

be the slope of the lines of the velocity-diagram, the velocity at either point 
changes at the first epoch from b tan a to (1/2 — b) tan a, and changes back again to 
its original value at the second epoch. The fraction of the total period of vibration 
during which the larger velocity subsists is given by the ratio b/2/, or by the ratio 
(/ — 2b)/l, according as b is smaller or greater than 1/4. 

The form of the vibration-curve at other points on the string in the case 
considered above may also be found by tracing the successive changes of velocity. 
It is obvious that the curves for points lying outside the limits 1/2 ± b are different 
in character from those for points lying between these limits. For, the 
discontinuities pass any point lying outside the limits 1/2 + b alternately in 
opposite directions, so that the velocity of such point alternates between two, and 
only two, constant values. But within those limits the discontinuities pass any 
given point, first successively in the same direction, and then successively in the 
opposite direction. The vibration-curves of points lying outside the limits 1/2 ± b 

are four-step zigzags, in which alternate lines are parallel to each other. The 
vibration-curves of points within the limits 1/2 ± b are also four-step zigzags, in 
which two of the lines are parallel to each other, but the other two are not. The 
most characteristic vibration-curve is that for the centre of the string. This point 
remains at rest for a considerable interval, twice in each period of vibration, the 
two positions of rest lying one on either side of the undisturbed position of the 
string. The smaller the distance b is, the more closely are the two positions of the 
centre of the string situated. The vibration-curve of the middle point of the string 
thus consists of two long horizontal lines which take up a considerable fraction of 
the period of vibration, and are separated by short steep lines representing the 
motion from one position of rest to the other, and vice versa. 
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Experimental method 

It is evident that the modes of vibration described above would be perfectly 
reproduced if a string has initially a uniform angular velocity about one point, 
and if in the course of this motion two other points on it situated at equal 
distances on either side of the first are suddenly fixed with the result of isolating 
the string between them. If A and B are the points thus fixed and C is the point 
about which the string has initially a uniform angular velocity, so that AC = CB, 

the mode of vibration elicited would evidently depend upon the simultaneity, or 
otherwise, of the fixation of the string at A and B. If the two points are fixed at the 
same instant, the discontinuous changes of velocity travelling inwards from A 

and B meet at the centre, and the string would, as already explained, vibrate in 
two segments. On the other hand, if one of the points is fixed earlier than the other 
by an interval of less than half a period, the discontinuities cross at some point on 
the line AB other than the centre of the string, the position of such point being 
capable of adjustment by a suitable alteration of the interval of time between the 

fixing of the string at the points A and B. 

The experiment here indicated may be successfully performed with a steel 
“string” stretched on a light frame capable of motion round a horizontal axis at 
right angles to it. The necessary tension is secured and maintained by a spring- 
balance fixed to one end of the frame, which keeps the string taut. A small load 
fixed to the frame on one side causes it to swing into a horizontal position with the 
angular velocity desired. At this position the string comes up against two stops, 
one on either side of it, situated at equal distances from the horizontal axis about 
which the frame and string move. If the two stops A and B are exactly in line with 
the string at this instant, the impacts take place simultaneously. By putting one of 
the stops out of line, any desired interval between the impacts may, however, be 
secured. It is found (with the arrangements adopted by us) that a vertical 
displacement of one of the stops by a millimetre is equivalent to about half a 
period in the interval between the impacts, smaller displacements securing 
proportionately smaller intervals. Just before the impacts take place, the dark 
slide containing the photographic paper is released automatically, and moves in a 
direction parallel to the string, recording the initial motion and the vibration of 
the string at any point desired. The optical arrangements are similar to those 
described in the first paper of the series. 

Figure 1 (plate I) shows eight records secured by these arrangements for 
various points on the string, and exhibits a complete agreement with the 
indications of theory. Two of the records (for 3//8 and 5//8) show a close approach 
to the simple two-step zigzag form for the point at which the discontinuities cross. 
The ratio of the two velocities of this point or of any other point lying outside the 
limits 1/2 ±b is equal to the ratio of the distances of such point from the centre and 
the nearer end of the string. The photographs furnish a confirmation of this 
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Figure 2. As in figure 1, but with two unequal discontinuous changes of velocity. 

Plate I 

kinematical law. Numerous records (not published) have also been secured of the 
vibration-forms obtained for values of b ranging from zero to 1/2. When b — 1/4, 
the two sides of the two-step zigzag for the points 1/2 ± b are equally steep, and a 
vibration of the type considered here cannot therefore be elicited by the bow with 
a two-step zigzag motion at the bowed point if b> 1/4. As b is increased from 1/4 
to 1/2, the vibration-curve at every point on the string approaches the simple two- 
step zigzag form, and finally becomes identical with it. 

Two unequal discontinuities 

By setting the axis of rotation of the frame elsewhere than at the point bisecting 
AB, the case of two unequal discontinuous changes of velocity may be realized 
experimentally. In this case, no line on the velocity-diagram passes through the 
centre of the string. If the discontinuities cross at the points 1/2 ± b, theory shows 
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the vibration-curves for points outside these limits to be four-step zigzags, in 
which the two lines of small slope are parallel, but the other two lines are not 
parallel to each other. Between the limits 1/2 ± b the vibration-curves are four- 
step zigzags in which none of the lines are parallel. If b = 0, the vibration-curves 
are everywhere of a symmetrical type. Otherwise they are everywhere unsym- 
metrical. The vibration-curves at the points 1/2 + b consist of only three lines in 
each period unless b — 0, in which case there are only two. The most interesting 
forms are those obtained at the centre of the string and those near an end. 

Figure 2 (plate I) shows some records obtained when the axis of rotation of 
the frame passed through a point of trisection of the length AB. Here again a 
complete agreement with theory is shown. Forms of vibration set up by two 
discontinuous changes of velocity may be obtained by bowing a string near one 
end with pressure insufficient to elicit a pre-eminent fundamental*. In this case 
the discontinuities are generally unequal, though in special cases they may 
approach or attain equality. Generally, the vibration-forms thus obtained are 
unsymmetrical; but they may closely approximate to the symmetrical types under 

favourable conditions*. 

Summary and conclusion 

By setting up two discontinuous changes of velocity, either simultaneously or in 
succession, upon a stretched string which has initially a uniform angular velocity, 
vibration-forms may be obtained which are identical with: (a) the motion of a 
string bowed with suitable pressure close to its centre, or at a distance from it not 
exceeding a quarter of its length; (b) the motion of a string bowed near an end with 
pressure insufficient to elicit the fundamental pre-eminent; and (c) the successive 
stages of the vibration obtained by bowing a string near an end at the “wolf-note” 
pitch, or under certain other circumstances in which cyclical, not periodic, 
vibrations are obtained. 

The photographic records are in complete accord with theory, and are an 
interesting illustration of the experimental analysis of discontinuous vibration- 
farms. 

The experiments described in this note were carried out in the Laboratory of 
the Indian Association for the Cultivation of Science. 

Calcutta 
8 November 1916 

*“On the Wolf-note in Bowed Stringed Instruments.” By C V Raman, M.A., Philos. Mag. October 

1916. 
Nome of the symmetrical stationary forms with two unequal discontinuities obtained by bowing were 

observed and figured by Helmholtz (Sensations of Tone, English Translation by Ellis, page 85). 

Helmholtz’s drawing is, however, not quite correct, as the shorter descent should appear in the 

vibration-curve as less steep than the longer. 
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An experimental method for the production of 
vibrations 

C V RAMAN 

SYNOPSIS 

Forced vibration of strings; the Melde experiment. Improvements of Fleming's modification are 

described which enable the amplitude of the forced vibration to be varied, which minimize lateral 
vibration, and which make it possible to obtain linear, circular or elliptical vibration as desired. This 
improved apparatus is useful for studying or demonstrating the various types of motion possible for a 
stretched string. Five photographs illustrate the results which may be obtained. 

Forced vibration of strings. The phenomenon observed by Jones and Phelps, that when two or more 

different types of vibration are simultaneously obtained, the ratio of the number of ventral segments 
may differ from the ratio of the frequencies of maintenance, is briefly discussed. 

Prof. J A Fleming* has recently devised and described a very simple but 
ingenious and compact piece of apparatus to illustrate the close analogy existing 
between the transmission of mechanical vibrations along a loaded string and the 
propagation of alternating electric currents along a telephone cable having 
inductance coils inserted in it at equidistant intervals. For this purpose, the well- 
known method of producing forced vibrations on strings due to F Melde is not 
suitable; for, when a long heavily loaded string is used, very large forks would be 
required, and the reaction of the string when under tension would generally result 
in stopping the fork even if the latter be electrically driven. Further, it is also 
desirable to have a means of altering the frequency of vibration which is not 
possible with Melde’s method except by changing the fork. Prof. Fleming 
therefore replaced the fork in the Melde experiment by a small continuous- 
current electric motor, on the shaft of which a disk carrying an excentrically 
placed pin is fixed. The pin actuates a light crank shaft, which is connected at the 
other end to a rocking lever. The string is maintained in vibration by having its 
extremity attached to a small hook fixed to the crank-shaft. With an arrangement 
of this kind, it is possible to impose either a linear or circular vibratory movement 
on the extremity of the string as desired. 

In experimenting with an apparatus of the type described above, the present 

*Proc. Phys. Soc. London December 1913, p. 61. 
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author found that its usefulness is considerably enhanced by certain improve¬ 
ments which he has made in it. In Fleming’s apparatus, as illustrated in his paper, 
the excentric pin is permanently fixed to the disk carried on the shaft of the motor. 
The amplitude of the obligatory circular or linear vibration imposed on the 
extremity of the string is consequently invariable. This is a disadvantage, as in the 
practical use of the apparatus, it is often useful to be able to alter the amplitude of 
the obligatory motion quickly to any value, either large or small, as may be 
desired. Further, the author has found that with an apparatus of the Fleming 
type, when the shaft of the motor is in rapid rotation, the rocking lever and crank¬ 
shaft tend to develop vibrations in a direction transverse to their plane, and this 
introduces undesirable complications in the forced vibration of the extremity of 
the string. To remedy these defects and make the apparatus a real precision 
instrument for the study of vibrations, the design of the working parts has been 
modified as shown in figure 1. The disk fixed to the shaft of the motor has a slotted 

Figure 1 

plate screwed to it a little above the general surface, and the crank-pin is carried 
by a sliding piece which can be put at any desired point and fixed by a single half¬ 
turn of the screw-head shown in the figure. The rocking lever moves between well- 
oiled guides which prevent any lateral vibration, the whole being firmly bolted to 
the body of the motor as shown in the photograph of the apparatus (figure 2). 
Linear movements may be obtained by attaching the string to one or other of a 
number of holes in the rocking-lever. A sliding piece on the crank-shaft (not 
shown in the figure) which carries a hook and can be fixed at any point enables 
either circular or elliptical vibrations to be imposed on the extremity of the string 
if desired. 

The arrangement (modified as described above) has proved to be a most 
convenient and satisfactory piece of apparatus. It is especially useful in the 
experimental study or demonstration of the interesting types of vibration 
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Figure 2 

maintained by a variable tension, described by the author in previous communi¬ 
cations in this Review.* These types are obtained when the string is attached to the 
rocking-lever in such a manner that its oscillation is longitudinal to the string. 
Under these conditions, as has been shown in the papers quoted, the string may 
be set in vibration when its frequency in any of its natural modes is sufficiently 
nearly equal to any multiple of half the frequency of the variation of tension. Each 
of the possible modes has its own characteristic features, and as moreover, the 
frequency of vibration of the string depends on the number of ventral segments 
into which it divides up and may thus have simultaneously more than one value, a 
very large variety of different modes of vibration may be obtained at will by 
adjusting the tension or length of the string, or by altering the position of the 
crank-pin of the motor so as to increase or decrease the magnitude of the imposed 
variation of tension. 

The motion of individual points on the string may be very conveniently studied 
by using a black cord with white dots woven in it as suggested by A T Jones and 
M E Phelps in a recent paper in this Review.1 The form of the figures thus 
observed reveals at a glance not only the relation of frequency between the 
longitudinal and transverse movements of any point on the string, but also their 
phase-relation which appreciably varies with the experimental conditions. Much 
longer and heavier strings can be used with this apparatus than with an 
electrically-maintained fork, and by lighting up with the beam from an electric 
arc, very effective demonstrations are possible. To illustrate the character of the 
phenomena observed, photographs of the motion of individual points on the 
string in the first five types of vibration have been secured and are reproduced in 
figures 3 to 12. Figures 3 and 4 show the first type of vibration in which the ratio 
of frequencies is 1:2, the phase-relation being slightly different in the two cases. In 
figures 5 and 6 the frequency relation is 2:2, the curve in figure 6 being a 
deformed ellipse. In figures 7, 8 and 9 we have the third type in which the 

*Phys. Rev., December 1912 and July 1914. 

+ Phys. Rev., November 1917. 
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frequency ratio is 3:2, the difference in phase being specially marked in figure 9. 
The fourth type in which the frequency relation is 4:2 is shown in figures 10 and 
11. The fifth type is shown in figure 12, and exhibits the frequency relation 5:2. 

It may be useful here to consider the explanation of the interesting pheno¬ 
menon noticed by Jones and Phelps in their paper,* that when two or more of the 
different types are simultaneously maintained, the ratio of the number of ventral 
segments into which the string respectively divides up often differs from the ratio 
of the frequencies of maintenance. For instance, it may be found in one case that 
the string divides up simultaneously into two and five segments either in the same 
plane or in perpendicular planes, the frequencies being respectively one half and 

*Loc. cit. 
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three halves of the frequency of variation of tension. Apparent anomalies of this 
kind are due to the fact that we are here dealing with forced oscillations, and 
though the string practically vibrates in its normal modes, the frequencies of 
vibration stand in fixed relations to the impressed forces and may, especially in 
the case of the first two or three types, differ very appreciably from the natural 
frequencies of oscillation. Maintenance is, in fact possible when the natural 
frequency lies anywhere within a certain range which includes the frequency of 
maintenance, this range being considerable for the first type, and becoming 
smaller and smaller as we proceed up the series of types with higher frequencies of 
maintenance. The magnitudes of the ranges depend on the magnitude of the 
imposed variations of tension, as may be readily shown with the apparatus 
described in the present paper, by adjusting the position of the crank-pin, and 
thus increasing or decreasing the longitudinal motion of the end of the string. 
With very small variations of tension, the modes with the higher frequencies of 
maintenance are hardly obtainable, the resonances are much sharper, and the 
ranges even of the first few types become greatly restricted. With larger variations 
of tension, the ranges increase, and for the first few types may become very 
considerable. It will be found that large amplitudes may be obtained even without 
any exact adjustment for resonance. 

The photographs reproduced with the paper were secured for the author by Mr 
Rajendra Nath Ghosh, for whose assistance his thanks are due. Mr Ghosh is now 
engaged in developing a detailed theory showing the manner in which the 
amplitudes and phases of the various types of vibration depend on the 
experimental conditions. The results will, it is hoped, be published in due course. 

210, Bowbazaar Street 
Calcutta, India 
20 May 1919 
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I. Prefatory note 

The new method for the absolute determination of acoustical frequencies 
described in this paper possesses several useful features. Among these are: (a) the 
rapidity with which very accurate results may be obtained by its use, (b) its 
practical convenience and simplicity, (c) the inexpensiveness of the apparatus 
required, and (d) its availability for use with any of the standards of time 
ordinarily available in a physical laboratory, i.e. a “seconds” or “half-seconds” 
pendulum clock, a “half-seconds” chronometer, or even merely a good stop¬ 
watch. The method is the outcome of an investigation undertaken at my 
suggestion by Mr Dey, and its value has been proved in an extensive series of tests 
carried out by him. 

The principle on which the method is based is that of the maintenance of 

180 
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oscillations of sub-synchronous frequency by a periodic field of force,* and is 
applied in practice in the following manner: 

A pendulum formed of an iron rod 05 cm diameter hangs vertically from a 
simple wire-hook suspension. A brass bob slides on the pendulum and is capable 
of being fixed in any desired position. The length of the pendulum is either 35 cm 
or 100 cm, so that with the bob in a suitable position, the free period of oscillation 
is roughly either one second or two seconds as desired. Underneath the pendulum 
is placed symmetrically a vertical bar-electromagnet which has an iron core 8 cm 
long, 0-9 cm diameter, the gap between the pole and lower end of the rod when in 
the vertical position being quite small (1 mm or less as required). The electro¬ 
magnet is excited by a current rendered intermittent by an electrically maintained 
fork. With these arrangements, the rod, when hanging vertically, does not tend to 
be displaced from its position of equilibrium by the magnetic forces. But if the 
position of the bob be suitable and the pendulum be set in motion by hand with 
approximately the right amplitude, its oscillations are found to be vigorously 
maintained with a frequency which, in practice, may be very small compared with 
the frequency of the fork, but is always an exact sub-multiple of it. 

Experiment shows that the maintained oscillations of the pendulum have a 
frequency which may be any one of the series of fractions j, j, etc, up 
to xio of the frequency of the fork, and the series is capable of being extended 
to still smaller ratios for the possible frequency of maintenance.1 The theory and 
certain special features of the working of the apparatus are discussed in a note 
which I have added at the end of the paper, but it is sufficient for its practical 
application to remark that theory and experiment agree in showing that the 
frequency of the maintained oscillation of the pendulum is an exact sub-multiple 
of the frequency of the fork-interrupter. Consequently, if the latter be known 
roughly in the first instance, it can be determined with high precision by finding 
the time of oscillation of the pendulum and dividing it by the appropriate number 
which, as remarked in the preceding footnote, is generally an even integer. 

The rate of the pendulum which is maintained by sub-synchronous oscillation 
by the fork-interrupter can be found by comparison with any available standard 
of time. If a pendulum clock be available, all that is necessary is to put the 
apparatus in front of the clock and visually observe the coincidences of the two 

*For some earlier observations on this class of maintained oscillation, the undermentioned references 

may be cited: C V Raman, Philos. Mag., January 1915; C V Raman and Ashutosh Dey, Philos. Mag., 

August 1917. 

+The first of these cases in which the frequency of the pendulum is one-half that of the intermittent 

current was noticed and described by Lord Rayleigh (Scientific Papers, 2, p. 193, and Theory of 

Sound, 2nd edition, 1, p. 82). It should be remarked here that the cases in which the denominator of 

the fraction giving the frequency-ratio, is an odd integer, stand in a different category from those in 

which the denominator is an even integer, the maintenance being far more energetic in the latter set of 

cases than in the former. In fact, when the frequency of the interrupter is fairly large, maintenance is 

ordinarily obtained only with a frequency-ratio having an even integer in the denominator. 



182 C V RAMAN: ACOUSTICS 

pendulums. If a “half-seconds” chronometer be the only available standard of 
time, the sub-synchronous pendulum can be compared with it by causing it 
electrically or mechanically to give an audible signal once in each swing and 
noting the coincidences with the half-second “ticks” of the chronometer by ear. If 
neither a clock nor a chronometer be available in the laboratory, it is possible, 
with the aid of an ordinary “Omega” stop-watch reading to a fifth of a second, to 
make absolute determinations which are sufficiently accurate to measure the 
changes of frequency of the fork-interrupter due to small variations in the room- 
temperature. All that is necessary for this purpose is a simple mechanism enabling 
the subsynchronous pendulum to move the hands on a clock-dial, and thus to 
function as a time-keeper which can be rated at intervals against the stop-watch.* 

The absolute frequency of the fork-interrupter being determined, it is obviously 
possible to arrange for its simultaneous comparison with a standard fork or other 
vibrator whose frequency is required to be ascertained. This may be done either 
by optical observation, as in Koenig’s well-known work,f or by counting the 
beats with the fork-interrupter, or, if necessary, with a dependent vibrator of 
higher frequency electrically controlled by it, as in Lord Rayleigh’s method.* It is 
obviously advantageous for this work to have a fork-interrupter, of which the 
frequency can be adjusted by sliding weights fixed upon it, and having also the 
necessary fittings for optical observation attached to one of its prongs. 

In the following sections of the paper, Mr Dey has described the working 
details of the method and the results of some practical tests of its accuracy. 

C V RAMAN 

II. Some characteristics of sub-synchronous maintenance 

In addition to the experimental details referred to in the prefatory note, it may be 
useful to mention a few other points to be noted in practical work. The successful 
working of the apparatus depends on the fact that the magnetic forces acting on 
the pendulum rod are powerful when it is at or near its equilibrium position, and 
become negligible at other points of the arc of swing, especially if the latter be 
large. Accordingly, if the frequency of the interrupter be more than fifty or sixty 

*Still another way in which the sub-synchronous pendulum could be rated is, by causing it to give 

electric signals once in each swing, and recording these on a moving drum or tape for a few seconds at 

the beginning and at the end of a definite interval of time, say ten minutes, alongside of the electric 

signals from a standard clock or chronometer. From some trials at present being made by one of the 

research scholars (Mr B N Banerjee), working in this laboratory, it would appear that this procedure, 

though somewhat more elaborate than those described in this paper, is also capable of yielding very 

accurate results with little labour. 

fKoenig, Ann. Phys. 9 (1880). 

*Lord Rayleigh, Philos. Trans, Part I, p. 316 (1883). 
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times that of the pendulum, it is found of advantage to bevel the ends of the pole of 
the electromagnet, so as to concentrate the magnetic field into a narrow region. 
The interrupter should operate on a mercury break, across which a condenser is 
shunted, so as to suppress sparking and ensure its clean and regular operation. 

In order that the oscillations of the pendulum might be maintained, it is 
necessary that its natural frequency should lie within a certain range of values 
which includes the frequency of maintenance. This is secured by adjusting the 
position of the bob on the pendulum rod, the simplest way to do it being by actual 
trial, till the oscillation of the pendulum is successfully maintained. The 
adjustment having once been made, it is generally unnecessary to alter it so long 
as the same fork and pendulum are used. The manner in which the amplitude of 
the forced oscillation of the pendulum varies with the position of the bob in 
different parts of the range of maintenance is rather remarkable, and will be best 
understood on a reference to figure 1, which shows the maintenance curves of a 
35 cm pendulum excited by a fork-interrupter of frequency roughly 24 vibrations 
per second. By moving up the bob of the pendulum, its free period for small 
oscillations can be adjusted over a considerable series of values, which, as seen in 
the figure, include a number of successive regions within which the motion can be 
maintained. With the particular fork used, the frequencies of maintenance 
obtained with the bob in different positions on the pendulum are respectively y£, 

j2 and yo, of the frequency of the fork. It will be seen that, in each of these 
ranges, the amplitude of swing is small when the natural period of the pendulum 

Figure 1 



184 c v raman: acoustics 

for small oscillations is greater than the period of the maintained oscillation, but 
increases continually to a large value when the free period is decreased to a value 
below that of the maintenance, till a stage is reached at which the apparatus 
refuses to work. 

There is little resemblance between the sequence of the phenomena shown in 
figure 1 and the ordinary type of resonance curve of a simple vibrator under the 
action of a periodic force which shows a maximum amplitude for a particular 
frequency and lesser amplitudes for greater or smaller frequencies. The 
theoretical explanation of this feature of the working of the apparatus is dealt 
with in a note by Prof. C V Raman appended to this paper. For the present, it is 
sufficient to remark that, when the apparatus is in order, the ranges of 
maintenance are considerable, and, with the bob of the pendulum anywhere near 
the right position, it can be got to work almost at the first trial. Generally, when 
the pendulum is started, it shows “beats,” the amplitude of swing varying in a 
cyclic manner, but these disappear fairly quickly (leaving a constant oscillation) 
unless the maintenance is near the lower extremity of the range where the 
amplitude of swing is small. In practice it is found convenient to work with the 
bob of the pendulum in such a position that the arc of swing is fairly large. The 
support from which the pendulum is suspended does not need to be particularly 
rigid, but it should be sufficiently firm to ensure that its movement is not irregular. 

That the motion of the pendulum is of the nature of a forced oscillation whose 
frequency stands to that of the maintaining force in an exact numerical ratio is 
evident from the fact that a steady motion is sustained in the presence of 
dissipative forces. It is also definitely proved by the experimental results, which 
show (a) that the times of forced oscillation of the pendulum with the bob in 
different positions are strictly commensurable; and (b) that the variation of 
frequency of the interrupter due to changes in its temperature (even if as small as a 
tenth of a degree Centigrade or less) produces proportional changes in the rate of 
the pendulum. 

III. Comparison with pendulum-clock by visual observation of 
coincidences 

For finding the time of the maintained oscillation of the pendulum, the most 
convenient procedure is to put it in front of the pendulum of a standard clock and 
to observe their coincidences visually. The oscillations compared are both of 
constant amplitude, and it is obviously possible to select for observation points 
on the two pendulum-rods which have both the same amplitude of oscillation. 
The method is then at its best, and it is found easy to register the instant at which 
the coincidence occurs to within a small fraction of the period of oscillation of 
either pendulum. A high degree of precision may thus be secured in measurement 
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without unduly prolonging the interval of time included between the first and the 
last coincidences observed. 

In the actual work, the bob of the seconds pendulum of the laboratory clock 
was a glass cylinder containing mercury, and this furnished a brilliant reflection of 
a ^-watt lamp placed at a distance from the clock case. A pair of lenses placed at a 
suitable distance apart, threw a moving image of this spot of light on a ground- 
glass screen, on which also appeared the shadow of the rod of the sub- 
synchronous pendulum oscillating through the same range. The coincidences 
could thus be seen on the screen by the observer using both his eyes, and the 
labour involved in making the observations was insignificantly small. The 
interval of time between one coincidence and say the twentieth or thirtieth 
coincidence following it was registered on a stop-watch.* The calculation of the 
frequency of the fork-interrupter from the observations was quite simple. 

A few results will now be quoted to illustrate the convenience and accuracy of 
the method. In one series of experiments, a fork-interrupter of frequency 
approximately 24 vibrations per second was used, and this controlled a 
pendulum whose frequency was ^ of its own. The apparatus was started at 7 
A.M. on 29 June 1918, and continued working without intermission till it was 
disconnected for the night at 10 P.M., that is after running without a break for 15 
hours. The temperature of the fork as shown by a sensitive thermometer placed 
between the prongs, rose from about 28-6° C in the forenoon to 30T° C at 3 P.M. 
and fell to 29° C at 9-30 P.M. A series of observations of frequency were made, the 
routine of each observation being simply the starting of a stop-watch at a given 
coincidence with the pendulum of the laboratory clock and stopping it when the 
14th coincidence following occurred. The time-interval (which was a little over 10 
minutes) could be determined by a single observation correct to the fifth of a 
second. A single observation was thus sufficient to determine the frequency of the 
interrupter correct to about 15 parts in a million; 61 such observations were made 
in the course of the day, the thermometer being read every few minutes. In order 
to eliminate the effect of the temperature-lag of the fork as far as possible, the 61 
results have been divided into 12 groups, each group including observations in 

* 

which the average temperature indicated did not differ by more than a tenth of a 
degree. The temperature readings and time-intervals for 14 coincidences have 
been averaged for each group and shown in the first and second columns of table 
I. The third column shows the frequency of the fork-interrupter as calculated 
from the periods of coincidence. The fourth column shows the frequency of the 
fork calculated from the formula 

Frequency = 2406814[1 - 0000104(r - 30°)], 

*If two or three good stop-watches had been available, the accuracy of the observations might have 

been further improved by independently observing the intervals between say, the 1st and 18th 
coincidences, the 2nd and 19th, the 3rd and 20th coincidences, and taking the average results. 
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which was shown by a graph to give the best fit with the experimental results. 

Table I 

Mean temperature Mean time-interval Frequency of Frequency of 
of fork- for 14 interrupter interrupter 

interrupter coincidences (observed) (calculated) Difference 

1 2 3 4 5 

°C secs • 

28-66 601-13 24-07132 24-07147 -15 
28-76 601-25 •07110 •07124 -14 
28-81 601-41 •07082 •07111 -29 
29-01 601-50 •07065 •07061 + 4 
29-15 601-61 •07047 •07026 + 21 
29-22 601-80 •07013 •07009 + 4 
29-38 602-05 •06968 •06969 -1 

29-55 602-20 •06942 •06926 + 16 
29-67 602-30 •06924 •06896 + 28 
29-72 602-35 •06915 •06884 + 31 
29-96 602-90 •06818 •06824 -6 
30-11 603-20 •06764 •06786 -22 

Average error (irrespective of sign) 16 or 6j parts in a million 

Table II 

Serial Mean Time-interval 

No. of temperature of 60 Observed Calculated 

observation of fork coincidences frequency frequency Difference 

1 2 3 4 5 6 

°C secs. 

1 30-20?* 1323-9 59-9850 59-9815?* + 36?* 

2 30-08 1324-8 •9834 •9823 + 11 

3 30-10 1324-3 •9838 •9822 + 16 

4 30-85 1326-2 •9766 •9770 -4 

5 30-90 1326-2 •9766 •9767 -1 
6 30-91 1326-4 •9759 •9766 -7 

7 30-60?* 1326-5 •9754 •9787?* -33?* 

8 30-25?* 1324-5 •9830 •9811?* + 19?* 

9 29-90 1324-3 •9838 •9836 + 2 

10 29-82 1324-4 •9834 •9841 -7 

11 29-63 1324-0 •9847 •9854 -7 

12 29-59 1322-8?5 •98947s •9857 + 377s 

13 29-60 1324-2 •9842 •9856 -14 

14 29-62 1324-2 •9842 •9855 -13 
15 29-58 1324-3 •9838 •9858 -20 

16 29-50 1323-5 •9868 •9864 + 4 

*Temperature rose by 0-4° C. 

+Temperature fell 0-6° C. 

temperature rose 03° C and fell again. 

Observation apparently an error. 
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An interrupter of frequency approximately 60 per second was also successfully 
used in several series of observations. This maintained the oscillations of a 
pendulum having a frequency jjq of its own; the interval between the successive 
coincidences with the pendulum of the standard clock was about 22 seconds. In 
illustration of the results, the following series of observations made on 1 July 
1918, may be quoted. The apparatus was started at 7 A.M. and continued 
working without intermission for 16 hours, till 11 P.M. when it was disconnected 
for the night. In the forenoon, 19 observations were recorded of the interval 
occupied by 30 consecutive coincidences, and in the afternoon and evening, 16 
observations were made of the time occupied by 60 coincidences. 

As usual, a thermometer placed between the prongs was read every few 
minutes, but as the fork was a massive one, considerable doubt must exist 
whether the averages of the readings during each observation really represented 
its mean temperature, particularly in those cases in which there was a rapid rise or 
fall in the reading. Table II shows the complete series of 16 observations made in 
the afternoon and in the evening, the mean temperature during each observation, 
and the frequency calculated from the results. Column 5 of the table gives the 
frequency calculated from the linear formula 

Frequency = 59-9829[1 — 0-000115(f - 30°)], 

giving the best fit with the experimental results. Observations numbered 1, 7, 8 
and 12 have to be rejected for the reasons mentioned in the footnotes. Ignoring 
these, the average of the differences shown in column 6 is seen to be about 15 parts 
per million of the calculated frequency. An uncertainty of a tenth of a degree 
Centigrade in the temperature would account for a difference of 11 parts in a 
million, and it seems very likely that the deviations shown in column 6 are 
principally due to this or other cause actually altering the frequency of the fork- 
interrupter in a progressive manner. This view is supported by the fact that 
consecutive observations in the series as shown bracketed together in column 6 
show a very close agreement. For instance, observations 4,5, and 6 give results for 
the frequency differing from their mean (corrected for temperature) by less than 
five parts in a million. 

IV. Method of comparison by ear with half-seconds chronometer 

In this method the sub-synchronous pendulum used has a frequency of 
approximately one per second, and its rate is found by comparison with the 
“ticks” of the half-seconds chronometer by ear. The most satisfactory way of 
making this comparison has been found to be the following: A contact-maker is 
fixed to the pendulum and cuts across a mercury drop placed at the lowest point 
of its swing, thus completing an electric circuit through a telephone receiver and 
giving an audible signal once in each half-oscillation. The “ticks” of the 
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chronometer are led to the ears of the observer through the listening tubes of an 
ordinary stethoscope. By putting the telephone receiver in contact with the 
listening tubes the signals given by the pendulum can also be heard at the same 
time, and their periodic coincidences with the “ticks” of the chronometer can be 
accurately registered on a stop-watch. Ordinarily, the interval of time between 
one coincidence and any of the succeeding coincidences can be found to within a 
second, and the accuracy can be further improved by using two or more stop¬ 
watches, as suggested in a preceding foot-note, and taking the mean of the 
observations. 

The sub-synchronous pendulum having a frequency of roughly one per second, 
can be successfully maintained in oscillation by fork-interrupters having any 
frequency up to 140 per second and even more. Observations have been made in 
this laboratory using fork-interrupters with frequencies ranging from 24 to 140 
per second. It will suffice to quote the following determination of the frequency of 
a standard fork, which was made on 2 October 1918. The frequency of this fork 
(which was mounted on a resonance-box) was about 128, and this was compared 
by the method of beats with an electrically maintained fork also of about the same 
frequency. The latter maintained a sub-synchronous pendulum in oscillation, the 
frequency-ratio being 

Five successive observations were made of the time-interval (about five 
minutes) occupied by 15 coincidences of the “ticks’ of the chronometer with the 
sub-synchronous pendulum. The observational data are given below: 

Time interval for 15 coincidences 

299-2 298-5 300-2 299-0 299-2 seconds 

Temperature of standard fork 

30-8 30-82 30-90 30-85 30-85 degrees 

Time-interval for 16 beats of standard fork with the interrupter 

51-4 51-0 51-0 52-0 51-4 seconds 
51-2 51-0 51-0 51 0 51-6 

The frequency of the standard fork calculated from these observations is 

127-420 127-429 127-412 127-419 127-421 seconds 

The mean of the observations is 127-420 and the average error of an individual 
observation is about three parts in 100,000. 

V. The sub-synchronous pendulum clock 

Instead of rating the sub-synchronous pendulum by the method of coincidences 
against a standard clock or chronometer as described in the preceding sections, it 
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may itself be allowed to function as a clock, the rate being determined by 
comparison with any timekeeper whose accuracy can be relied upon. As the 
apparatus once set up will run many hours continuously without attention, the 
desired degree of accuracy may be obtained by sufficiently prolonging the interval 
of observation. Obviously the most convenient procedure is to allow the 
pendulum to count its own swings on a dial showing ordinary time in hours, 
minutes, and seconds, and to find the rate at which these gains or loses on the 
timekeeper used. With a fork-interrupter of frequency about 24 per second and a 
half-seconds pendulum with a heavy brass bob, the maintenance of sub- 
synchronous oscillation is very energetic, and the pendulum is easily capable of 
moving a rocking-lever and ratchet-wheel controlling the hands on a 12-inch 
clock-dial without interference with the working of the apparatus.* 

As an illustration of the method, the following series of observations made on 
24, 25, and 26 February 1918, may be quoted. One of the two forks having a 
frequency about 24 vibrations per second was used, and the sub-synchronous 
pendulum-clock (frequency ratio 1/24) ran continuously for 64 hours, except for a 
few hours each night, when the apparatus was disconnected. Each observation 
made was to find the number of seconds gained or lost in an “hour” by the clock, 
and this was determined by comparison with an “Omega” stop-watch reading to 
a fifth of a second; 45 such observations in all were made during the three days. 
The temperature of the fork was taken at intervals, and the stop-watch (which had 
a compensated balance-wheel) was insulated as far as possible against tempera¬ 
ture variation by being kept in a covered box except when it was being actually 
used. The 45 observations have been divided into seven groups, in each of which 
the temperature of the fork was the same to within a degree Centigrade. Table III 
shows for each group the mean temperature of the fork, the average gain per 
“hour” of the sub-synchronous pendulum-clock over the stop-watch, and the 
frequency of the fork calculated from the observations. The fourth column shows 
the frequency of the fork calculated from the formula 

Frequency = 24-13577[l - 0000123(f - 28°)], 

giving the best fit with the observations. 

The sub-synchronous pendulum-clock may also be readily used to demon¬ 
strate the fact that the frequency of the maintained oscillation of the pendulum is 
an exact sub-multiple of the frequency of the fork. This is shown by the fact that 
when the bob of the pendulum is shifted, the rate remains either unaltered or else 
changes to some other sub-multiple of the frequency of the fork. For instance, on 
moving down the bob of the pendulum, referred to in table III, a different rate of 

*It seems hardly doubtful that with a smaller dial and a well-poised counting mechanism running on 

jewelled bearings, the pendulum could successfully work the hands of a clock without interfering with 
its maintenance by fork-interrupters of much higher frequencies up to 128 per second. 
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Table III 

Mean 

temperature 

of fork 

1 

Gain of sub- 

synchronous 

pendulum-clock 

per “hour” 

2 

Observed 

frequency of 

interrupter-fork 

3 

Calculated 

frequency of 

interrupter-fork 

4 

Difference 

5 

°C secs. 

22-89 22-5 24-15094 24-15094 0 

23-40 22-3 •14959 •14943 + 16 

24-47 21-85 •14656 •14624 + 32 

25-73 21-2 •14217 •14251 -34 

26-74 20-8 •13946 •13951 -5 

27-50 20-46 •13720 •13725 -5 

28-09 20-21 •13550 •13550 0 

Average error 
* 

13 or 5 parts in a million 

running was obtained, the frequency-ratio being instead of The 
observed frequency of the fork at 28-90° C was found, on the average of three 
hours’ run, to be 24-1333, which agrees with the formula given above to within 
one part in 100,000. 

Appendix 

Note on the theory of sub-synchronous maintenance 

C V RAMAN 

The principal features of interest requiring explanation in regard to the behaviour 
of the sub-synchronous pendulum are: (1) The actual possibility of the 
maintenance of the oscillation; (2) the fact that the frequency-ratio has generally 
an even number as the denominator; and (3) the manner in which the amplitude of 
the maintained oscillation varies in different parts of the range of maintenance. 
These will now be considered in the light of dynamical theory. 

The effect of the periodic field due to the electromagnet is equivalent to a large 
increase in the acceleration of gravity over a small part of the arc of swing of the 
pendulum. The system having only one degree of freedom, its equation of motion 
may be written in the form 

e + k6 + [n2 - oc92 + f{t)-F(0)]0 = 0. 

In this equation, the damping of the pendulum due to dissipative forces is, as 
usual, taken to be proportional to the angular velocity. (Strictly speaking, the law 
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of damping would not be the same at all parts of the arc of swing, especially when 
the pendulum-rod is near the vertical position, owing to the Foucault currents 
induced in it by the electromagnet). The term — ol62 which appears in the 
coefficient of 6 is necessary, in view of the large amplitudes of oscillation actually 
obtained in practice. The term f(t)-F(6) expresses the effect of the periodic field. 

It is sufficient for our present purpose to write /(f) in the form p + y sin mf, the 
higher harmonic components being neglected. With the experimental arrange¬ 
ments actually adopted, F(6) is appreciable only when 9 is small, and is practically 
negligible elsewhere. We may now assume that the pendulum is maintained in a 
steady oscillation given by 

9 = i)/l sin(pf + £t) + i\i2 sin(2pf + e2) + ^3 sin(3pf + e3) +, etc., 

and the question to be determined is whether sufficient energy passes from the 
periodic field to the pendulum in order to sustain the motion. 

The loss of energy due to dissipative forces varies as 

K02dt = ~2 Kp2\J/2t. 

\jj2,1^3, etc. being treated as negligible. The energy which passes from the field 
into the pendulum is proportional to 

(P T- y sinmt)’F(6)-6-^~dt =\p^\ 
dt 

1* 

(P + y sin mf) sin 2 (pt + ej-F(0)df. 

Changing the origin of time, this may be written in the form 

1 
2 

j 

[p + y sin m(f — et/p)] sin 2pt-F(6)dt. 

To effect the integration, we may, as a first approximation assume that F(6) is 
equal to a constant S when 6 lies between the limits ± <j>, and vanishes elsewhere. 
The corresponding limits for the variable f are 

where 
f = ± t + rn/p, 

t = l//rsin~1 <j>/\j/v 

From this, it is readily shown that if m = (2s + 1 )p where s is an integer, the 
integral evaluated over any number of complete periods is zero. On the other 
hand, if m = 2sp, the integral is finite and increases in proportion to the time. It 
follows that, on the assumptions made, maintenance is not possible when the 
frequency-ratio is unity divided by an odd integer, while if the ratio be unity 
divided by an even integer, energy may pass from the field to the pendulum in 
quantity sufficient to maintain its motion. 

The other feature requiring explanation is the manner in which the amplitude 
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of the maintained oscillation of the pendulum changes when its free period for 
small oscillations is altered by moving up the bob. The sequence of phenomena 
within any one of the ranges of maintenance, as shown for instance in figure 1 of 
the paper, is quite unlike the ordinary type of resonance of a simple vibrator. This 
is due, in the first place, to the fact that in present case, the amplitude of the 
maintained oscillation is too large for the ordinary theory of small oscillations to 
be applicable. Further, the field due to the electromagnet is appreciable only 
when the pendulum is nearly in the vertical position. Consequently, when the arc 
of swing is large, the frequency of the forced oscillation does not differ sensibly 
from that of the free oscillation. As the bob of the pendulum is moved up, the 
natural frequency for small oscillations increases, but this is set off by a 
corresponding increase in the arc of swing, so that the free and forced periods do 
not differ appreciably at any stage. When the arc of spring is small, however, 
which is the case near the lower end of the range of maintenance, the constant part 
ft of the field due to the electromagnet has an appreciable effect, which is 
equivalent to an increase in the frequency of free oscillation. These considerations 
fully explain the sequence of phenomena shown in figure 1 of the paper. 

It may be remarked in conclusion, as has indeed been actually observed by Mr 
Dey, that the successive ranges within which the bob must lie for maintenance to 
be possible may possibly overlap in certain cases. The frequency of the 
maintained oscillation may then assume one or another of the possible series of 
values according to the actual arc of swing with which the pendulum is started. 
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Whispering Gallery phenomena at St. Paul’s Cathedral 

The very curious and interesting acoustical effects observed in the Whispering 
Gallery under the dome of St. Paul’s Cathedral have, as is well known, been 
explained by the late Lord Rayleigh as due to the curvilinear propagation of 
sound, the waves which proceed from a source placed close to the wall of the 
gallery clinging to its surface and creeping tangentially along it. This view was 
developed mathematically by Lord Rayleigh (Scientific Papers, 5, p. 617), the 
theoretical conclusions arrived at being (a) that the sound-waves travel in a 
comparatively narrow belt skirting the wall, the thickness of this belt decreasing 
with the wavelength of the sound; (b) that in this belt the intensity is a maximum 
near the wall and decreases rapidly and continuously as we proceed radially away 
from it; and (c) that the intensity does not fluctuate markedly as we proceed 
circumferentially parallel to the wall. 

We were much interested in the subject, and by the courtesy of the authorities 
of the cathedral have been enabled to carry out an extended series of observations 
in the gallery with the view of making a precise test of Lord Rayleigh’s theory. 
Our experiments show conclusively that while the indication of theory as 
expressed in (a) is substantially accurate, neither of the conclusions (b) and (c) is in 

‘ accordance with actual facts. Using a steady source of sound placed close to the 
wall at one point, we found that elsewhere the intensity of the sound showed 
pronounced oscillations in proceeding inwards radially from the wall, the ear of 
the observer passing several times through alternate zones of great intensity and of 
comparative silence. In the latter some of the overtones of the source could be 
heard clearly, while the fundamental was practically inaudible. These alterna¬ 
tions of intensity could be demonstrated in the gallery, using a fairly high- 
pitched source and a sensitive flame as indicator. The distance between the 
successive zones of silence was about the same as the half-wavelength of the 
source. There were also distinct periodic fluctuations of intensity in proceeding 
circumferentially—that is, parallel to the wall. The latter were not equally 
distinct in all parts of the gallery, being most marked at the other end of the 
diameter containing the source. 

The circumferential fluctuations of intensity might be interpreted as being, at 
least in part, due to the stationary interferences of waves which meet after passing 
in opposite directions round the gallery. But the radial fluctuations are less easily 
explained, and must be regarded as fundamental in any satisfactory theory of the 
Whispering Gallery. We find that effects similar to those we observed at St. Paul’s 
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may be demonstrated in the laboratory with any large circular reflecting surface, 
using a bird-call with a sensitive flame as sound-detector. 

The experiments thus show that, while the explanation put forward by Lord 
Rayleigh is at least on the right lines, it is far from being a completely satisfactory 
theory of the Whispering Gallery. We propose at an early opportunity to go more 
fully elsewhere into the question of the revision necessary in the theory. 

C V RAMAN 

G A SUTHERLAND 

22 Oxford Road, Putney, S.W. 15 
26 August 
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On the Whispering Gallery phenomenon 

C V RAMAN, M.A. 
Palit Professor of Physics in the Calcutta University 

and 
G A SUTHERLAND, M.A. 

Assistant Lecturer in Physics, University College, London 

(Communicated by Prof. A W Porter, F.R.S. Received 6 September 1921) 

1. Introduction 

The theory of the curious and interesting effects observed in the Whispering 
Gallery at the base of the dome in St. Paul’s Cathedral was discussed long ago by 
the late Lord Rayleigh in his treatise on Sound,* * * and more fully, from the point of 
view of wave-propagation, in two recent papers.1 Expressed in general terms, the 
explanation put forward is: the sound-waves cling to the concave surface of the 
wall and travel circumferentially along it, suffering a diminution of intensity 
relatively small in comparison with that of waves spherically diverging from the 
source. The theory was supported by the observation that the effects under 
consideration are most noticeable when a directed source of sound is used and 
placed close to the curved surface, with its maximum emission in a direction 
tangential to it. An experimental illustration of the theory was also put-forward,1 
using a semicircular reflector of sheet metal, with a bird-call as a source of sound 
of short wavelength, and a high-pressure sensitive flame as detector. With this 
apparatus, a small obstacle placed close to the concave surface is competent to 
intercept most of the effect. Some recent experiments of Barton and Kilby,§ 
illustrating the matter further, by the aid of dust-figures produced by electric 
sparks, may also be mentioned. 

On account of the great interest of the subject, not only from a purely 
acoustical standpoint, but also in view of analogous effects in other branches of 

*Vol. 2, 2nd edition, pp. 126-128. 
+Philos. Mag. 20, p. 1001 (1910); Scientific Papers, 5, p. 617; Philos. Mag., 27, p. 100 (1914); Scientific 

Papers, 6. 
xRoy. Inst. Proc., January, 1904; Scientific Papers, 5, p. 171; see also Sir William Bragg’s The World 

of Sound, pp. 84-86. 
§Philos. Mag., 24 (1912). 
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physics, e.g. the propagation of electric or seismic waves round the earth, it 
occurred to the authors that it would be worthwhile to make a closer 
investigation of the phenomena and of the explanations that have been advanced, 

and this paper describes the results obtained. 

2. The optical analogue of the Whispering Gallery effect 

In view of the remark by Rayleigh in a footnote to his paper, as reprinted in his 
collected works,* that his theory should be applicable equally for electromagnetic 
waves, as in the case of sound, it will be appropriate here to refer to the results of 
some observations on the curvilinear propagation of light along a reflecting 
surface, initiated by one of us (C V Raman), and carried out by Mr Bidhubhusan 
Ray at Calcutta. The experiment was intended to find how the effect due to a 
light-source placed on a reflector alters with the curvature of the surface. It was 
carried out in the following way. A strip of plane mirror, about 100 cm in length 
and 5 cm broad, rested on two wooden supports near its ends. A razor edge, 
placed on the mirror near one end, formed an exceedingly fine slit between it and 
the surface on which the light of a mercury lamp with green ray filter was 
concentrated. Two light wooden bridges, placed on the mirror near its two ends, 
and equally loaded, enabled a curvature of variable magnitude to be imposed on 
the mirror. It was very interesting to watch the luminous effect at the distant end 
of the mirror through an eyepiece as the curvature was gradually increased. When 
the surface was quite plane, there was only a very faint general illumination of the 
field, the edge of the mirror being, however, a perfectly black line. When a slight 
curvature is put on, there is a very rapid increase in the luminosity of the field, a 
bright band of light flashing out next to the surface of the mirror, which continues 
to be seen as a line of zero illumination. With further increase of curvature this 
band contracts in width, and is followed by a second bright band, separated from 
it by a dark band. Then a third bright band appears, preceded by another dark 
band, and so on, the number of bands and their sharpness increasing, and their 
width decreasing with the increase in the curvature of the mirror. More and more 
light is heaped up, as it were, near the surface of the mirror. Some striking 
differences also appear in the intensity of the different bands, and ultimately also 
in their spacing, and it then becomes possible to differentiate the head of the 
caustic formed by a single reflection at the surface of the mirror from the train of 
feebler and narrower bands following it, in which also appear variations of 
intensity, which might be interpreted as due to the superposition of caustics of 
second and higher orders. 

According to Rayleigh’s theory, the light vector in the experiments described 

*Scientific Papers, 5, p. 617. 
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above should be zero on the surface of the mirror, and on moving away from it 
should increase to a maximum and then decrease again rapidly, remaining very 
small for all further displacements. As we have seen above, this agrees with what is 
observed when the radius of curvature of the mirror is exceedingly large 
(practically infinite) in comparison with the wavelength of light, and with a 
smaller radius we get not merely a single maximum adjacent to the surface, but 
several such maxima, separated from each other by intervening minima. 
Accepting this as a guide, we see that in the acoustical case, where the radius of the 
reflecting surface is a relatively modest multiple of the wavelength, we should get, 
not a single narrow belt of maximum intensity skirting the wall of the gallery, but 
several belts of sound alternating with silence. 

3. Observations in St. Paul’s Cathedral and in the laboratory 

By courtesy of the authorities of St. Paul’s Cathedral we have been enabled to 
carry out some observations in the Whispering Gallery. Owing to the limitations 
of time, there was not sufficient opportunity to make any reliable quantitative 

observations in the gallery, but as to the general nature of the phenomena 
observable in it, there was no doubt whatsoever. With a steady source of sound 
placed on the wall of the gallery at one point and blown from a bellows at steady 
pressure, observations were made at different points in the gallery. Exceedingly 
well-marked fluctuations of intensity were perceptible as the observer’s ear was 
moved radially away from the wall, sound alternating with comparative silence at 
distances of the same order as the wavelength of the sound. (At the minima, some 
of the overtones of the source could be heard while the fundamental was 
practically silent). These radial fluctuations of intensity could be observed 
practically at all points in the gallery. Very pronounced fluctuations of intensity 
were also noticeable when the observer’s head was moved circumferentially, that 
is, parallel to the wall, and this latter effect, though detectable everywhere, was 
most marked near the far end of the diameter of the gallery in which the source 
was situated. The distances apart of the successive minima were about half the 
wavelength of the sound used. It was found that by using a fairly high-pitched 
source of sound and a sensitive flame run from a cylinder of gas under pressure, 
the radial and circumferential fluctuations of intensity could be demonstrated in 
the gallery. 

It was found also that similar effects could be observed in the laboratory, using 
a bird-call or a Galton whistle, blown from a steady-pressure bellows as source, 
and a sensitive flame as detector, with a curved metal sheet as the reflecting wall. 
In one series of observations, a semicircular archway at the University College 
Laboratory was also successfully used to exhibit the effect. We should here 
mention an important difference which was noticed between the case in which a 
semicircular reflector is used and that of a complete circular reflector. It is 
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obvious that in the latter case the sound can go right round the circumference in 
either direction, whereas in the case of the semicircular cylinder we are confined 
to the effects due to the propagation of sound in one direction only. In both cases 
radial and circumferential variations of intensity may be observed; but their 
character, especially of the latter, is different in the two cases. It was found in the 
case of the semicircular reflector that the circumferential variations of intensity 

o 

did not occur at equidistant points, but were much more crowded together near 
the end of the diameter remote from the source. With the complete circular 
reflector, on the other hand, they were equidistant, suggesting thereby that the 
circumferential nodes and loops in the latter case were due mainly to the 
interference of waves travelling in opposite directions along the surface of the 
gallery. 

4. Discussion of the theory 

Rayleigh’s theory is attractive in its simplicity, but as is evident from the foregoing 
experimental results, it does not fully explain the observed phenomena. The 
treatment is based on the assumption that the progressive wave can be 
represented by a term of which the amplitude factor is a Bessel function* of large 
integral order which vanishes only on the boundary, but not also at any internal 
points; in other words, that it is analogous to a stationary vibration with a large 
number of nodal diameters but no internal nodal circles. This assumption would 
be justifiable if the wave-motion were strictly circumferential, but in the actual 
circumstances of the problem this is not rigorously true, as a certain amount of 
divergence in the radiation from the source is inevitable. In attempting to develop 
a more complete theory, two distinct modes of approach suggest themselves, 
neither of which, however, is free from difficulties. The first method is to regard 
the illumination near the surface of the mirror as due to the superposition of the 
fringe-systems accompanying the caustics formed by one, two or more reflections, 
utilizing Airy’s well-known investigation for the purpose. The second method is 
to treat the progressive disturbance as the resultant of two systems of stationary 
waves differing in phase existing in the space enclosed by the cylindrical wall, and 
to investigate the latter by the method of stationary vibrations on the basis of the 
strict dynamical theory and of the boundary conditions to be satisfied at the 
surface of the wall. Perhaps the difference between the two methods of approach 
here indicated is really less fundamental than might seem at first sight, for as has 
been shown by J W Nicholson, the Bessel functions of large but nearly equal 
order and argument involved in the solution of the boundary-value problem are 

*Or its differential in the case of the velocity potential in the acoustical problem, and of the magnetic 

vector in the electromagnetic problem. 
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most easily evaluated by transforming them into integrals of Airy’s type. The 
important point to be noticed is that the solution on the basis of strict dynamical 
theory would include vibrations having nodal circles as well as nodal diameters. 

Either mode of dealing with the problem thus indicates radial alternations of 
intensity of the kind observed in experiment. The circumferential alternations of 
intensity would arise in two ways: (u) by the superposition of progressive waves 
travelling in opposite directions round the gallery; and (b) by the superposition of 
progressive waves of identical frequency travelling in the same direction but of 
slightly differing circumferential wavelength, that is, having a larger or smaller 
number of nodal circles. The effect contemplated in («) necessarily arises when we 
are dealing with sustained sounds in a circular gallery and may be regarded as 
simply representing a modified type of stationary vibration. The effect in (b) is 
most easily observed in experiments with a semi-circular gallery, as it then occurs 
by itself. 

5. Summary and conclusion 

The paper deals with some observations made in the Whispering Gallery in 
St. Paul’s Cathedral and also in laboratory experiments, which show that while 
Rayleigh’s theory of the phenomenon is undoubtedly on the right lines, it does 
not offer a complete explanation of all that is observed. The optical analogue of 
the Whispering Gallery is described, and it is shown that the effect contemplated 
by Rayleigh, that is, a single belt of maximum intensity close to the wall, is 
obtained only in the limiting case when the radius of the reflecting circle is 
practically infinite in comparison with the wavelength. For more moderate 
values of the radius of curvature, we get a succession of belts of alternately great 
and small intensity. Similar effects are also observed in the acoustical case. The 
explanation of the results is discussed, and it is shown that the slight inevitable 
deviation from the condition of strictly circumferential wave-propagation 
postulated by Rayleigh must give rise to such effects. 

A considerable part of the experimental work described in this paper was 
carried out at University College, London, during the short visit of one of us to 
England. We wish to express our cordial thanks to Prof. A W Porter, F.R.S., for 
his kindly interest and encouragement and for the facilities he put at our disposal 
for the investigation. 
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I. Introduction 

In the volume of collected papers on Acoustics by the late Prof. W C Sabine 
published recently by the Harvard University, there is a very interesting article on 
‘whispering galleries’ in which the architectural and acoustical features of several 
remarkable structures in Europe and America have been discussed. No mention 
is however made of whispering galleries in other parts of the world. Among the 
Indian whispering galleries the most notable, architecturally and acoustically, is 
the great Gol Gumbaz at Bijapur. In the Victoria Memorial recently completed 
at Calcutta, there are two very fine whispering galleries, one of which, curiously 
enough, remained unsuspected till it was discovered by the writer. There is also 
another whispering gallery at the Calcutta G.P.O., also first noticed and studied 
by the writer. The acoustical properties of the building known as the Government 
Granary at Bankipore in Patna District are also of much interest. The present 
paper contains a description of these whispering galleries. Other acoustical 
curiosities, such as Sekundar’s tomb at Fatehpur Sikri near Agra, have been 
brought to the writer’s notice, but they are not here discussed. 

While in England in the year 1921, the writer in collaboration with Mr G A 
Sutherland of the University College, London, had an opportunity of carrying 
out a study of the well-known whispering gallery in the Dome of St. Paul’s 
Cathedral at London, and the results of the investigation showed the presence, 
with a steady source of sound, of an interference-field in the gallery with radial 
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and circumferential nodal lines.1 The comparative study of the three whispering 
galleries at Calcutta conveniently accessible to the writer has brought to light 
some further facts of interest relating to these structures. These are also discussed 
in the paper. 

II. The Gol Gumbaz at Bijapur (see plate I) 

“Transcending all other buildings at Bijapur in simple mass, and dominating the 
landscape for miles around, the great Gol Gumbaz or tomb of Sultan 
Muhammad,2 stands alone (plate I). For size, few other buildings in India can be 
compared with it. Its noble proportions and magnificent dome are only seen to 
the fullest advantage from a distance. When close up to it, the dome seems to sink 
into the building, and to require an intermediate terrace or storey to raise it into 
full view. A few extra feet here would certainly have improved the general design, 
even when viewed from further off. The impressive grandeur of the building and 
its imponderable mass simply overwhelm the spectator with awe. It stands in the 
extreme east end of the city, its massive basement resting upon the solid rock. The 
vast mausoleum stands out with most striking effect when viewed, as Muhammad 
himself must often have seen it, from the upper hall of the Athar Mahall, when, 
backed by great storm clouds, the low western sun suddenly bursts through a rent 
and illumines the great building. It then flashes out into brilliant contrast against 
the rolling masses of angry black clouds; the mellow tints of its walls are bathed in 
a golden glow, and the great dome shines like burnished brass. Under all this 
glory peacefully repose the remains of Sultan Muhammad. 

“King Ibrahim, his father, had raised the beautiful pile of the Ibrahim Rauza, 
which was the last word in decorative and luxurious magnificance. It was 
impossible for Muhammad to go further upon the same lines, so he struck out in a 
different direction altogether, and endeavoured to dwarf it, and everything else, 
by stupendous mass; and this he certainly accomplished. The Gol Gumbaz is the 
antithesis of the Ibrahim Rauza in that the strong virility of conception of the one 
contrasts with the delicate feminity of the other. His reign of thirty years, however, 
was not sufficient wherein to fully complete the building, for he seems to have died 
while the plastering of the walls was in progress, and it was no one else’s business 
to complete what he left unfinished. One cannot help wondering what new 
departures would have been made in the further development of Bijapur 
architecture had the dynasty lived and flourished another hundred and fifty years, 
for they were daring builders. 

1 Nature (London), September 1921, and Proc. R. Soc. London 1921. 

2King of Bijapur in Southern India seventh of the Adil Shahi Dynasty, from 1627 to 1656. 
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Figure 1. The Gol Gumbaz at Bijapur (Architectural Drawing). 

“A glance at the plan (figure 1) of the Gol Gumbaz shows what a simple 

building it is for all its size—just a great square hall, enclosed by four lofty walls, 

buttressed up by octagonal towers at the corners, and the whole surmounted by a 

hemispherical dome. The great size of the dome, and the neat and perfect manner 

in which, by means of cross arching and pendentives, the square walls have been 

worked up to meet it, are the most notable features of the building. The extreme 

outside measurement of the mausoleum including the towers is 205 feet square. 

The extreme height to the apex of the dome from the base of the building is 

198 feet 6 inches; the exterior diameter of the dome is 144 feet while the interior 

diameter, measured 124 feet 5 inches; and the great hall, below, with no 

intermediate supports of any kind, inside its walls, is 135 feet 5 inches square. The 

interior height, from the level of the floor, around the tomb platform to the top of 

the dome is 178 feet. Within the base of the dome is a broad gallery, 11 feet wide, 

which hangs out into the interior of the building, 109 feet 6 inches above the floor. 

Narrow staircases wind up through the corners of the building where the towers 

join it, and passages lead out from them on to each of the pigeon-holed storeys of 

the towers. In the centre of the floor of the hall is a high platform upon which are 

the counterfeit domes, the real graves being in the vault underneath which 

extends over the whole length and breadth of the hall. 

“Each of the four walls of the building had been raised as three great arches, the 

central one being wider than the two side ones, and these have been filled in with 
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rubble masonry in the side ones, and cut-stone in the central one. On the north 
side, however, the central archway had been left open, or had been subsequently 
opened, as a small chapel or chamber has been built against the wall here as an 
annexe, communicating through the arch with the great hall within. In the central 
archways of the other three sides are the doors and windows; but, even here, the 
filling in above the windows can only be called crazy or patchwork-masonry. The 
masonry of the great dome may be looked upon as practically concrete it being 
composed of bricks in mortar, the thickness of the shell varying from ten feet at 
the springing to nine feet near the crown. It is thus a great rigid concrete shell 
without voussoirs, and, consequently, with practically no side thrusts of any kind 
so long as it remains intact. It is a dead weight acting vertically downwards partly 
upon the cross arching within and partly upon the side walls just as an inverted 
china basin would act upon the upper edges of a cube upon which it might rest. 
Being built in this way, with ring upon ring of thick brick work, each corbelled 
forward until they close at the apex, it is probable that no centering or support 
was needed beneath it during construction, except, perhaps, for a small section 
near the crown, which would have been supported by that part of the dome 
already built. An outward thrust that could possibly come upon the side walls 
would be amply neutralised by the weight of the material in the pendentives 
which hang over inside the building. 

“This system of pendentives is, without doubt, the most successful and most 
graceful method of construction for such domes. It obviates any interference with 
the external contour of the dome, and adds, at the same time, a very pleasing 
feature to the interior—the interlacing or groining of the arches. The tendency of 
the dome to spread at the base, which is counteracted by the pendentives and 
great mass of masonry thus thrown into the interior of the building, was guarded 
against, in case of the Pantheon at Rome, which possesses a dome of greater 
diameter, by the heaping up of masonry upon the haunches of the dome outside, 
thus destroying its beauty of outline. 

“The great hall below, which is covered by the dome, covers an area of 
18,337-67 square feet, from which if we take 228-32 square feet for the projecting 
angles of the piers carrying the cross arches, which stand out from the walls into 
the floor, two on each face, we get a total covered area, uninterrupted by supports 
of any kind, of 18,109-35 square feet. This is the largest space covered by a single 
dome in the world, the next largest being that of the Pantheon at Rome, of 15,833 
square feet. If we add the pendentives to the actual dome, to which they naturally 
belong as part of the superstructure, this then becomes the greatest domical roof 

in the world”. 
“But, was not this great dome, after all, but an after-thought?.Before the 

walls of the Gol Gumbaz had risen many feet, it would seem that the plans were 
altered. The daring spirit of the architect, urged on perhaps by Sultan 
Muhammad himself, incited him to attempt the more stupendous task of hanging 
a mighty dome right across the whole expanse of the outer walls; and it seems 
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almost incredible that the man who conceived, and carried to such a successful 
issue, this magnificent project, should have passed into oblivion; his very name is 
unknown”. 

“Another remarkable feature in the building is its whispering gallery, which 
runs round, inside the dome, at its base. Access is gained to it from the terraced 
roof around the base of the dome, by eight small door ways through it. As may be 
seen from the section (figure 1) it hangs out into the building, being supported 
upon the crowns of the cross arches below; and it is about eleven feet wide, inside 
the low parapet wall which protects it. On entering the building a person is struck 
by the loud echoes which fill the place in answer to his footfall; but these sounds 
are intensified on entering the gallery. The footfall of a single individual is enough 
to wake the sounds as of a company of persons, and, in response to ordinary 
conversation, strange weird sounds and mocking whispers emanate from the wall 
around. Loud laughter is answered by a score of friends safely ensconced behind 
the plaster. The slightest whisper is heard from side to side, and a conversation 
may be easily carried on across the diameter of the dome, in the lowest undertone, 
by simply talking to the wall, out of which the answering voice appears to come. 
A single loud clap is distinctly echoed ten times.” 

The foregoing description extracted from the volume on Bijapur architecture 
by Mr Cousens published in the Indian Archaeological Survey series makes it 
clear that the whispering gallery at the Gol Gumbaz is a very remarkable one. 
The present writer has not yet had an opportunity of visiting it but hopes it will 
soon arise. It is clear that the architectural features of this whispering gallery are 
distinctive, situated as it is at the foot of the dome itself, instead of in a drum below 
it as at St. Paul’s, and a fuller study of the acoustical results following from this 
feature would be well worthwhile. Judging from the case of the whispering gallery 
at the Victoria Memorial, Calcutta, to which reference will be found below, it is 
not improbable that in addition to the usual circumferential propagation of 
sound-waves round the gallery, there will also be found a local concentration of 
sound at the further end of the diameter at which the source is situated. Mr 
Cousen’s description indeed suggests that such an effect is present in a notable 
degree. 

III. The Victoria Memorial at Calcutta (plate II) 

The Hindu and Moslem Rulers of India left behind them great architectural 
monuments which impress the imagination of the beholder, and, in not a few 
cases, are gems of perfection which command the admiration of the world, e.g. the 
Taj Mahal. Though not on the same level as these triumphs of indigenous art in 
greatness of conception or execution, the Victoria Memorial recently completed 
at Calcutta, may, nevertheless, claim to be the most remarkable building of any 
erected in India during the years of British Rule and it is certainly an ornament to 
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Figure 2. Section of the Victoria Memorial showing double dome. 
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the “City of Palaces”. Occupying a privileged position in the Maidan or open 
space between Fort William and the city, this edifice of white Indian marble with 
its dome and winged statue of victory crowning all, catches the eye from afar and 
is a worthy monument of the reign of the Queen whose memory it seeks to 
perpetuate. The building took twelve years to construct and cost over half a 
million sterling. It is intended to be a treasure-house for historical paintings, 
sculptures, and other relics, and stands in extensive grounds which are being laid 
out as a public garden with ornamental tanks and bridges. 

Going up by the grand stair-case facing the Maidan towards the Ochterlony 
monument, and passing through the portico and entrance room, the visitor finds 
himself in the circular Queen’s hall which stretches up from the floor to the base of 
the inner dome of the building. In the centre of this stands the statue of the young 
Queen Victoria. Some 35 feet up from the floor is a gallery with its walls forming a 
dodecagon and above this, on the wall, twelve semi-circular spaces covered with 
paintings representing her life. Still higher, some 95 feet from the floor, is a second 
circular-gallery four feet broad which lies just at the base of the inner dome and is 
surrounded by a marble railing. The circular wall of the gallery here has a very 
decided slope inwards and is interrupted some few feet above the floor of the 
gallery by seven great circular windows which are visible from outside and by the 
opening for the stair-case by which admission to this gallery is obtained. An 
opening is also provided above by which it is easy to enter the space between the 
two domes and pass round it by a circular footpath. The inner dome is open at the 
top to which access can be obtained by stairs. These features are indicated in the 
architectural section in figure 2. 

The circular gallery at the base of the inner dome, and the space between the 
two domes form two very perfect whispering galleries, the former of which was 
first discovered by the writer. The diameter of the former is 59 feet and of the latter 
56 feet. Their special acoustical features have been studied by the writer and will 
be referred to more fully in section V below. 

IV. The Granary at Bankipore (Patna) (see plate III) 

“At once the most prominent and the most curious building in Bankipore is the 
old Government Granary known as the Gola. This is a brick building, 96 feet high 
with walls 12 feet thick at the bottom, built in the shape of a beehive or half an egg 
placed on end, with spiral two stair-cases on the outside winding to the top; it is 
said that Jang Bahadur of Nepal rode on horse-back up one and down the other. 
This dome-shaped structure was erected sixteen years after the great Famine of 
1770, as a store-house for grain, it being intended that the grain should be poured 
in at the top and taken out at the bottom through the small door there. Owing to 
a curious mistake on the part of the builders, these doors were made to open 
inwards. The following inscription is on the outside: 
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“No. 1. In part of a general plan ordered by the Governor-General and 
Council, 20th of January, 1784, for the perpetual prevention of famine in these 
provinces, this Granary was erected by Captain John Garstin, Engineer. 
Completed the 20th of July, 1786. First filled and publicly closed by- 

The store-house has never been filled and so the blank in the inscription still 
remains, while the opening at the top is closed by a great stone slab. It stands to 
this day the monument of a mistake. During the famine of 1874, a quantity of 
grain, which, if left at the railway station might have been injured by the rain was 
temporarily stored there, and in times of scarcity proposals are still made to fill it 
with grain. But the loss from damp, rats and insects renders such a scheme of 
storing grain wasteful and impracticable. This building, once intended to meet 
the requirements of the whole district in time of famine, is now only useful as a 
store-house for furniture. It is chiefly remarkable for its reverberating echo, which 
answers to the slightest sound, a whisper at one end being repeated at the other. It 
is a landmark for a considerable distance along the river and commands a fine 
view of the surrounding country.” 

The foregoing description is taken from the Patna District Gazetteer. In 
September 1922, the writer paid a brief visit to Bankipore and looked over this 
building, but had no time to make a thorough scientific examination of its 
acoustics. This is obviously a task that ought to appeal to the physicists at the 
local University of Patna. The most striking acoustical feature that was noticed 
by the writer was the return of the sound from the walls of the building as a 
surprisingly loud single echo when the observer stood at its centre and uttered a 
syllable or two. This was evidently due to the curved walls acting as a concave 
mirror focussing the sound at the same point as its origin. When the observer 
moved away from the central position, the simple return of sound gave place to a 
multiple echo. 

The interior of the building is rather gloomy, as it is lighted only through the 
four doors in its massive brick walls. Inside, the brick work is bare, and has not 
been plastered over. The surface of the wall is thus not particularly smooth. An 
attempt to carry on a conversation in a low Undertone with another observer 
situated 90 off along the curved wall was only partially successful. A further 
thorough study of the acoustics of this structure would be well worthwhile in 
order to explain the formation of the curious echoes heard in it. 

V. Whispering gallery at the Calcutta General Post Office 
- (see plate IV) 

This gallery whose acoustical properties were first discovered by the writer merits 
a brief description. The General Post Office is the most imposing building 
amongst the many stately piles that surround Dalhousie Square at Calcutta. It is 
crowned by a dome set on a high cylindrical drum, the upper part of which is 
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Plate IV. The Calcutta General Post OfTice 
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occupied by a row of windows which illuminate the building; the lower part of the 
drum consists of a perfectly vertical smooth circular wall some fifteen feet high. 
This is provided with a gallery four feet broad to which admission is obtained 
through a single door, which opens in from the terrace of the building. The 
diameter of the gallery is 57 feet. Immediately below the gallery is the public 
rotunda. Unfortunately owing to the location of the building and one side of the 
rotunda being open towards Dalhousie Square, the drum of the dome is full of the 
hum of public traffic throughout the day. But early in the morning or late in the 
evening when the bustle of traffic had died away, the whispering gallery is fully 
worth a visit by the interested student of physics. It shows effects similar to those 
observed at St. Paul’s though not in such a high degree. 

VI. Propagation of sound in whispering galleries 

The comparative study of the three whispering-galleries at Calcutta has yielded 
result of interest. The three galleries are approximately of the same size; the 
differences in their architectural characters are however considerable, and the 
differences in their acoustical characters consequent thereon are quite distinct. 
The gallery at the Calcutta General Post Office is architecturally very similar to 
that at St. Paul’s in London, though smaller in size, with the important difference 
that its walls are perfectly vertical while those of the St. Paul’s gallery slope 
distinctly inwards as has been pointed out by Prof. Sabine in his article. The fact 
that the effects observed in the latter are clearly more striking appears to support 
Prof. Sabine’s contention that the inward slope of the wall is an important feature 
contributing to the efficiency of the whispering gallery. 

The lower gallery at the Victoria Memorial whose acoustical features were first 
observed and studied by the writer has quite distinctive features of its own. This 
gallery is just below the inner shallow dome, and its wall is broken by eight large 
openings. In fact the continuous part of the wall above the floor of the gallery is 
only three feet high. Nevertheless, the gentlest whisper at any part of the wall is 
heard right round the gallery, particularly if the observer and his assistant stoop 
down a little towards the floor. The effect is hardly less striking than that observed 
at St. Paul’s. As the wall of the gallery has a very marked slope inwards, this 
appears to furnish further support for Prof. Sabine’s views. Part of the effect is 
however doubtless due to the presence of the curved surface of the dome above, of 
which indeed the wall of the gallery practically forms a part. If the observer and 
his assistant both stand up to their full height, and face each other directly, it is 
distinctly easier to converse in an undertone when they are at the opposite ends of 
a diameter than when they are a smaller distance apart. 

The upper gallery at the Victoria Memorial which lies between the two domes 
naturally shows very striking effects, owing to the comparatively enclosed 

character of the space; the ease with a whisper anywhere is heard throughout is 
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distinctly uncanny, particularly as the observer and his assistant are hidden from 
each other by the mass of the inner dome. As will be seen from the architectural 
section, the wall of the gallery slopes pretty steeply inwards even at the lowest 
point. 

Experimenting in these whispering galleries, the existence of circumferential 
and radial nodal lines in the acoustical field due to a steady source of sound was 

Plate V. (1) Part of circular gallery at the Victoria Memorial. (2) Part of circular gallery at the 

Calcutta General Post Office. 
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established as in the case of the St. Paul’s gallery. Another interesting point to 
which the writer has not seen attention previously directed is the study of the 
propagation of sounds of an impulsive character in whispering galleries. Visitors 
to St. Paul’s notice immediately the peculiar multiple echoes which accompany 
the sound of footfalls in the gallery; a single hand-clap is repeated five or six times. 
The echoes appear to proceed from somewhere near the opposite point of the wall 
of the gallery. Similar multiple echoes are noticed in the Calcutta galleries; the 
effect is least marked in the General Post Office gallery, much better in the lower 
gallery at the Victoria Memorial and appears in an extraordinarily exaggerated 
form in the upper gallery between the two domes, a single hand-clap or other 
sharp sound produced in the gallery being heard repeated no fewer than twenty 
times. As the observer producing the sound mounts the stair towards the top of 
the inner dome, the effect becomes less and less striking and ultimately vanishes at 
the centre. These observations give the clue to the real nature of the phenomenon; 
the multiple sound is not due to any echo, but is merely due to the fact that a 
sound-wave generated at any point on the gallery travels circumferentially round 
and round the gallery many times and is heard each time it passes the observer 
before it finally ceases to be audible. The smaller the decrement of intensity 
between two successive returns, the greater is the efficiency of the whispering 
gallery. The character of the sound at each successive return also undergoes a 
distinct alteration, as of course is to be expected owing to the differing decrements 
for sounds of different pitch. 

The foregoing simple explanation of the multiple sounds heard in whispering 
galleries was verified in two ways. Firstly, if the origin of the sound and the 
observer are situated at different points in the gallery, the sound waves moving in 
opposite directions would pass the observer at different instants, and two sets of 
multiple sounds should thus be heard except when the observer and the source 
are exactly at opposite ends of a diameter. This was actually found to be the case, 
and the relative intensities of the sounds and the points of the gallery from which 
they appeared to emerge showed curious variations as the position of the 
observer was shifted. 

The second method of verification was to determine the time interval between 
successive returns of the sound. With a little practice, this could be done in all the 
three galleries and was a particularly easy task in the upper gallery of the Victoria 
Memorial. By giving a tap periodically say at each tenth return of the sound, the 
succession could be kept up indefinitely, and the time taken for a few hundred 
returns of the sound could be determined with a stop-watch. The interval between 
successive returns of the sound was found to be equal to the circumference of the 
gallery divided by the velocity of sound, correct to within one per cent. It would 
be interesting to repeat this experiment in the larger galleries at St. Paul’s and the 
Gol Gumbaz at Bijapur. 
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VII. Synopsis 

The paper describes five whispering galleries: (1) the Gol Gumbaz at Bijapur; (2) 
the upper gallery between the two domes of the Victoria Memorial at Calcutta; (3) 
the lower gallery under the inner dome of the Victoria Memorial; (4) the Granary 
at Bankipore; and (5) the gallery at the Calcutta General Post Office. Of these (3) 
and (5) were discovered by the writer, and in quality, (3) is not greatly inferior to 
the gallery at St. Paul’s at London. 

The comparative study of (2), (3) and (5) has led to some interesting results, 
notably the confirmation of Sabine’s view of the importance of an inward slope of 
the wall of the gallery for giving the best effects, and the concentration by a 
spherical dome of a maximum of sound at the opposite end of the diameter. 
Circumferential and radial nodal lines were observed in these galleries similar to 
those observed at St. Paul’s. Further, the study of the propagation of impulsive 
sounds in these whispering galleries showed that the multiple sounds heard are 
not echoes as might be thought at first, but are due to the fact that the sound wave 
travels circumferentially round the gallery several times before it is sensibly 
extinguished, and is heard each time as it passes the observer. The smallness of the 
decrement in successive returns is a measure of the strength of the whispering 
gallery effect. The interval between successive returns is equal to the circum¬ 
ference of the gallery divided by the velocity of sound within an accuracy of one 
per cent. The waves travelling in opposite directions round the gallery can be 
differentiated by ear. 
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On the sounds of splashes 

C V RAMAN, M.A. 
and 

ASHUTOSH DEY* 

[Plate I] 

In his interesting book on splashes+, the late Prof. Worthington described the 
results of an extensive series of photographic studies of the phenomena 
accompanying impact on a liquid surface. The successive stages of the splash of a 
drop for various heights of fall, and the splashes produced by solid spheres 
impinging on a liquid surface, were all fully investigated and described. Prof. 
Worthington showed that the splashes produced by solid spheres are of two 
kinds, the “smooth” or “sheath” splash, and the “rough” or “basket” splash; 
whether the one or the other kind of splash is produced depends on the condition 
of the surface of the sphere, the height of fall, and the nature of the liquid. The 
“smooth” splash is practically noiseless, and the “rough” splash is noisy and 
violent. In the latter case, it was observed by Prof. Worthington that the sphere 
when entering the liquid drags the air down with it, forming a cavity in its wake, 
and the successive changes in the form of this cavity, its bifurcation, and the 
formation of vertical jets of liquid within and above the cavity are beautifully 
illustrated in his book by a series of instantaneous photographs. In a recent 
paper1 Mr A Mallock has attempted to develop a mathematical theory of the 
formation of the air-cavity in the wake of the sphere, and he has also discussed the 
part played by it in the production of the characteristic sound accompanying the 
splash. Mr Mallock’s observations of the sounds of splashes were made with the 
unaided ear, and are thus of a subjective and qualitative character. Further 
investigation with instrumental aid is obviously desirable8. 

The present communication is accompanied by some photographic records of 
the sounds of splashes which the authors have secured, showing the transition 

*Communicated by the authors. 

f A Study of Splashes, Longmans, Green & Co., 1908. The book contains (with some additions) the 

substance of two papers by Worthington and Cole, Philos. Trans. R. Soc. (London) 1897 and 1900. 

xProc. R. Soc. London xcv, November 1918. Mr Mallock quotes only the Philos. Trans, paper of 

1897, and was apparently unaware of Worthington’s later work. 

§An interesting fact which may be mentioned in this connexion and which requires investigation, is 

that the splash of a liquid drop is practically soundless unless the height of fall exceeds a certain 

minimum. This effect appears to be connected with the change in the character of the splash with 

increasing heights of fall noticed by Worthington. 
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between the “smooth” or “sheath” splash and the “rough” or “basket” splash, 
depending on the condition of the surface of the impinging sphere. A brief 
description of the instrument with which the sound records were secured may be 
of interest, as it has proved very convenient and easy to construct, and also 
sufficiently sensitive. The design of the instrument is due to Dr P H Edwards*, 
who gave a sketch of it in a personal communication to one of the authors. The 
essential features of the apparatus are shown in the diagrams (a) and (b). The 
sound-waves enter a horn at the end of which a mica disk is fixed. To the centre of 
this disk is firmly fixed a steel spring which projects normally from the disk. This 
spring presses upon a fine steel needle resting on supports, and when the mica disk 
vibrates to and fro, the movement of the spring causes the needle to roll forward 
and backward on its supports. By means of the screw shown in (a), the pressure of 
the spring on the needle can be suitably regulated. To ensure the needle always 
remaining parallel to itself, the supporting block is made slightly curved to a 
cylindrical shape and cut away at the centre as shown in (b). The angular 
movement of the needle caused by its rolling is greatly magnified and optically 
recorded on the moving photographic plate with the aid of a tiny fragment of 
silvered mirror cemented to the needle as shown in (b). 

Figure 1 in the plate shows the record obtained when a highly polished steel 
sphere 2 cm diameter was allowed to fall 100 cm on to the surface of water. The 
record is a straight line, showing that the splash was soundless. Figures 2 and 3 
were obtained with the same sphere and height of fall, when the surface of the steel 
was dimmed with a touch of grease. The two records are closely similar, and show 
that sounds were produced at two different stages of the splash with an interval of 
distinct silence separating them. An interesting contrast with figures 1, 2 and 3 is 
furnished by figure 4, which is the record of the sound of a “basket” splash 
produced by the fall of a steel sphere of the same diameter through the same 
height, the difference being that in the present case the surface of the steel sphere 
had been roughened by allowing it to rust. It will be noticed that there is a stage at 
which there is a violent disturbance, this being due to the characteristic sound of 
the “basket” splash. Figures 5 and 6 are also records of the sounds of “basket” 
splashes produced by the fall of wooden spheres 10 cm diameter from a height of 

*Dr Edwards used an instrument of the type mentioned in the course of some recent work at the 

Bureau of Standards at Washington, the results of which work still await publication. 
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Plate I. Records on the sounds of splashes. 

100 cm. The striking difference between the intensity of the sounds indicated by 
the records in the two cases was due to a slight difference in the condition of the 
surfaces of the two spheres. 

The authors hope, when a suitable opportunity arises, to continue the study of 
the sounds of splashes of which the preliminary results are contained in the 
present note. 

Calcutta 
8 July 1919 
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The nature of vowel sounds 

Prof. Scripture’s arguments on this subject which appeared in Nature (London) 
for January 13 and 20 last seem to me to be open to criticism. It is true, no doubt, 
that a strongly damped resonator may be excited by periodic impulses even when 
its free period is not an exact submultiple of the period of the impulses. But it does 
not appear justifiable to argue from this that the vibration so excited is 
inharmonic to the fundamental period. As an illustration of the error in the 
argument, we may consider the somewhat analogous case of the vibrations of the 
resonator of a violin. The bridge, belly, and enclosed air of this instrument form a 
resonating system having a series of free modes of vibration, which, especially 
those of higher pitch, are strongly damped by reason of the communication of 
energy to the external atmosphere and otherwise. These free periods are, in 
general, inharmonic to the fundamental period of the string. It is easily shown 
from the known mode of action of the bow that the force exerted by the vibrating 
string on the bridge changes impulsively from a positive to a negative value once 
in each period. If Prof. Scripture’s argument were valid, we should be entitled to 
argue that the response of the bridge and belly to these discontinuous changes of 
force should be inharmonic to the fundamental period of the string. Actually, 
however, we know that this is not the case. The overtones which fall near the free 
periods of the resonator are, no doubt, strongly reinforced, but the motion of 
every part of the violin continues to be in strictly harmonic relation to the period 
of the forces impressed by the bow. 

So far as I can see, there is no very vital difference between the dynamical 
principles involved in this and the foregoing case, except that the body of the 
violin has four or five well-marked free periods instead of only one or two, as in 
the case of the resonator concerned in the production of the human voice. The 
special character of the vowel sounds really arises from the last-mentioned 
circumstances, as a result of which most of the energy is concentrated in a small 
group of partials. It seems to me that there is no justification for supposing that 
there are any “inharmonics” present in the voice tones. 

C VRAM AN 

210 Bowbazaar Street, Calcutta 
29 March 
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The dynamical theory of the motion of bowed 
strings 

C V RAMAN, M.A. 

(Plates I-III) 

SUMMARY OF CONTENTS 

The modus operandi of the violin bow 
A new kinematical method of recording the entire motion of a bowed string 
The projection and photography of vibration-microscope figures 

Prefatory note 

Our knowledge of the motion of bowed strings derived from the researches of 
Helmholtz and his successors is mainly of a kinematical character. The present 
investigation was prompted by a desire to attain a fuller understanding and 
appreciation of the distinctive dynamical as distinguished from the purely 
geometrical features of the problem. The attack can evidently be approached 
from two sides. One is the purely a priori, abstract, theoretical point of view. The 
other procedure is to seek out fresh experimental data on which a superstructure 
of dynamical theory can be built up. The paper now presented is of a preliminary 
character and deals principally with certain points which do not appear to have 
been generally recognized or emphasized. Incidentally a new kinematical method 
of recording the vibrations of the entire length of a bowed string in one 
photograph is developed and sixteen pictures obtained by this method are 
presented (plate III). Methods of projecting vibration-microscope figures with 
the lantern and of photographing them are described towards the end of the 
paper. Some photographs of these figures are presented in plate II. 

The modus operandi of the violin bow 

Obviously in any dynamical theory, the exact relation between the motion of the 
bow and that of the bowed point is of the very first importance. Helmholtz, 
referring to the particular case in which the motion of the bowed point is 
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represented by the two-step zig-zags discussed by him, remarks (vide Sensations 

of Tone, English Translation, page 83) that the velocity in the forward motion 
“appears” to be equal to that of the bow. Later treatises state that the velocity of 
the forward motion is probably equal or about equal to that of the bow (e.g. Lord 
Rayleigh’s Theory of Sound, I, and Barton’s Text-Book of Sound, article 261). It 
is evident that an exact and convincing demonstration of this equality of 
velocities has not so far been given, and such a proof is obviously of importance, 
for, in a very large number of cases (vide researches of Helmholtz and those of 
Krigar-Menzel and Raps, Sitzungberichte of the Berlin Academy, 1891) the 
vibration-curve of the bowed point is exactly represented by a two-step zig-zag, 
the ratio of the forward and backward velocities bearing some relation to the 
position of the bowed point on the string. 

The following method has been devised by me for obtaining simultaneous 
photographic records of the motion of the bow and of the bowed point in contact 
with it. A fairly long string is chosen for the experiment and a narrow slit cut in a 
sheet of metal is set across and immediately behind the string. The positive crater 
of a small arc placed in front of the string provides the necessary illumination. The 
string is bowed at a point as close as possible to the position of the illuminated slit. 
A pin is fixed transversely at the centre of the bow. A photographic plate 
contained in a dark slide is arranged to slide in grooves parallel to the string, and 
the movement is timed so that the shadow of the pin fixed to the bow passes 
across the illuminated slit when the photograph is being secured. We thus obtain 
a simultaneous record of the motion of the bow and of the vibrations of the bowed 
point on the string. When the apparatus has been correctly adjusted, we find that 
the record of the bow is absolutely parallel to that of the forward motion of the 
string. In some cases the two records become perfectly coincident (this, of course, 
is mere chance) and the picture becomes a most convincing demonstration of the 
equality of velocities. Three such records are shown in figures 1, 2, and 3, 

plate I. 
Working by this method, we arrive at the generalization that in every case in 

which the motion of the bowed point is a two-step zig-zag, the velocity of the 
forward motion is accurately equal to that of the bow. This fact has obviously a 
bearing on the dynamical theory of the maintenance of the periodic motion. 

It is a somewhat remarkable fact that the current treatises in describing the 
form of a bowed string at any instant during its motion (even in the simplest 
cases), overlook the effect of the friction of the bow on the configuration of the 
stretched string and thus convey a somewhat erroneous idea of the modus 

operandi of the bow. The first effect of the bow must evidently be to cause a 
deflection of the string in the direction of its movement into two lines meeting 
more or less sharply at the point of application, and a little consideration will 
show that the vibrations started and maintained by the bow may to some extent 
modify but cannot abolish this primary effect. Assuming, for the sake of clearness 
in ideas, that the region of application of the bow is confined to an extremely short 
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Figure 1 Figure 2 

Figure 4. Record from moving slit apparatus (see plate II). 

Plate I 

length of the string, and that 9 is the angle between the two lengths of string or 
either side of it, it follows (with a reservation) that the value of 6 at any instant 
during the vibration is given by the equation, 

Frictional force acting on string = Tension x sin(7i — 6). 

The reservation is that we must exclude the instants at which 6 suffers an infinitely 
sudden increase or decrease followed by an infinitely sudden change in the 
opposite direction owing to the passage of a crest of the wave through the bowed 

point. On account of the (ordinarily) very short duration of these ‘discontinuous’ 
changes and the fact that the forces acting on the string are finite, no appreciable 
energy passes into the string at these instants. If the value of 9 is taken as constant 



Plate II. Some photographs of vibration-microscope figures of bowed strings 
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throughout the rest of the motion, we arrive at the result that there is apparently 
nothing to enable the vibrations of the string to be maintained in the presence of 
dissipative forces. In other words, we find that the expression for the motion of the 
string given by Helmholtz’s formulae are quite incapable of explaining the 
maintenance of the motion. The inference to be drawn is that the kinematical 
expressions for the motion are incomplete, and certain additional dynamical 
terms must be added to enable an accurate idea of the motion to be obtained. 
These dynamical terms involve a certain periodic variation of the angle 6. 

From purely a priori considerations, we thus arrive at the following conclu¬ 
sions: the form of the bowed string at any instant in the simplest case considered 
by Helmholtz is in general that of three straight lines meeting at sharp angles (not 
two, as is generally supposed). Further, two of these straight lines always meet at 
the bowed point, and the angle between them suffers a small periodic variation 
which is distinct from the sudden increase followed by the sudden decrease caused 
by the passage of a ‘crest’ of the wave through the bowed joint. This small periodic 
variation is necessary to enable the maintenance of the motion to be explained 
and involves a modification of the usual kinematical expression for the motion at 
all points on the string, small no doubt, but theoretically of great importance. The 
most promising method of verifying the above-stated conclusions would appear 
to be to obtain a series of shadow photographs of the form of the string, at and 
near the bowed point, on a falling plate under periodic illumination secured by 
electric sparks of short duration, following one another at intervals of a tenth or a 
twelfth of the period of vibration of the string. Experiments by this method are 
under contemplation. 

Another line of reasoning leads to conclusions precisely similar to those stated 
above. It is known that by bowing in a suitable manner near the end of the string, 
or better still near its middle point, it is possible to elicit the octave of the string 
without any admixture of the fundamental motion. In this case, the centre is a 
node, and to admit of the passage of the energy requisite for the maintenance of 
the vibrations of the second half of the string there must be a small motion at the 
node, the phase of which for each periodic component differs from that of the 
large motion elsewhere by quarter of an oscillation.* The kinematically deduced 
expressions obviously fail to account for the existence of this small motion and 
must therefore be modified accordingly. This small motion appears to be 
distinctly present and is shown in record no. 5 in plate III, obtained by a 
method to be described below. 

The preceding discussion when carried a step further enables us to deduce from 
purely a priori considerations some of the possible forms of vibration of bowed 
strings. It is obvious from dynamical considerations that in steady motion the 
velocity of the bowed point at any instant in the direction of bowing cannot 

*See “The Small Motion at the Nodes of a Vibrating String,” section II, Bulletin no. 6. 
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normally exceed that of the bow itself. For, if it did, the direction of the frictional 
force would be reversed and the extra velocity would be quickly damped down. 
Again, as we have already seen, the maintenance of the motion depends upon a 
periodic variation of the frictional force acting on the string, and if, as is generally 
the case, the damping of the vibrations is very small, the motion approximates 
more and more closely to a type in which there is no damping, and no 
maintenance, in other words to a free oscillation subject to no periodic forces. The 
string possesses an infinite number of degrees of freedom, and it follows that, 
provided the pressure and velocity of bowing lie within certain limits, it would 
normally adjust itself as closely as possible to a type of motion in which the 
frictional force due to the bow is constant. Since this friction is a function of the 
relative velocity, periodic terms can be absent from it only when the forward and 
backward velocities of the bowed point are each of them constant, and the 
forward velocity is equal to that of the bow. Such a type of motion in the case of a 
stretched string is possible, provided the ratio of the forward and backward 
velocities is such that the motion, when analysed and expressed in a Fourier 
series, does not contain any harmonic, a node of which coincides exactly with the 
point of bowing. For example, if the node is that of the nth harmonic, the ratios of 
the forward and backward velocities may be one of the ratios r/n — r where r is an 
integer less than n. The particular ratio which obtains depends of course on the 
pressure and velocity of bowing. These inferences are generally in accord with the 
results of experiment. 

A new kinematical method of recording the entire motion 
of a bowed string 

It is well known that a bowed string is capable of many complicated types of 
vibration. To convey a really accurate and effective idea of the motion of the 
string in any of these cases, it would be necessary to observe or photograph the 
vibration-curves of many individual points on the string, care being taken, when 
each photograph is secured, that the string is bowed precisely at the same point 
and as nearly as possible with the same pressure and velocity. When this is done, it 
would be necessary also to indicate the place of bowing and the point of 
observation against each photograph, and if possible to arrange these in some 
kind of geometrical order, so that the eye can realize the configuration of the 
string as a whole. Now it would obviously be a great gain, if the whole business 
could be managed in one operation. It is well known that, after a little practice, it 
is much easier to maintain a nearly uniform style and place of bowing for, say half 
a second, than to reproduce these correctly 15 or 20 times in several successive 

efforts. It will also be conceded that 80 or 90 vibration-curves of successive points 
‘stringed’ together in one photograph will convey to the eye far more of the finer 
effects of the gradation of the motion from point to point, than 5, 10 or even 15 
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separate photographs could. This result I have succeeded in securing and 16 
records are presented in plate III. 

The experimental procedure is very simple indeed. A fine violin string is 
stretched on low bridges mounted on a hollow-box. The top of the box between 
the two bridges is open and fitted with grooves inside which a long strip of wood 
about 2 inches wide slides very smoothly parallel to the string. When the 

‘apparatus is not at work, the strip completely covers the opening, so that the box 
is light-tight. An aperture in the strip is fitted with a fine slit transverse to the 
string. A small brilliant arc placed at some distance in front of the box provides 
the source of illumination. An arrangement is made by which a length of sensitive 
film or bromide paper is held up just behind the sliding cover. The string is bowed 
steadily, and the illuminated slit with the shadow of the string across it is caused 
to slide with uniform velocity from end to end of the string, and thus to record the 
motion of the latter on the sensitive surface. 

The necessary uniform movement of the slide carrying the slit is secured by the 
aid of a small fly-wheel and a string wrapped round its axle. A little string is left 
slack at first while the fly-wheel is set into rotation, and the string tightens and 
moves the slide forward with uniform velocity. When the slit has passed over the 
whole of the string, the slide comes up against a stop and the connecting string 
snaps off. 

The place of bowing is indicated in the photographs by the shadow of the bow 
crossing the string. The vibration-curves come right up to this short length on 
either side, and the nature of the motion at the bowed point itself is thus 
sufficiently indicated. It will be seen that in plate III, each record consists of 90 
to 100 vibration-curves or ‘waves’ continuously stringed together. The length of 
each of these waves is the distance through which the slit travelled in one 
complete period of oscillation of the string, and they represent with perfect fidelity 
the time-displacement diagrams of the points on the string at which they 
respectively appear. For, the length of the ‘wave’ is a very small fraction of the 
length of the string, in fact much smaller than the length of the ventral segments of 
all harmonics which have sensible amplitudes, i.e. say up to the 10th or 11th; and 
further, discontinuous changes of velocity which involve harmonics of very high 
orders are also reproduced in the curve as discontinuous changes in direction. 

In other words, these curves are for all practical purposes precisely similar to 
those obtained for individual points on the string by the method of a stationary 
slit and moving photographic plate. Each ‘wave’ differs from those on either side 
of it by almost imperceptible gradations (see for instance a section reproduced as 
figure 4, plate I), and thus, an accurate picture of the vibration of all points on the 
string is presented to the eye. 

This method, of course, is suitable for the photographic record of all cases of the 
vibrations of strings or thin rods, provided these oscillations are maintained 
steadily during the interval the illuminated slit takes to pass over from end to end 
of the string or thin rod, or over any desired section of it. In the case of damped 
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oscillations, e.g. those produced by striking or plucking the method is not so 

effective. Even here, however, some use can be made of the method, and to 
illustrate this, I have included the case of a plucked string (Record no. 17). 

In the case of bowed strings, when the bowing has been fairly steady, the whole 
picture, in addition to conveying the vibration-form for individual points on the 
string, also indicates the configuration of the string as a whole, i.e. shows the 
relative amplitudes of the motion at various sections, and also the deflexion of the 
string due to the friction of the bow, which I have referred to previously. Further, 
the curves when held nearly in a line with the eye, show very well the division of 
the string into alternately brighter and darker strips parallel to its length over 
various sections of it, which are so readily observed by the unassisted eye when a 
bowed string is seen under good illumination. The ‘bright’ strips are seen over the 
regions where, for a short distance, points on the string reverse their direction of 
motion and retrace their paths, and the ‘dark’ strips where the points move down 
with increased velocities. 

The projection and photography of vibration-microscope figures 

Helmholtz, as is well known, deduced the vibration-forms of bowed strings in 
some of the simple cases by the very beautiful, if a trifle complicated, method of 
the vibration-microscope. The figures seen in this instrument possess great 
fascination and interest to the experimenter on account, partly, of the variety and 
the beauty of the forms which they may assume, and also on account of the 
peculiar, almost stereoscopic effect produced by the slow rotation of the figures 
under slightly imperfect tuning. In the form devised by Helmholtz, however, 
the instrument can only be used by one observer at a time, and as a monocular 
microscope is employed, there is some discomfort in its use which renders the 
observation of these figures less attractive than it otherwise might be. In fact, the 
number of those who have seen even the simplest of these curves for themselves, 
i.e. elsewhere than in text-book diagrams, is probably not very large, and the 
interest of these figures does not appear to be very generally realized. 

There are some difficulties in obtaining satisfactory projections of these figures 
on the screen, which I have successfully overcome. For use with an ordinary 
lantern, even in one in which the electric arc is employed, Helmholtz’s original 
method is obviously quite unsuitable, as the amount of light available is 
altogether insufficient. The following arrangement is a very suitable one. The 
condenser of the lantern is covered by a cap carrying an adjustable slit with 
vertical jaws. A steel wire about 80 cm long is employed as the ‘string’ to be 
bowed, and this is stretched horizontally close to the cap covering the condenser 
of the lantern, so as to bisect the slit. An electrically-maintained interruptor-fork 
of frequency, say 60, is used. This is held vertically, and upon one of the prongs of 
this, a small achromatic lens of short focal length, say about 7-5 cm, is fixed on 
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with wax, and the other prong is loaded to balance the masses. This lens forms an 
enlarged image of the slit with the shadow of the string across it, on a distant 
screen, or on the ground-glass of a camera (with the lens removed) placed in front 
of it. The principal difficulty which remains to be overcome is that with the low 
frequency of the fork employed, the diameter of the wire used cannot be made 
very small, and the magnified image of its shadow across the slit is excessively 
broad. This cannot be conveniently avoided by the use of fine wires and a high 
frequency fork, as the amplitudes of vibration then become too small for 
successful projection. The device finally adopted by me is to flatten a very short 
length of the wire just opposite the illuminated slit, with a hammer, so as to have 
the wire at this point practically a very thin flat ribbon seen edgewise and 
therefore giving a very sharp and narrow shadow on the screen. As the linear 
density of the wire is not even locally altered by this treatment, the vibrational 
modes are quite unaffected, and it becomes possible to obtain satisfactory curves 
on the screen by bowing the string and setting the fork in vibration. 

An extraordinary and most interesting variety of curves can be demonstrated 
to a large audience in this way, and the gradual rotation of the curve due to slight 
imperfections in the tuning has a very striking and almost stereoscopic effect. 

To obtain photographic records of these curves, the arrangement described 
above is adopted. The string is so tuned that when it is bowed, the curve seen on 
the ground-glass of the camera is practically steady, and a picture is secured with 
an exposure of only ys th of a second. With such an exposure, the effect of any 
imperfection in the tuning on the sharpness of the figure photographed is quite 
negligible. The available light is so great that, even with this short exposure, it is 
generally found necessary to use a neutral-tinted screen in front of the shutter of 
the camera to prevent over-exposure of the plate. 

Plate II shows nine pictures secured in the preliminary work. In each case, it 
will be seen that the frequency of the fundamental vibration of the string 
employed was double that of the fork employed, and some of the curves are 
evidently identical with those observed and drawn by Helmholtz. I hope later to 
find time to secure and publish a more extensive series of curves, grouped 
according to the places of bowing and observation and with various ratios of 
frequency between the vibrations of the bowed string and that of the interruptor- 
fork. 

In concluding this Bulletin, I have great pleasure in acknowledging the 
valuable assitance I have received from Mr Asutosh Dey, the senior demon¬ 
strator of the Association Laboratory, in planning and carrying out the 
experiments described above. I must also express my gratitude to Dr Amrita Lai 
Sircar who, as Honorary Secretary, put the resources of the Laboratory 
unreservedly at my disposal during hours at which few institutions, if any, would 
remain open for work, and who was also unfailing with his personal encourage¬ 
ment and advice. 
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On the “wolf-note” of the violin and ’cello 

It has long been known that on all musical instruments of the violin family there is 
a particular note which is difficult to excite in a satisfactory manner, and that 
when this “wolf-note,” as it is called, is sounded, the whole body of the instrument 
vibrates in an unusual degree, and it seems to have been also understood that the 
difficulty of eliciting a smooth note of this particular pitch is due in some way to 
the sympathetic resonance of the instrument (Guillemin, The Applications of 

Physical Forces, 1877). In a recent paper (Proc. Cambridge Philos. Soc., June, 
1915) G W White has published some experimental work confirming this view. 
The most striking effect noticed is thexyclical variation in the intensity of the tone 
obtained when the instrument is forced to speak at this point. White suggests as 
an explanation of these fluctuations of intensity that they are due to the beats 
which accompany the forced vibration imposed on the resonator. The correct¬ 
ness of this suggestion seems open to serious criticism. For the beats which are 
produced when a periodic force acts on a vibrator are essentially transitory in 
character, whereas in the present case the fluctuations in intensity are persistent. 

The following explanation of the effect, which is different from that suggested 
by White, occurred to me some time ago on theoretical grounds, and has since 
been confirmed by me experimentally. The effect depends on the fact (which is 
itself a consequence of theory) that when the pressure with which the bow is 
applied is less than a certain critical value proportionate to the rate of dissipation 
of energy from the string, the principal mode of vibration of the latter, in which 
the fundamental is dominant, is incapable of being maintained and passes over 
into one in which the octave is prominent. When the bow sets the string in 
vibration the instrument is strongly excited by sympathetic resonance, and the 
rate of dissipation of energy rapidly increases and continues to increase beyond 
the limit up to which the bow can maintain the string in the normal mode of 
vibration. The form of vibration of the string then alters into one in which the 
fundamental is feeble compared with the octave. Following this, the amplitude of 
vibration of the belly decreases, but this change lags behind that of the string to a 
considerable extent. When the rate of dissipation of energy again falls below the 
critical limit, the string begins to regain its original form of vibration with the 
dominant fundamental. This is accordingly followed, after an interval, by a fresh 
increase in the vibration of the belly, and the cycle then repeats itself indefinitely. 

The accompanying photograph showing the simultaneous vibration-curves of 
the belly and string of a ’cello amply confirms the foregoing explanation 
suggested by theory, and is itself of interest. It will be seen that the changes in the 
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vibrational form of the string are about a quarter of a cycle in advance of those of 
the belly, and that in both curves the octave is conspicuous when the amplitude is 
a minimum. 

C V RAMAN 

The Indian Association for the Cultivation of Science 
Calcutta, 20 May 
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On the “wolf-note” in bowed stringed 
instruments 

C V RAMAN, M.A.* * 

(Plate I) 

It has long been known that on all musical instruments belonging to the violin 
family there is a particular note which it is difficult to elicit in a satisfactory 
manner by bowing. This is called the “wolf-note,” and when it is sounded the 
body of the instrument is set in vibration in an unusual degree; and it appears to 
have been realized that the difficulty of maintaining the note steadily is due in 
some way to the sympathetic resonance of the instrument1. In a recent paper*, 
G W White has published some interesting experimental work on the subject, 
confirming this view. The most striking effect noticed is the cyclical variation in 

the intensity of the note when the instrument is forced to speak at this point. 
White suggests as an explanation of these fluctuations of intensity that they are 
due to beats which accompany the forced vibration impressed on the resonator 
when the impressed pitch approaches the natural pitch of the system. The 
correctness of this suggestion seems open to serious criticism. For, the beats 
which are produced when a periodic force acts on a resonator are of brief 
duration, being merely due to the superposition of its forced and free oscillations, 
and when, as in the present case, the resonator freely communicates its energy to 
the atmosphere and the force itself is applied in a progressive manner and not 
suddenly, such beats should be wholly negligible in importance, and should, 
moreover, vanish entirely when the impressed pitch coincides with the natural 
pitch. In the present case the essential feature is the persistency of the fluctuations 
of intensity and their markedness over a not inconsiderable range; and it is 
evident that an explanation of the effect has to be sought for on lines different 
from those indicated by White. I had occasion to examine this point when 
preparing my monograph on the “Mechanical Theory of the Vibrations of Bowed 
Strings,” which will shortly be published, and the conclusions I arrived at have 
since been confirmed by me experimentally. 

* Communicated by the author. 

+Guillemin, The Application of Physical Forces, 1877. 

*G W White, Proc. Cambridge Philos. Soc. June 1915. 
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From the mechanical theory, it appears that when the pressure with which the 
bow is applied is less than a certain critical value, proportionate to the rate of 
dissipation of energy from the vibrating string, the bow is incapable of 
maintaining the ordinary mode of vibration in which the fundamental is 
dominant, and the mode of vibration should progressively alter into one in which 
the octave is the predominant harmonic*. In the particular case in which the 
frequency of free oscillation of the string coincides very nearly with that of the 
bridge of the violin and associated masses, the mode of vibration of the string is 
initially of the well-known type in which the fundamental is dominant. But the 
vibrations of the string excite those of the instrument, and, as the vibrations of the 
latter increase in amplitude, the rate of dissipation of energy increases continually 
till it outstrips the critical limit, beyond which the bow fails to maintain the usual 
type of vibration. As a result of this, the mode of vibration of the string 
progressively alters to a type in which the fundamental is subordinate to the 
octave in importance. The vibration of the belly then begins to decrease in 
amplitude, but, as may be expected, this follows the change in the vibrational 
form of the string by a considerable interval. The decrease in the amplitude of the 
vibrations of the belly results in a falling off of the rate of dissipation of energy, 
and, when this is again below the critical limit, the string regains its original form 
of vibration, passing successively through similar stages, but in the reverse order. 
This is then followed by an increase in the vibrations of the belly, and the cycle 
repeats itself indefinitely. The period of each cycle is approximately twice the time 
in which the vibrations of the belly would decrease from the maximum to the 
minimum, if the bow were suddenly removed. 

The foregoing indications of theory are amply confirmed by the photographs 
reproduced in plate I, which show the simultaneous vibration-curves of the 
belly and string of a ’cello at the wolf-note pitch. It will be seen that the form of 
vibration of the string alters cyclically in the manner predicted by theory, and that 
the corresponding changes in the vibration-curve of the belly follow those of the 
string by an interval of about quarter of a cycle. That the two sets of changes are 
dynamically interconnected in the manner described is further confirmed by the 
prominence of the octave in both curves at the epochs of minimum amplitude. 
The explanation of the cyclical changes given above is also in accordance with the 
observed fact that they disappear and are replaced by a steady vibration when the 
ratio of the pressure to the velocity of bowing is either sufficiently increased or 
sufficiently reduced. In the former case the string vibrates in its normal mode, and 
in the latter case the fundamental disappears altogether and the string divides up 
into two segments. 

* Compare with the observations of Helmholtz, Sensations of Tone, English Translation by Ellis, p. 85. 
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Time axis 

Wsmmm 

Plate I. Simultaneous vibration-curves of belly and string of violoncello at the “wolf-note” pitch. 

Effect of muting on the “wolf-note” 

Since the pitch of the wolf-note coincides with that of a point of maximum 
resonance of the belly, we should expect to find that by loading the bridge or other 
mobile part of the body of the instrument important effects are produced. This is 
readily shown by putting a mute on the bridge. The pitch of the wolf-note then 
falls immediately by a considerable interval. On the particular ’cello I use, a load 
of 17 grammes fixed at the highest point of the bridge lowers the wolf-note pitch 
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from 176 to 160 vibrations per second. A larger load of 40*4 grammes depresses it 
further to 137 vibrations per second, and also causes two new but comparatively 
feeble resonance-points to appear at 100 and 184 respectively, without any 
attendant cyclical phenomena. An ordinary brass mute has a very similar effect. 

The formation of violin-tone and its alteration by a mute 

The positions of the frequencies of maximum resonance of the bridge and 
associated parts of the belly for notes over the whole range of the scale are 
undoubtedly of the highest importance in determining the character of violin- 
tone, and the explanation of the effect of a mute on the tone of the instrument is 
chiefly to be sought for in the effect of the loads applied on the frequencies of the 
principal free modes of vibration of the bridge and associated parts of the belly. 
The observations of Dr P H Edwards on the effect of the mute* are evidently 
capable of explanation on the basis of the lowering of the frequencies of maximum 
resonance by the loading of the bridge. But a more detailed understanding of the 
dynamics of the problem requires further theoretical and experimental investiga¬ 
tion. Recently, I have secured an extensive series of photographs showing the 
effect on the motion of the bridge in its own plane produced by fixing a load on it 
at one or other of a variety of positions. The close parallelism between the effect of 
loading, as shown by these photographic curves and as observed by the ear, seems 
to show that the motion of the bridge in its own plane determines the quality of 
violin-tone to a far greater extent than might be supposed from the work of Giltay 
and De Haas+. A detailed discussion of this and other problems relating to the 
physics of bowed instruments is reserved for a separate communication. 

This investigation was carried out in the Laboratory of the Indian Association 
for the Cultivation of Science, Calcutta. 

20 May 1916 

Note dated the 8th of August added in proof 

Since the paper was first written, several other interesting effects have been 
noticed, of which the following is a summary: 

(a) Cyclical forms of vibration of the G-string and belly of a ’cello may also be 
obtained when the vibrating length is double that required for production of the 

*P H Edwards, Phys. Rev. January 1911. 
+Giltay and De Haas, Proc. R. Soc. Amsterdam, January 1910. See also E H Barton and T F 

Ebblewhite, Philos. Mag. September 1910, and C V Raman, Philos. Mag. May 1911. 
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wolf-note, that is, when the frequency is half that of the wolf-note. In this case, 
when the pressure of the bow is sufficient to maintain a steady vibration, the 
second harmonic in the motion of the belly is strongly reinforced. When the 
pressure is less than that requited for a steady vibration, cyclical changes occur, 
the principal fluctuations in the motion, both of the string and the belly, being in 
the amplitude of the second harmonic. In this, as in all other cases, the cyclical 
changes disappear and give place to a steady vibration, when the bow is applied 
at a point sufficiently removed from the end of the string. In this particular case, a 
large, almost soundless vibration may be obtained by applying the bow rather 
lightly and rapidly at a point distant one-fifth or more of the length from the end; 
the octave is then very weak in the vibration of the string, but may be restored, 
along with the tone of the instrument, by increasing the pressure of the bow. 

(b) The ’cello has another marked point of resonance at 360 vibrations per 
second. The pitch of this is also lowered by loading the bridge. 

(c) When the vibrating length of the G-string or A-string of the ’cello is about a 
fourth of the maximum or less, cyclical forms of vibration may be obtained at 
almost any pitch desired, by applying the bow with a moderate pressure rather 
close to the bridge. 

(d) As the frequency of vibration is gradually increased from a value below to 
one above the wolf-note frequency, the phase of the principal component in the 
“small” motion at the end of the string, that is also of the transverse horizontal 
motion of the bridge, undergoes a change of approximately 180°. This is in 
accordance with theory. 
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On the alterations of tone produced by a violin- 
“mute” 

Experiments on the “wolf-note” of the violin or ’cello (see Nature (London) June 
29, and September 14, 1916, and Philos. Mag. October, 1916) suggest an 

explanation of the well-known and striking alterations in the tone of the 
instrument produced by a “mute,” which at first sight seems somewhat difficult of 
acceptance, viz. that they are due to the lowering of the pitch of the free modes of 
vibration of the entire body of the instrument produced by the added inertia. This 
view of the action of the mute (which was suggested by way of passing reference in 
my paper on the “wolf-note”) has, I find, excited some incredulity, and its 
correctness has, in fact, been questioned in a note by Mr J W Giltay in the Philos. 

Mag. for June, 1917. The following brief statement may therefore be of interest as 
establishing the correctness of my view of this important phenomenon: 

If Nl9 N2, JV3, etc. be the frequencies of the free vibrations of the body (in 
ascending order), the frequencies as altered by the addition of the “mute” are 
determined by equating to zero the expression (see Routh’s Advanced Rigid 

Dynamics, section 76), 

(N\ — n2)(Nl — n2) x etc., — an2(n\ — n2){nj — n2) x etc., 

where a is a positive quantity proportionate to the added inertia, and n2, w3, etc. 
are the limiting values of N2, N3, etc. attained when the load is increased 
indefinitely [nx = 0, and n2 < Nl9 n3 < N2, etc.]. The forced vibration due to a 
periodic excitation of frequency n is determined by the same expression, being 
inversely proportional to it except in the immediate neighbourhood of points of 
resonance. The sequence of the changes in the forced vibration produced by 
gradually increasing the load is sufficiently illustrated by considering a case in 
which n lies between N1 and N2. If n i <n2, the load decreases the forced vibration 
throughout, but if n > n2, the load at first increases the forced vibration until it 
becomes very large, when n coincides with one of the roots of the equation for free 
periods, subsequent additions of load decreasing it. The increase in the intensity 
of tone indicated by this theory has actually been observed experimentally by 
Edwards in the case of the graver tones and harmonics of the violin (Phys. Rev. 

January, 1911). Edwards’s observation that the intensity of tones and harmonics 
of high pitch is decreased by “muting” is also fully explained on this view, as in the 
case of the higher modes of free vibration of the instrument a very small load 
would be sufficient to make the frequencies approximate to their limiting values. 
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Comparison of the effects of loading the bridge of the instrument at various 
points on the free periods and the tones of the instrument furnishes a further 
confirmation of the foregoing theory. For instance, on a ’cello tried by me, the 
lowering of the “wolf-note” pitch produced by a load fixed on either of the feet of 
the bridge was small compared with that obtained by fixing it on top of the bridge, 
and the observed “mute” effect was correspondingly smaller. In fact, the 
alterations of free period produced by loading furnish us with quantitative data 
regarding the relative motion of different parts of the instrument, and of their 
influence in determining the character of its tones. 

C VRAM AN 

Calcutta 
28 August 
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On the “wolf-note” in bowed stringed instruments 

C V RAMAN, M.A. 
(Sir Taraknath Palit Professor of Physics in the Calcutta University)* 

1. In the Philos. Mag. for June 1917 (page 536), Mr J W Giltay has questioned the 
correctness of the remark made by me in the Philos. Mag. for October 1916 (page 
394), that the explanation of the effect of a “mute” on the tone of bowed stringed 
instruments is chiefly to be sought for in the lowering of the frequencies of 
resonance of the instrument produced by the loading of the bridge. 

2. Before replying to the specific issues raised by Mr Giltay, I may be permitted 
to point out that the view of the action of the mute suggested by me rests upon the 
secure foundation of mathematical analysis. The effect of adding inertia to any 
part of a dynamical system has been considered by Lord Rayleigh, Routh and 
others, and it has been shown that the natural frequencies as altered by the 
addition of the load are given by the roots of the equation (see Routh’s Advanced 

Rigid Dynamics, section 76) 

(N\ — n2)(N2 — n2)&c., — xn2(n2 — n2)(nl — n2)&c. = 0. 

In the above, Nl9N2i &c. are the frequencies before the addition of load, n1,n2, 

n3, &c. are the limiting values of the frequencies attained when the load becomes 
infinitely large, and a is a positive quantity proportionate to the added inertia. 

[«! = 0,n2 > Nun3 > N2, &c., according to the theorem due to Routh]. 

The forced vibration due to a periodic force of frequency n (assumed to act on 
the system at the point at which the load is fixed) also depends on the magnitude 
of the expression on the left-hand side of the preceding equation, being in fact 
inversely proportional to it except in the immediate neighbourhood of the 
frequencies of resonance. The expression may, for convenience, be written in the 
form (p — txq). Assuming that the frequency n of the impressed force lies between 
two of the natural frequencies, say N1 and N2, of the system without any load, the 
effect of the load on the forced vibration evidently depends on whether p and q are 
of the same or of opposite sign. If n be less than n2, they are of opposite signs, while 
if n be greater than n2, they are of the same sign. In the former case, the load 
decreases the amplitude of the forced vibration throughout. In the latter case, the 

* Communicated by the author. 
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vibration is increased by the addition of load till the stage is reached at which 
p = <xq, the amplitude then becoming very large. Subsequent additions of 

load decrease the forced vibration till it finally vanishes in the limit. 
3. If, however, the point at which the load is fixed is not the same as that at 

which the impressed force acts on the system, the treatment is not equally simple. 
The expression for the forced vibration then obtained from the lagrangian 
equations has the determinant for the free periods as its denominator; but the 
numerator contains some additional terms, the magnitude of which is propor¬ 
tional to the applied load. If these terms are ignored, the sequence of changes with 
increasing load would be exactly the same as that stated in the preceding 
paragraph. 

4. There is no difficulty in verifying the foregoing indications of theory 
experimentally. In the case of the violin or ’cello, at least the first three of the 
natural modes of vibration of the instrument have to be taken into account to 
explain the phenomena produced by the mute within the ordinary range of tone 
of the instrument. The two first resonance-frequencies are those mentioned by 
Helmholtz in his work. The pitch of the first is only slightly lowered by the mute. 

The second is the well-known “wolf-note,” and the pitch of this is depressed by 
about 450 cents by the mute. The pitch of the third resonance is about an octave 
higher than that of the second, and this also gives a marked “wolf-note”. The mute 
lowers the pitch of this by about 700 cents. The mass of an ordinary brass mute is 
sufficient to make the second, third, and higher resonance-frequencies approxi¬ 
mate to their limiting values. The effect of the mute should accordingly be to 
increase the intensity of the graver tones and harmonics of the instrument, and to 
decrease those of high pitch. This is exactly what has been found experimentally 
by Edwards (Phys. Rev. January 1911). 

5. Mr Giltay’s criticisms may now be easily disposed of. Experiment shows 
that he is incorrect in saying “I suppose that the change of pitch of the note of 
maximum resonance of bridge, belly, &c. will practically be the same whether the 
bridge be loaded at its highest point or as low as possible and near to its left foot.” 
As a matter of fact, trial shows that the lowering of the pitch of either of the two 
“wolf-notes” is three to five times as much in the former case as in the latter. As the 
observed mute-effect is less when the load is placed at the foot of the bridge, the 

experiment actually furnishes a strong confirmation of the correctness of my 
views, and shows also that the interpretation given by Giltay and De Haas to 
their observations (Proc. R. Soc. Amsterdam, January 1910) requires revision. As a 
matter of fact, it appears from my detailed observations that Giltay and De Haas 
were in error in assuming that the motion of the bridge in its own plane is 
practically that of a rigid body. Owing to the form of the bridge, the cuts in it, &c., 
this is very far indeed from being the case, the elastic distortions being very large. 
For instance, it makes all the difference in the pitch of the wolf if a load be fixed 
immediately above instead of immediately below the cut on the G-string side of 
the bridge. This fact is inconsistent with the supposition made by Giltay and 
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De Haas that the motion of the bridge in its own plane is one of simple rotation 
about an axis, and proves that the theory of the action of the mute put forward by 
these writers is untenable. 

6. In view of what has been said in para 4, the observed muting of the high 
notes of the instrument which Mr Giltay suggests as a difficulty, is easily seen to 
be exactly what is to be expected according to the view of the action of the mute 
put forward by me. In the absence of a mute, the resonance of the violin is by far 
the strongest at the pitch of the two “wolf-notes”. Theory thus indicates that the 
quality of violin-tone and the effect of a mute upon it may be characterized as 
follows: the gravest tones have a weak fundamental with strong second and third 
harmonics, muting increasing the fundamental at the expense of the harmonics; in 
the middle of the scale the tones should have strong fundamental and second 
harmonic with relatively weak higher harmonics, all except the fundamental 
being decreased by muting; the highest tones should have strong fundamental 
and weak upper partials, all the components being decreased by muting. The 
observations of Hewlett (Phys. Rev., November 1912) and those of Edwards 
already quoted are in substantial agreement with the above. 

7. Another interesting question which arises regarding the action of the mute is 
its effect on the minimum bowing pressure necessary in order to elicit a steady 
vibration of the usual type. I have investigated this question theoretically by 
considering the effect of the mute on the motion of the bridge and consequently 
on the minimum frictional force which should be exerted by the bow on the string 
in order that a steady vibration should be possible. The question has also been 
studied experimentally using a mechanical player in which an ordinary violin- 
bow excites the strings of a violin under strictly controlled pressure and velocity 
of movement. The quantitative data obtained clearly show the great increase in 
the bowing pressure which becomes necessary at the “wolf-note” pitch, and prove 
that the effect of the mute is to increase the bowing pressure necessary at low 
frequencies and to decrease it at high frequencies. With this mechanical player, 
the “cyclical” or “beating” tones obtained in certain cases (Philos. Mag. October 
1916 and February 1917) may be steadily maintained and controlled by suitable 
adjustment of the bowing pressure. 

Indian Association for the Cultivation of Science 
Calcutta 
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The “wolf-note” in pizzicato playing 

The accompanying photograph, showing the simultaneous vibration curves of 
the G-string and bridge of a ’cello played pizzicato at the “wolf-note” pitch, 
presents some noteworthy features which may be of interest to readers of Nature 

{London). One of the striking features is the extremely rapid dissipation of energy. 
The other feature is the effect of the motion of the bridge on the vibration of the 
string. The photograph may, in fact, be briefly described as showing a strongly 

damped coupled vibration of the string and bridge, in many respects differing 
from the cyclical vibrations excited by bowing at the “wolf-note” pitch described 
by me in previous communications to Nature (London). At pitches slightly 
different from that of the “wolf-note,” the dissipation of energy is far less rapid, 
and the motion of the string approximates to that of an ordinary damped 
harmonic vibration. 

Calcutta 
12 April 

C V RAMAN 
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On the mechanical theory of the vibrations of bowed 
strings and of musical instruments of the violin family, 
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CONTENTS 

Section I—Introduction 
Section II—Effect of periodic force applied at a point 
Section III—The modus operandi of the bow 
Section IV—Simplified kinematical theory 
Section V—Classification of the vibrational modes 
Section VI—The first type of vibration 
Section VII—The second type of vibration 
Section VIII—The third type of vibration 
Section IX—The fourth and higher types of vibration 
Section X—Construction of the velocity-diagram when the bow is applied at 

a node 
Section XI—Some examples of the graphical determination of the vibration- 

curves 
Section XII—The effect of the variation of the pressure and velocity of bowing 
Section XIII—Some experimental tests of the theory 
Section XIV—Summary and outline of further research 
Section XV—Bibliographical appendix 

Section I—Introduction 

The vibrations of stretched strings excited by bowing and their practical 
application in musical instruments of the violin class present many important 
and fascinating problems to the mathematician and to the physicist. In the 
present monograph which is the first part of a more complete work on the whole 
subject, I propose to deal with the theory of the excitation of these beautiful and 
characteristic types of vibration under various conditions, and of their com¬ 
munication to the resonator on which the string is stretched. Experimental 
results in confirmation of those obtained from dynamical theory are also 
presented. 
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The problem which it is proposed to consider has formed the subject of 
investigation by many mathematicians and physicists. A list of the works and 
original papers that I have consulted is given in the bibliographical appendix. The 
present position of the subject cannot be considered satisfactory, in view of the 
fact that no complete and detailed dynamical theory has been put forward which 
could predict and elucidate the many complicated phenomena that have already 
been found empirically by those who have worked in the field and that could also 
point the way for further research. It was this defect in the present state of 
knowledge of the subject that induced me to undertake the investigation. Some 
preliminary work had already been carried out by me on the vibrations of bowed 
strings and the physics of bowed instruments. Reference may be made here to 
three papers which may be regarded as the starting points of this investigation1; 
the exposition given in the present paper is however self-contained. In the paper 
on “Discontinuous Wave-Motion” by myself and another that has appeared in 
the Philos. Mag. for January 1916, it has been shown how the well-known 
principal mode of vibration of a bowed string discovered by Helmholtz2 can be 
reproduced experimentally as a free oscillation by imposing on a stretched string 
a certain simple distribution of initial velocities involving a discontinuity. This 
experiment which was first made in September 1914, suggested my undertaking a 
thorough investigation of the general problem. Free use has been made of a 
simplified form of the theory of discontinuous wave-motion given by Harnack, 
Davis and others, which I have extended so as to cover cases not considered by 
these writers.3 The whole subject is considered in the light of dynamical theory, 
and an attempt has been made to divest it of empiricism as far as possible. 
Emphasis is laid upon the cases which are of practical interest in music. To make 
the present monograph as comprehensive as possible in respect of the matters 
dealt with, I shall develop the theory, step by step, in detail. A summary of the 
treatment and of the results obtained will be found in section XIV. Many 
illustrative diagrams, photographic curves and numerical results will be found in 
the paper. Not only does the theory succeed in explaining all the known 
phenomena, but it has also justified itself by predicting many new relations and 
results which have been tested experimentally. These are also referred to in the 
course of the paper and in the summary. 

1C V Raman, M.A., May 1911. “Photographs of Vibration-Curves,” Philos. Mag.-, C V Raman, M.A., 

1914. “The Motion of Bowed Strings,” Bull. Indian Assoc. Cultiv. Sci.; See also Sci. Abstr. February 

1915, and Nature (London), August 13, 1914, page 622; C V Raman, M.A., and S Appaswamaiyar 
January 1916 “On Discontinuous Wave-Motion,” Philos. Mag. 

2 Sensations of Tone, English Translation by Ellis. 

3Two preliminary notes on the subject have been published by me: “On Some New Methods in 

Kinematical Theory,” Bull. Calcutta Math. Soc., Vol. IV, pages 1-4; “On the summation of certain 
Fourier Series involving discontinuities,” Ibid. V pp. 5-8. 
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Section II—Effect of periodic force applied at a point 

It is clear that the motion of a bowed string is a case of maintained vibration, and 
an adequate treatment of the subject is only possible if the dissipative forces to 
which the string is subject are taken into account. The dissipation may be due, 
(a) to the direct communication of energy to the surrounding medium from the 
string, or (b) to motion set up in the supports between which the string is 
stretched. The forced oscillation of a string in the presence of dissipative forces of 
the first kind, is readily found on the assumption that each element of the string is 
resisted by a force proportional to its velocity. Lord Rayleigh and others have 
discussed the motion that would ensue under such conditions when a periodic 
force is impressed at one point on the string. In practice, however, it is known that 
the second source of dissipation is generally of much greater importance than the 
first. The energy of the vibrating string is conducted through the bridges over 
which it is stretched to the sides of the box on which the bridges are fixed, and 
ultimately to the atmosphere as sound-waves. 

We shall now consider the motion of a string, one end of which is supposed to 
the rigidly fixed at the point x = 0 and the other end of which (x = /) passes over a 
bridge. A periodic force E cos mt is assumed to act at the point x = x0. The string 
may be taken to be perfectly uniform and not subject to any resistance, so that the 
communication of energy to the surroundings takes place only through the 
bridge. The equation of motion of the string is 

2y T d2y 

dt2 °dx2’ 

The solution of the equation for values of x between 0 and x0 may be written as 

where 

y = Fl sin px sin mt + Gi sin px cos mt 

m2 = T0p2. 

(2) 

(3) 

From x = x0 up to x = / we may write 

y = D2 cos p(l — x) sin mt + E2 cos p(l — x) cos mt 

+ F2 sin p(l — x) sin mt f G2 sin p(l — x) cos mt. (4) 

Since y must be continuous at the point x0, 

F1 sin px0 = F2 sin p(l — x0) + D2 cos p{l — x0) (5) 

Gi sin px0 = G2 sin p(l — x0) + E2 cos p{l — x0). (6) 

The discontinuous change in the value of dy/dx at the point of x0 is due to the 
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force E cos mt. From this we get the two equations 

Fl cos px0 + F2 cos p{l — x0) — D2 sin p(l — x0) = 0 

Gj cos px0 + G2 cos p(l — x0) — E2 sin p{l — x0) 
pT0 

At the point x = l, 

y = D2 sin mt + E2 cos mt 

(7,8) 

and this motion at the bridge must be due to its yielding under the transverse 
periodic components of the tension. If the equation of motion of the bridge is 

d2y 

dt2 
r dy r2 2 dy 
T0-A-f y-9 -77 dx dt 

where M is the mass of the bridge and associated parts, we obtain, by substitution, 
the equations 

(,/2 - M m2)D2 = T0pF2 + g2mE2 (9) 

(f2 - Mm2)E2 = T0pG2-g2mD2. (10) 

From the six equations numbered (5) to (10), the six unknowns Fu F2, G1, G2, 
D2 and E2 should obviously be capable of complete determination. Putting 

T0P 

f2 - Mm< 
= tan 9 and 

g2m 

f2 - Mm- 
tan </>, 

the equations may be solved by first eliminating D2, E2 and then F1,G1. Using for 
brevity the expression tan if/ = tan 9 cos2 (f) and S = tan 9 sin </> cos </>, the elimi- 
nant equations obtained are 

F2 sin {pi + ij/) + G2S cos ij/ cos pl = 0 

F2S cos \)j cos pi — G2 sin {pi + i/s) + 
E cos sin px0 

PT0 

= 0, 

Solving these two equations, we obtain 

— Ed cos21jf cos pi sin px0 
F,= 

pr0[sin2 {pi + ^) -f S2 cos2 \jj cos2 pl~\ 

— E cos if/ sin {pi + ij/) sin px0 

pTofsin2 {pi + \j/) + S2 cos2 \j/ cos2 p/] 

If the impressed force E cos mt is regarded as an arbitrarily determined quantity, 
the interpretation of the preceding result is a simple matter, provided tan(/> 
(which involves the damping factor g2) is regarded as very small. The second term 
in the denominators is then very small relatively to the first, and the maximum of 
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F2 is obtained when the first term in the denominator is zero, i.e. when 

(pi + ij/) = v 7i or 

pl = vn — 0. 

being then practically equal to 6. G2 is found to be zero when F2 has its 
maximum value. 

When sin px0 is zero, it is found from equations (5) to (10) that F2,G2,D2, E2 

and Fj are all equal to zero. The significance of this is that when the point of 
application of the force coincides with a node of the string for the particular 
frequency of oscillation, the whole of the string between the bridge and the point 
of application remains completely at rest. Only the portion of the string between 
the fixed end and the point of application has any movement, this being of very 
small amplitude, viz. (E/pT0) sin px cos mt. It is thus seen that a periodic force of 
given magnitude produces an effect which is insignificant when it is applied at a 
node of the resulting oscillation, and which gradually increases as the point of 
application is removed further and further from the node. This result has many 
applications, as we shall see later on. 

Generally speaking, the angle 0 may also be taken to be very small, the quantity 
(f2 — Mm2) being either positive or negative and large compared with T0p. We 
then find, as may have been expected, that the vibration set up by the periodic 
force is a maximum when its frequency is the same as that of the free vibrations of 
the string of length / with both ends rigidly fixed. But the case is otherwise when 
(f2 — Mm2) is small, that is, when the free periods of vibration of the string and the 
bridge, taken separately, are nearly equal to one another. If the two periods are 
nearly equal to one another, the amplitude of the vibration of the string set up by 
the application of a periodic force of given magnitude and of frequency equal to 
that of its free oscillations is considerably smaller than if the natural periods of the 
string and of the bridge differed appreciably. To elicit the same amplitude of 
vibration, therefore, a comparatively much larger force would have to be applied 
when the frequency of the vibration is the same as that of the free period of the 
bridge and associated parts. This is the explanation of the difficulty noticed in 
bowing a string steadily when its pitch is that of the maximum resonance of the 
instrument. In section XII, we shall consider the special effects observable under 
these conditions when the pressure of the bow is insufficient to maintain a steady 
vibration, and also those produced by loading the bridge. 

In dealing with the motion of bowed strings, we have to consider the effect, not 
of a simple harmonic force, but of a system of forces whose frequencies form a 
harmonic series acting over a finite region of the string which may, by courtesy, be 
styled the “bowed point.” As the bridge over which the string passes, together 
with its associated masses, may have several free periods of vibration, it is obvious 
that the formulae connecting the various harmonic components of the periodic 
force brought into play by the bow, with the respective components of the 
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resulting motion, would not, in general, be of a simple character. Fortunately, 
however, as will be shown in the course of the paper, it is possible to build up a 
theory, which successfully predicts the phenomena observable under a very wide 
variety of conditions. The only assumptions that need be made for the present are 
(1), that the string is uniform and of negligible stiffness, and (2), that the yielding at 
the bridge is negligibly small in comparison with the motion of the string at the 
bowed point, or at any other point actually chosen for observation. These 
assumptions, which may be approximated to, in practice, as closely as desired, 
greatly simplify the treatment. The main result of the preceding treatment that is 
utilized, is that the effect of any of the harmonic components of the impressed 
force depends upon the point at which it is applied, vanishing when it is applied at 
a node, and increasing gradually as it is removed further and further from it. 

The assumptions of the uniformity and flexibility of the string are made to 
ensure the treatment being as far as possible rigorous. Except, however, in the 
case of very complicated types of vibration, these assumptions are not essential, 
provided the frequencies of the normal modes of vibration are not so far from 
forming a harmonic series as to prevent the bow eliciting all the members of the 
series which are of importance, as components of a strictly periodic forced 
oscillation. Owing to this restriction and the dispersion which the waves suffer in 
travelling on a non-uniform string, the treatment then requires modification, as 
will be referred to again, later on. 

Section III—The modus operandi of the bow 

The function of the bow as normally applied is both to elicit and to maintain the 
vibrations of the string. The two processes are interdependent, but it is well to 
remember that they should not be confused with each other, inasmuch as it may 
well happen that the character of the motion in its initial stages is not necessarily 
the same or even analogous to that maintained in the final steady state. For the 
present, however, we need not enter into these intricacies, but may simply assume 
that the motion is maintained in some perfectly periodic manner by the action of 
the bow, and proceed to find its character. It is obvious that on the assumptions 
set forth in the preceding section the period of the maintained oscillation is the 
same as that of the free vibrations of the string. 

In a well-known paper on “Maintained Vibrations” (Philos. Mag., 1883) 
reproduced in his Theory of Sound, Vol. I, page 81, Lord Rayleigh has discussed 
the general theory of vibrations elicited by generators and has shown that the 
supply of energy to the system through the action of the generator in any given 
time, may sometimes actually exceed that lost by the system in the same time 
through dissipative forces. When this happens, the excited vibrations continue to 
increase indefinitely in amplitude, until some physical limit is reached beyond 
which the equations of motion originally assumed cease to apply. The motion of a 
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bowed string is evidently a case of this kind, the physical limit beyond which the 
vibrations cannot increase being imposed by the finiteness of the velocity of the 
bow. It has been suggested (with more or less definiteness) by the previous writers 
on the subject, that the bowed point on the string does attain or nearly attain the 
velocity of the bow in its movement in one direction. As will be seen presently, the 
question whether the forward velocity of the bowed point is absolutely the same 
as that of the bow is one of fundamental importance in the theory of the subject, 
and in one of my own previous publications,4 I have shown how this identity of 
velocities can be brought experimentally to a test. What I propose to do here is to 
discuss the dynamical principles underlying the case in some detail, and then to 
pursue the argument to its logical conclusions. 

The magnitude of the frictional force due to the bow at any instant must 
obviously depend upon the pressure with which it is applied and upon the relative 
velocity at the point of contact. It is also clear that this relative velocity cannot 
oridinarily change sign during the motion, for, if it did, the entire frictional force 
would also change sign and the excess velocity of the bowed point would be 
immediately damped out. (An excellent illustration of this principle may be had 
by bowing a fork vigorously and then suddenly reducing the velocity of the bow. 
It will then be found that the amplitude of vibration of the fork also falls with 
practically equal suddenness.) With an efficient generator, e.g. a bow with rosined 
horse hair acting on the string, the frictional force exerted would be much greater 
when the relative-velocity is nearly but not quite zero, than when it is large. On 
the other hand, when the relative velocity is actually zero, the friction ceases to be 
a determinate function of the relative velocity. From these premises, it is clear 
that, when the bow is applied with sufficient pressure and not too great a velocity, 
the maintaining forces brought into play would be far in excess of those required 
to maintain the vibration of the string (the mass and damping of the latter both 
being small), so long as the relative velocity at the point of contact does not 
actually become zero during any part of the vibration. On the other hand, we 
know that a steady state of vibration is only possible when the energy gains and 
losses balance each other, i.e. when the harmonic components of the force exerted 
by the bow are just sufficient to maintain the motion. The only possible inference 
that can be drawn under the circumstances is that the bowed point does actually 
attain the velocity of the bow during part of its motion and ultimately throughout 
the fractional part or parts of the period of vibration during which it has a 
forward movement. During these stages, the bow merely carries forward the point 
of the string with which it is in contact, and it is important to notice (accordingly 
to the preceding argument) that the frictional force then acting on the bowed 
point would actually fall below the maximum statical value; by how much it 
would fall below this maximum, would depend on the circumstances of the case, 

4See Sci. Abstr. {Physics), February, 1915, p. 87 (C V Raman). 
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viz. the magnitude of the friction during the other stages of the motion as 
determined by the relative velocity, and the magnitude of the forces required to 

sustain the motion. 
When the bowed point has the velocity of the bow in all the stages of forward 

movement, there is necessarily a discontinuous change of velocity5 when it starts 
moving backward. The preceding argument may be pressed a little further if we 
assume that the forces required to maintain the motion are very small compared 
with the variation of frictional force due to a finite change of relative velocity. 
(Such an assumption would, in general, be justifiable if the pressure of bowing 

were sufficient and the damping coefficient were sufficiently small.) It would then 
follow that the frictional force exerted by the bow is practically constant 
throughout the whole motion, and that during all the intervals in which the 
relative value is not zero, it has a finite constant value which is the same for all 
such intervals. The relative velocity changes from this value to zero and vice versa 

in a discontinuous manner. 
From a consideration of dynamical principles and the relative order of 

magnitudes of the quantities involved, we thus arrive at the following two results: 
{a) during one or more intervals in each period of vibration, the bowed point has a 
forward movement which is executed with constant velocity exactly equal to that 
of the bow; (b) during the other interval or intervals, the bowed point moves 
backwards, also with constant velocity, this being the same for all such intervals 
(if there be more than one). The preliminary treatment of the vibrational modes 
given in the succeeding sections is mainly founded on these two results. It must be 
observed, however, that as the argument by which the second result was deduced, 
is rigorous only in the limiting case of a vanishingly small damping coefficient, 
this particular result, viz. the constancy of velocity in the backward movement, 
cannot be regarded as holding good with the same completeness and generality as 
the first result, i.e. the constancy of velocity in the forward movement. We are thus 
led by the argument to anticipate the existence of cases in which the velocity of the 
bowed point varies in a continuous manner, particularly in the stages in which the 
movement is in a direction opposite to that of the bow. This is a feature which 
becomes of great importance in certain cases, specially in those of musical 
interest, and which therefore requires to be emphasised. For the present, however, 
it is advantageous to consider the constancy of the velocities of the bowed point 
as holding good rigorously, both in the forward and backward movements. This 
assumption serves admirably as the basis on which the kinematical theory of the 
various possible modes of vibration may be discussed. We shall accordingly 
proceed on this basis. 

We may call the two velocities possible at the bowed point, vB and vA 

respectively, vB being the velocity of the bow, and vA the velocity of the bowed 
point when it travels against the bow. The intervals of time 7\, T3, T5 etc. in each 

5Equal to the velocity of the bow plus the initial speed of backward movement. 
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period of vibration during which the velocity is vA and the intervals T2, T4, T6 etc. 
in which it is vB are obviously connected by the equations, 

T\ + T2 + T3 + T4 + T5 + T6 + + = T (the complete period of vibration). 

(Ti + T3 + T5 + )vA + (T2 + T4 + T6 + 4- )vB = 0. 

As already remarked, the argument shows that in the presence of dissipative 
forces, the constancy of velocity in the intervals of backward movement is not by 
any means so generally assured as the intervals of forward movement, and a 
steady state of motion in which the total of the time intervals of movement in the 
direction opposite to that of the bow, exceeds that of the intervals of movement 
with the bow, is altogether out of the question. The only cases, therefore, whose 
kinematics need be considered in detail are those in which vA is numerically not 
less than vB. 

Section IV—Simplified kinematical theory 

From the general results indicating the nature of the motion at the bowed point 
obtained in the preceding section, we now proceed to build up a detailed 
kinematical theory of the motion of the bowed string. For this purpose the 
ordinary Fourier analysis is unsuitable, as it is neither convenient nor suggestive. 
I have therefore devised a simple graphical treatment which is based upon the use 
of the velocity-diagram of the string and appears admirably adapted for the 
present investigation. 

The general solution of the equation of wave propagation on an infinite string 
not subject to damping is, 

y =/i(* - at) +/2(x + at). (11) 

It is well known that this solution for the case of an infinite string can be used to 
represent the configuration at any instant of a vibrating string of finite length, by 
arranging the form of the displacement waves in such manner that the motion is 
periodic and satisfies the terminal condition y = 0 at the two ends of the string. 

Similarly, the solution obtained by differentiating (1) with respect to time, viz. 

— afiix — at) + af2'(x + at) (12) 
at 

can be applied to represent the velocity diagram of a finite string at any instant 
during its vibration, if the periodicity of the motion and the terminal conditions of 
velocity are secured. It is obvious that solution (12) as it stands, represents the 
velocity waves that travel on an infinite string without change of form in the 
positive and negative directions respectively. In the case of a finite string of length 
/, the reflexions that take place at the two ends have to be taken into account and 
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we may write 

^- = 6(x — at) + </>(x + at), 
at 

(13) 

The functions 6(x — at) and 6(x + at) represent the positive and negative 
velocity waves which must be imagined as extending to infinity in both directions. 
Further they must each of them be periodic with wavelength equal to twice the 
length of the string, and must be so related that at the two ends of the string x = 0 
and x = /, the terminal condition dy/dt — 0 is always satisfied. This can be secured 
by arranging the form of the velocity waves in much the same way as the 
displacement waves would be arranged to secure the terminal condition y = 0, i.e. 
the form of the positive velocity wave from x = 0 up to x = l in its initial position is 
an inverted and reflected image of the negative wave from x = / up to x = 2/, and 

vice versa. 
The cases in which the positive and negative velocity waves are completely 

identical in their initial positions, present features of special interest. Half the 
initial velocity at each point on the string is then due to the positive wave, and the 
other half to the negative wave, and there are no initial displacements, i.e. the 
string is everywhere in its position of statical equilibrium. After the expiry of half a 
period, i.e. when the positive and negative waves have each moved through a 
distance equal to the length of the string, the latter is again everywhere in its 
position of equilibrium. This is so because one half of each wave is merely the 
inverted and reflected image of the other half, and the'displacements resulting 
from the initial velocities are annulled during the same half period. During the 
second half period the velocity at every point on the string goes back again to its 
original value through exactly the same stages; in other words, the velocity is 
everywhere an even periodic function of the time which when plotted gives a 
figure with the symmetry characteristic of such functions. It is thus seen that the 
positive and negative velocity waves are necessarily identical in any case in which 
the changes of velocity at points on the string take place in a symmetrical manner 
with respect to time. 

We now proceed to consider cases in which the velocity changes that take place 
at some particular point on the string, say the point x = xb, can be assumed to 
have a specified form. Then the form of the velocity waves 9{x — at) and 4>{x + at) 
must be such that by their movement and superposition, the known changes of 
velocity at the point xb are reproduced. For example, let us assume that the string 
at the point xb moves during the vibration with a succession of constant velocities, 
the velocity passing in a discontinuous manner from each value to the next. Then 
at the point xb, d2y/dt2 is always zero, except at certain instants in each period of 
vibration when it becomes + infinity. 

Differentiating (13) with respect to time, we have 

— a6’{x — at) + a(j)'(x + at). (14) 
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Since at the point xb, d2y/dt2 is generally zero, we must have 

0'(xb — at) = (f)'(xb + at). (15) 

If the velocity-waves 6(x — at) and (f)(x + at) are represented graphically, 
equation (15) may be given a geometrical significance; if any two points are taken, 
one on the positive wave and the other on the negative wave, the distances of 
which from the point xb measured along the string are equal but in opposite 
directions, we should find the slopes of the waves at these two points to be equal. 
We have already seen that the positive and negative waves must satisfy certain 
other conditions, viz. that they are periodic with wavelength 21, and that, initially 
the form of the positive wave from a = 0 up to x = / is the inverted and reflected 
image of the negative wave from x = / up to x = 2/ and vice versa. It is a definite 
geometrical problem to find the configuration of the waves which would 
simultaneously satisfy these three conditions. By inspection, we get the following 
remarkably simple and significant solution: if the point xb divides the string in an 
irrational ratio, the only possible form of the velocity-waves is that in which the 
slope is everywhere the same, in other words, they are representable by a number 
of straight-lines which are all parallel to one another, a discontinuity intervening 
wherever one straight-line leaves off and the next begins. Velocity-waves having 
this form also satisfy the geometrical criteria when the point xb divides the string 
in a rational ratio (i.e. in the ratio of two whole numbers), but in the latter case, 
this is not the only form of velocity-waves geometrically possible. This result is not 
a matter for surprise, for the point xb would then coincide with a node of one of 
the harmonics of the string, and the ordinary Fourier analysis of the kinematics of 
the vibration shows that the motion of the string as a whole is not fully 
determinate, even though the motion at one nodal point on the string is fully 
ascertained. 

It is noteworthy, however, that the result stated above was obtained solely 
from geometrical considerations without any reference to the methods of 
harmonic analysis. 

The utility of the preceding discussion is obvious. For, we have seen in 
section III that at the bowed point, generally speaking, the velocity alternates 
between two and only two constant values, once or oftener in each period of 
vibration. The condition d2y/dt2 = 0 is thus generally satisfied at the bowed point, 
except at the instants at which the velocity changes from one value to the other 
and vice versa. At these instants, d2y/dt2 becomes ± infinity. The preceding 
arguments are thus applicable, and it follows that when the bow is applied at 
some point dividing the string in a irrational ratio, the form of the velocity-waves 
is that of a number of straight-lines parallel to one another, with intervening 
discontinuities. It can now be seen that this is the case even when the bow is 
applied at a point dividing the string in any rational ratio, i.e. at some node on the 
string. For, the kinematical uncertainty in the latter case is due only to the 
harmonic components in the motion which have a node at the point of 
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application of the bow, and we have established from dynamical principles that 
such harmonics are not excited by the bow and do not therefore exist in the 
motion under consideration. The quantities that determine the motion at the 
bowed point must therefore also determine the motion at every other point on the 
string whose position is known. These quantities, in the case of the bowed point, 
are its initial velocity and the magnitudes and positions of the discontinuities in 
the velocity-waves. For, the slopes of the positive and negative velocity-waves 
passing over the bowed point in opposite directions being equal, the velocity at 
that point remains unaffected except when a discontinuity passes over it, the 
velocity then suddenly changing by a quantity equal to the magnitude of the 
discontinuity: the times at which these changes occur are determined by the initial 
positions of the discontinuities and vice versa. As stated above, these quantities 
must also completely determine the motion at all other points on the string, and 
this is only possible when, between the points of discontinuity, the velocity-waves 
consist of straight-lines that are all parallel to one another. 

It is thus seen that the problem of finding the mode of vibration of the string 
under the action of the bow reduces itself to one of finding the number, position 
and magnitudes of the discontinuities in the velocity-waves. From the mode of 
construction of the positive and the negative waves, it is obvious that the number 
of discontinuities in a wavelength of either of the two waves is the same, and is 
equal to the total number of discontinuities actually on the region of the string at 
any instant during the vibration. When a discontinuity travelling with the positive 
wave reaches the end of the string, it is reflected and returns as a discontinuity in 
the negative wave; moving on towards the other end, it reaches it and is again 
reflected and brought on to the positive wave. This process then repeats itself 
indefinitely. In section III it was shown that the velocity at the bowed point is 
alternately vA and vB, changing discontinuously from one value to the other, and 
vice versa. The poisitions and magnitudes of the discontinuities in the velocity- 
waves must be such that by their passage over the bowed point, the specified 
changes of velocity at that point are produced. The simplest case possible is that 
in which the discontinuities pass in succession over the bowed point, belonging 
alternately to the positive and negative waves, i.e. pass alternately over the bowed 
point in opposite directions. It is obvious that the discontinuities must then be all 
of the same magnitude and sign, i.e. vA — vB. In other words, the discontinuities 
are all equal in magnitude to one another and to the arithmetical sum of the two 
speeds possible at the bowed point, i.e. to the relative velocity of the bowed point 
with respect to the bow during the backward movement. Other cases that may 
possibly arise are the following: {a) two dicontinuities of the same magnitude and 
sign may pass simultaneously over the bowed point in opposite directions. (b) two 
discontinuities differing in magnitude or sign or both may simultaneously pass 
over the bowed point in opposite directions, (c) two or more discontinuities may 
pass over the bowed point in succession in the same direction instead of 
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alternately in opposite directions. The contingency in (c) does not however 
actually arise, as it is impossible to construct positive and negative waves which 
would give rise to it and which would at the same time satisfy the condition that 
the velocity at the bowed point should alternate between two values only. 
Further, it is found that if the bow is applied at a point dividing the string in an 
irrational ratio, the contingency in (b) is also impossible, and the discontinuities in 
the velocity-waves are necessarily all equal to one another and to vA — vB. This 
result is of great importance in the theory of the subject. 

The reason why the discontinuities are all equal to vA — vB if the bowed point 
divides the string in an irrational ratio, is not very difficult to see. The result has 
already been demonstrated for cases in which the discontinuities pass in 
succession over the bowed point and never simultaneously. If two equal 
discontinuities pass over the point in opposite directions at the same instant, the 
velocity of the point is left unaffected. Further, if two discontinuities thus cross at 
the bowed point, they cannot again pass simultaneously over the bowed point 
when returning after one reflexion at the ends of the string (the distance of the 
bowed point from the two ends being unequal). On the return journey, the 
discontinuities must therefore pass the bowed point either separately or else 
simultaneously with certain other discontinuities. In the former case their 
magnitudes are necessarily equal to vA — vB. In the latter case also, a precisely 
similar result holds good, except when all the discontinuities of a given set pass 
over the bowed point in twos and twos and never singly. From very simple 
geometrical considerations it can be shown that the discontinuities would so all 
pass in twos and twos only if they were situated at regular intervals equal to an 
aliquot part of the wavelength, and the bow were itself applied at a point of 
division of the string into an equal number of aliquot parts, i.e. at a point or node 
dividing the string in a rational ratio.6 We thus arrive at the following two general 
results regarding the form of the velocity-waves: (1) When the bow is applied at a 
point dividing the string in an irrational ratio, the velocity-waves consist of 
straight lines that are all parallel to one other with intervening discontinuities all 

6The following simple model serves very effectively to picture the movement and successive reflexions 

of the discontinuities in the velocity-waves. Consider the motion of an endless cord which runs on two 

parallel axes between which it is stretched straight. A number of particles fixed to the cord at intervals 
may represent the discontinuities. If there are N particles fixed at equal intervals along the cord, the 
particles moving towards one axis would pass those moving the other way, at points dividing the 

distance between the axes into N equal parts. No particle would ever pass these points singly, i.e. by 
itself. A similar result would not be possible if the particles were fixed to the cord at unequal intervals 
or if any other point of observation were chosen. This model may be used for a lecture demonstration 

of the results given in sections VII to X with reference to types of vibration in which there are two, 

three or any larger number of discontinuities. 
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equal to vA — vB, and the number of such discontinuities per wavelength is the 
same in the positive and negative waves. (2) When the bow is applied at a point 
dividing the string in a rational ratio, the velocity-waves also consist of parallel 
straight lines with intervening discontinuities, the number of which is the same 
per wavelength in the positive and negative waves; the magnitude of the 
discontinuities is not however the same as in (1). The argument shows that in this 
case, the non-appearance of the harmonics having, a node at the bowed point 
results in a number of discontinuities being present at regular intervals equal to 
an aliquot part of the wavelength in the positive and negative waves, viz. at 
intervals of 21/s when the bow is applied at one of the points of division of the 
string into s aliquot parts.7 The discontinuities pass in pairs (never singly) in 
opposite directions over the bowed point and also over the other points of 
rational division of the string. 

From the foregoing it is seen that in any case in which the bow is applied at a 
point of rational division of the string, the form of the velocity waves can be 
derived by a very simple geometrical construction from velocity-waves of the 
irrational type, i.e. those in which the discontinuities are all equal to vA — vB; the 
construction is equivalent to the abolition or removal of those harmonics which 
have a node at the bowed point and leaves the resulting motion at the bowed 
point and at the other points of rational division unaffected. Examples of the 
method will be dealt with later. Its usefulness is evident from the fact that all the 
possible types of vibration may thus be considered as special cases of what may 
be termed the irrational types of vibration, the theory of which can be worked out 
geometrically with the greatest ease and simplicity and which we shall now 
proceed to discuss. 

Section V—Classification of the vibrational modes 

From the results given in the preceding section it is obvious that the vibrational 
modes in the cases in which the bow is applied at a point of irrational division of 
the string can be very simply classified according to the total number of 
discontinuities in the velocity waves. If there is one discontinuity, we may call it 
the first type of vibration of a bowed string. If there are two discontinuities, it may 
be called the second type of vibration, and so on. Generally speaking, each of 
these types of vibrations includes the complete series of harmonics. 

We may now proceed to deduce a few results of general application, examples 
which will be met with in the detailed graphical discussion of individual cases to 
be given later in the course of the paper. 

7s is taken to be the smallest possible number of aliquot parts. 



MECHANICAL THEORY OF THE VIBRATIONS OF BOWED STRINGS 257 

Since the positive and negative velocity waves are representable by parallel 
lines separated by equal intervening discontinuities, the points at which the x-axis 
is cut by the parallel lines (or would be cut by them if produced) must be equi¬ 
distant from one another. If there are n discontinuities per wavelength, the 
intercepts on the x-axis are evidently 2l/n. If n = 1, the intercepts are equal to 2/, 
i.e. to the wavelength, and it is obvious that in this case the positive and negative 
waves are necessarily of the same form (symmetrical about the x-axis) and are 
completely coincident twice in each period of vibration. 

If the inclination of the lines to the x-axis is tan-1c and there are n 

discontinuities per wavelength each equal to (vA — vB), we have 

2 cl = n(vA — vB). (16) 

By summation of the ordinates of the positive and negative waves, the 
velocities at all points on the string can be ascertained and represented 
graphically. The velocity graph thus obtained for the string must evidently 
consist of parallel straight lines inclined to the x-axis at an angle tan-1 2c, the 
maximum number of such straight lines being (n + 1), (there being n discontinu¬ 
ities on the string, some of which might be instantaneously coincident in 
position). Further, these (n + 1) lines on the velocity diagram pass through fixed 
points on the x-axis situated at equal intervals. Since the two ends of the string 
have always zero velocity, these fixed points are in fact the (n + 1) nodes of the nth 

harmonic, and we thus obtain the result that the lines of the velocity diagram 
pass, or would pass if produced through some or all of the (n + 1) nodes of the nth 

harmonic, if the particular type of vibration elicited by the bow is that in which 
there are n equal discontinuities. 

From the preceding result, we may very readily deduce an expression for the 
ratio vA/vB of the two velocities possible at the bowed point, which besides being 
of perfectly general application is also valid for all points on the string, the 
velocity at which alternates between two constant values only, once or oftener in 
each period of vibration. Assume first that the bow is applied at a point of 
irrational division of the string and the mode of vibration elicited is that in which 
there are n equal discontinuities. Consider the motion at a point on the string 
lying between the rth and (r + \)th nodes of the nth harmonic (counting from one 
end) and whose distance x from that end of the string is therefore greater than 
(r — 1 )l/n and less than rl/n. The velocity of this point on the string at any instant 
during the vibration is given by the ordinate of the velocity diagram. As we have 
just seen, this velocity-diagram consists of parallel lines drawn through the 
successive nodes of the nth harmonic at an inclination of tan -1 2c to the x-axis, 
with intervening discontinuities. If the velocity at the particular point on the 
string alternates between two and only two constant values, it must be because 
the ordinate drawn through it intersects alternately the two lines of the velocity 
diagram passing through the two nodes of the nth harmonic on either side of it, as 
a result of the movement of the discontinuities. In other words, the two velocities 
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at the point considered are 2c(x — r — 1 l/n) and 2c(x — r l/n). The ratio of these 
velocities is merely the ratio of the distances of the point from the two nodes, and 
if (for brevity) the symbol xn is used to denote the shorter of the two distances, and 
co is used to denote the total fraction of the period of vibration in which the point 
moves with the larger of the two velocities, we have 

co = 
nxn 

T‘ 
(17) 

The algebraic difference of the two velocities at the point is 2cl/n and this is equal 
to (vA — vB), vide equation (16). Since the result given in (17) is true for all points on 
the string at which the velocity alternates between two constant values once or 
oftener in each period of vibration, it applies also at the bowed point, xn denoting 
its distance from the nearest node of the nth harmonic. 

The result given in (17) above is noteworthy by reason of its simplicity and 
perfect generality as also by reason of the simplicity and perfect generality of the 
reasoning from geometrical considerations by which it was deduced. The result is 
equally applicable in cases in which the motion at the bowed point is of the 
simplest possible type (one ascent followed by a descent) as well as those in which 
the motion is one of the so-called complicated types, a succession of several 
ascents and descents within the period of vibration. In deducing the result, it has 
been assumed that the vibration is elicited by applying the bow at a point or 
irrational division of the string, so that the type of motion maintained is one in 
which the discontinuities present in the velocity waves are all equal to (vA — vB). 

Even this restriction may be removed, i.e. we may also include the cases in which 
the bow is applied at a point of rational division of the string, the only difference 
being that the result given in (17) would then be applicable only at the bowed 
point and at some or all of the other nodes of the principal member of the missing 
series of harmonics, and not at any other point on the string. For, as already 
referred to in the preceding section, any type of vibration elicited by applying the 
bow at a nodal point on the string can be considered as one of the modes of 
vibration of the ‘irrational’ type with the series of harmonics having a node at the 
bowed point dropped out. The process leaves the motion at the bowed point and 
at the other nodes of the principal member of the missing series of harmonics, 
unaffected. 

When n = 1, equation (17) reduces to the well known relation discovered by 
Helmholtz, i.e. the ratio of the velocities of ascent and descent at the point 
considered is the same as the ratio of its distances from the two ends of the string. 
Krigar-Menzel and Raps found in their experimental work that Helmholtz’s 
relation was satisfied when the bow was applied in the normal manner at any 
point very close to an end of the string or else very exactly at one of the nodal 
points distant 1/2, 1/3, 1/4, i/5, 1/6 or l/l from the end. The value of co for other 
points of application of the bow was also measured by Krigar-Menzel and Raps, 
and they state as the result of these measurements that no general algebraic 
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relation connecting the value of co at the bowed point with its position on the 
string could be found even when the motion at the bowed point was of the 
simplest possible type representable by a two-step zig-zag. Their deliberate 
conclusion on this question was that, except when the bow was applied close to 
the end of the string or at one of the nodes of some fairly important harmonic, the 
value of co was to be regarded as a purely empirical quantity depending on the 
experimental conditions. It is obvious that if the value of co is thus regarded as an 
arbitrary quantity determinable by experiment, no complete theoretical dis¬ 
cussion of the kinematics of the string is possible, and in fact Krigar-Menzel and 
Raps did not attempt any such complete discussion. While on the experimental 
side their paper was a notable contribution to the subject, the treatment given by 
them on the theoretical side was thus obviously defective and incomplete. The 
general kinematical analysis set out in the present paper shows that the value of co 
in all cases (i.e. both for rational and irrational points of bowing) should satisfy 
the relation given in equation (17), n being given by the appropriate integral 
value, 1, 2, 3, 4 or 5, etc. The failure of Krigar-Menzel and Raps to discover this 
general algebraic relation, or rather this series of relations connecting the value of 
co at the bowed point with its position on the string, must be attributed to their 
having adopted an almost exclusively empirical method of treatment. If, instead 
of relying solely on the result of the measurements which were necessarily subject 
to experimental error in some degree, they had investigated in detail the 
kinematics of some of the simpler types of vibration other than those known 
through the work of Helmholtz, e.g. that obtained by applying the bow at a point 
close to but not coincident with the centre of the string, the functional relation 
connecting the value of co at the bowed point with its position on the string could 
have been looked for with a greater chance of success. That such a functional 
relation exists must indeed have been evident from the fact that the characteristic 
vibration-curves in such cases also are perfectly reproducible, time after time, 
with strings of any length, diameter or material. 

The failure to establish a proper scheme of classification of the vibrational 
modes and to find the general form of the functional relation connecting co at the 
bowed point with its position anywhere on the string was also one of the 
fundamental defects in the paper by A. Stephenson cited in the bibliography. In 
this paper (published in 1911) only the work of Helmholtz is referred to, and a 
perusal of it shows that Stephenson was unacquainted with the work of Krigar- 
Menzel and Raps published in 1891, and that he was, indeed, unaware of many 
facts which anyone who has experimented with a bow and monochord could 
readily observe for himself. It is not a matter for surprise therefore that, though 
Stephenson’s paper is noteworthy as an attempt to treat the motion of a bowed 
string as a case of maintained vibration, it takes us little beyond the work of 
Helmholtz. Stephenson also failed to realise that the Fourier analysis is obviously 
incapable of giving any useful indication of what would happen if the bow is 
applied at a point of irrational division of the string, i.e. at a point not exactly 
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coinciding with any nodal point of importance, and it is precisely such indication 
that is required to explain the phenomena observed in experiment. 

We may now pass on to consider the kinematics of the irrational types of 
vibration more in detail. If there are n equal discontinuities, the velocity-diagram 
of the string consists of not more than (n + 1) parallel lines passing through the 
(n + 1) nodes of the nth harmonic. As the discontinuities move one way or the 

other, the lines of the velocity-diagram increase in length or else shorten and 
sometimes vanish altogether, and given the form of the velocity-diagram at any 
epoch of the vibration, it is quite an easy matter to find its form at any subsequent 
epoch or to trace directly the succession of velocity-changes at any point on the 
string and thus to determine the form of the vibration curves. If the positive and 
negative velocity-waves are of identical form, it is obviously convenient to 
commence with the epoch at which they are completely coincident and the string 
everywhere passes through its position of statical equilibrium. At that epoch, the 
discontinuities are everywhere situate in pairs along the string, the odd 
discontinuity, if any being at one end of the string, and the lines of the velocity- 
diagram pass through the alternate nodes of the nth harmonic. In the subsequent 
motion, the discontinuities situate along the string separate and move off in 
opposite directions, the odd discontinuity, if any, situate at the end of the string 
moving straight off towards the other end. After half a period, the positive and 
negative waves again coincide and the velocity-changes at every point on the 
string are gone through in the reverse order, as already described in section II of 
the paper. It should be remarked that the positive and negative waves are 
necessarily of the same form when the motion at any one point on the string is 
representable by a simple two step zig-zag, or by any other curve possessing a 
similar type of symmetry. As normally applied, the bow excites the vibrations of 
the string from an initial state in which the latter is everywhere in its position of 
equilibrium. The tendency is thus, in a large majority of cases, to set up vibrations 
having this characteristic type of symmetry. 

Section VI—The first type of vibration 

Of the possible types of vibration set up by the application of the bow at a point of 
irrational division, the first type with only one discontinuity on the velocity- 
diagram is the simplest and most important. In this case, as already remarked, the 
positive and negative velocity-waves are necessarily of the same form, and at the 
instant at which they are coincident, the velocity-diagram is a straight line 
passing through one end of the string (x = 0), with a discontinuity at the other end 
(x = /). As this discontinuity moves in along the string, the velocity-diagram 
consists of parallel lines passing through its two ends, and the velocities at any 
point before and after its passage are respectively proportional to the distances 
from the two ends. When the discontinuity reaches the end x = /, it is reflected and 
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the velocity-diagram then passes back through the same stages to its original 
form. 

Figure 1 (first column) shows the successive velocity-diagrams at intervals of 
one-twelfth of an oscillation. 

Velocity-diagrams Vibration curves and displacement 
diagrams 

Figure 1. First type of vibration. 

Figure 1 (second column with the heavy and thin lines taken separately) also 
shows the displacements of the string from its initial position at similar equal 
intervals throughout the complete period of vibration. These configuration- 
diagrams, as we may call them, evidently consist of two straight lines passing 
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through the ends of the string and meeting at the point up to which the 
discontinuity in the velocity-diagram has travelled at any instant. (It should be 
remarked here that the displacements are always measured from the position of 
equilibrium of the string under the steady frictional force exerted by the bow, and 
not from the position of equilibrium attained when the bow is removed.) The 
second column of figure 1, with the heavy and thin lines taken together represents 
on the same scale of ordinates, the vibration curves for the complete period, of 
points situated on the string at successive equal intervals of one-sixth of its length, 
commencing from one end. When extended on either side for a number of 
complete periods, the vibration-curves are seen to consist of simple two-step zig¬ 
zags, the fraction co of the complete period during which any point moves with the 
larger of the two velocities being given by the relation 

co = xl/l, (18) 

where x is the distance of the point from the nearer of the two ends of the string. 
The correspondence noticed above between the configuration of the string as a 

whole and the vibration-curves of individual points on it is not peculiar to the 
present case, but may be established with generality for any possible type of 
vibration of a stretched string in which the positive and negative velocity-waves 
are of the same form. A geometrical proof is very readily given by noticing that the 
displacement at any point is the time-integral of the velocity and is therefore 
representable by the area enclosed by two ordinates drawn at equal distances on 
either side of the point under consideration, to intersect the velocity-wave. The 
following is an analytical proof. In such cases we have 

® . nnx . 2nnt . 
>' = 2.a„sin—sin—(19) 

If x is regarded as constant and t as a variable, equation (19) represents the 
form of the vibration-curves. On the other hand, if t is regarded as constant and x 

as the variable, the equation gives us the configuration of the string. By taking 
only half the complete period into consideration, i.e. from t = 0 up to t = T/2 or 
from t = T/2 up to t = T, we can get identical geometrical representations for the 
motion at individual points on the string, and for the configuration of the string as 
a whole, provided that the times for the latter and the positions for the former are 
so chosen that 2t/T = x/l. 

Two other important consequences of equation (19) may also be noticed here. 
If two points are taken on the string, one on either side of the centre at equal 
distances from it, the form of their vibration-curves are the mirror-images of one 
another with respect to the centre of the string. The second consequence is that 
the vibration-curve at a point very close to the end of the string from t — 0 to 
t= T/2 or from t = T/2 up to t = T is, in the limit, of the same form as the 
velocity-diagram of the string at time t = 0 or t = T/2 as the case may be. This 
may be regarded as a particular case of the correspondence of form noticed 
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in the preceding para obtained by putting the chosen values of t and x very 
small. For, when t is very small but not actually zero, the small displacement at 
any point is proportional to the initial velocity at the point. 

\ 

Section VII—The second type of vibration 

We now pass on to consider the case in which there are two discontinuities in the 
velocity-diagram. 

At some epoch or other of the vibration, the two discontinuities must 
necessarily coincide, and we thus see that in the second type of vibration also, the 
positive and negative velocity-waves are necessarily of the same form. The 
particular point on the string at which the discontinuities cross, remains, 
however, at our disposal. If this point is the centre of the string, the discontinuities 
would again cross at that point after half a period, and it is obvious that the string 
would vibrate in two segments, the frequency of vibration being twice that of the 
fundamental, and the vibration-curves would everywhere be simple two-step zig¬ 
zags. If, however, the discontinuities cross at a point distant 1/2 + b from one end, 
their second crossing after the expiry of a half-period would be at a point distant 
1/2 — b from the same end, and the frequency of the vibration would be that of the 
fundamental. Figure 2, first column, shows the velocity-diagrams for this case. 
Initially, the velocity-diagram consists of two parallel lines passing through the 
two ends of the string and separated by the two coincident discontinuities. When 
these move off in opposite directions, the third line that forms on the velocity- 
diagram and extends both ways, passes through the centre of the string. During 
the greater part of each half-period, therefore, the centre of the string remains at 
rest,8 displaced from the position of equilibrium first to one side and then to the 
other, the movement from one position to the other being executed with great 
velocity (equal to vA — vB). The two stationary positions of the centre of the string 
should therefore appear very brillianty visible on a dark ground. The vibration- 
curves of any desired points on the string can be very readily set down by 
inspection of the velocity-diagrams or otherwise. They are shown in the second 
column of figure 2. At the centre, the motion is of the type already described.9 The 

8This phenomenon of which, it is believed, the simplest explanation is here given, and the analogous 

appearances at the respective nodes in the case of the third, fourth and higher types of vibrations were 
observed and figured so long ago as 1800 by Dr Thomas Young in the Philos. Trans, for that year. 

Young obtained them by applying the bow at points close to but not coincident with the points of 

aliquot division of the string. He appears to have fully understood the fact that the types of vibration 
thus set up were totally different from those obtained by applying the bow at the points of aliquot 

division, and not merely modifications thereof. His explanation of the difference in terms of the 
impulses which he assumed the bow to send out and of their interference at the bowed point, was 

remarkably near the truth. 
9Three typical vibration-curves of the type here described appear among the photographs published 

by Krigar-Menzel and Raps, but these authors failed to observe the essential kinematical relation 
given in (20) necessary to connect them together. 
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Velocity-diagroms Vibration-curves and displacement 
diagrams 

Figure 2. Second type of vibration. 

nature of the movement at points intermediate between the limits x = 1/2 ± b is 
not shown, but this the reader can find for himself from the velocity-diagram. At 
the points x = //2 + fr, the vibration-curve is a simple two-step zig-zag, the ratio co 

of the time of movement with the larger velocity to the total period of vibration 
being given by the simple relation 

co = 2 b/l (20) 

Outside the limits x = l/2±b the motion is representable by a four-step zig-zag, 
the velocity alternating twice between two constant values, co being given by the 
relation 

co = 2 x2//, (20a) 

where x2 is the distance of the point of observation from the centre of the string or 
from the end, whichever is less. 
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A motion of the type here described would, normally speaking, be excited if the 
bow were applied at one or other of the two points x = //2 + b. It is obvious, 

however, that it might also be excited, if the bow were applied outside these limits, 
the motion at the bowed point then being a four-step zig-zag. In either case, the 
maximum value of b is 1/4, since this would make co in (20) equal to 

As already explained in section V, the relation co — 2x2/l would hold good at 
the bowed point even if this divided the string in a rational ratio, as the dropping 
out of the harmonics having a node at the bowed point would leave the motion 
there unaffected. It is instructive to compare the values of co for various points on 
the string, for the first and second types of vibration. These are shown in table I. 
The distance of the point from the end of the string is given as a fraction of the 
total length. For convenience, the ratio of two large numbers prime to one 
another may be used as practically equivalent to an irrational ratio. If the motion 

Table I 

Position of bowed point 

Value of co for the first type 

1 10 29 17 7 5 9 
2 21 61 36 15 11 20 

1 10 29 17 7 5 9 
2 21 61 36 15 1 1 20 

Value of co for the second type f if m M u n ii 

4 
9 

4 
9 

i 
9 

3. 1 _4_ i 2 _3_ 1 
7 5 11 3 7 11 4 

3 2 _4_ i 2 _3_ I 
7 5 11 3 7 11 4 

1 i _3_ i 3. _5_ i 
7 5 11 3 7 11 2 

at the bowed point is of the simplest possible type, a two-step zig-zag, it is seen 
from the third row of figures in table I that one of the sides of the zig-zag becomes 
very steep if the bow is applied close to the centre of the string. It becomes less and 
less steep as the bow is removed farther and farther from the centre of the string, 
but it continues steeper than in the vibration-curve for the first type until the 
point 1/3 is reached when co becomes identical for the first and second types of 
vibration; the significance of this is that in the second type of vibration the octave 
is the dominant harmonic and far more powerful than the fundamental when the 
point of application of the bow is close to the centre of the string, but the 
difference becomes less and less marked as the bow is removed farther from the 
centre; when the bow is applied at a distance 1/3 from the end of the string, the 
octave and the fundamental are present in the same proportion in the second type 
of vibration as in the first, and, in fact, the two types of vibration then become 
identical owing to the dropping out of all harmonics having a node at 1/3. Similar 
relations are met with in the theory of the third and higher types of vibration, and 
a fuller discussion of this identity of vibration types in certain cases will be given 
when dealing in detail with the theory for rational points of bowing. Between 1/3 

and 1/4, the value of co is actually less for the second type than for the first, and the 
octave becomes feebler and feebler as the bow is removed from the centre, till at 
1/4, it vanishes altogether, co being equal to 
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Section VIII—The third type of vibration 

When there are three equal discontinuities on the velocity-diagram, the positive 
and negative velocity-waves are not necessarily of the same form. If at an epoch at 
which two of the discontinuities are coincident in position, the third is at one of 
the ends of the string, then, obviously, the positive and negative waves are of the 
same form and actually coincident at that instant; the vibration at every point on 
the string is then of the symmetrical type. At the epoch referred to, the velocity- 
diagram would consist of only two parallel lines, one of which passes through an 
end of the string, and the other through the point of trisection farthest from it. In 
the subsequent motion, the number of lines in the velocity-diagram would, in 
general, be four, and at certain instants, three or two. On the other hand, in the 
unsymmetrical cases, the number of lines is never less than three and is generally 
four. Apart from this, the form of the vibration-curve at any point on the string 
can be found in precisely the same way in the unsymmetrical cases as in the 
symmetrical ones, i.e. by considering the changes of velocity due to the movement 
of the discontinuities. 

As the symmetrical cases are much the more important, we shall now consider 
them a little more fully. Figures 3 and 4 illustrate the mode of vibration, the initial 
coincident position of the two discontinuities lying outside the two points of 
trisection of the string in figure 3 and between them in figure 4. If this position is 
at x = 2//3 + 2b, the two discontinuities again coincide after a half period at the 
point x = 1/3 + 2b. It can be seen that at the points 1/3 + b and 21/3 — bin figure 3 
and at the points 1/3 — b and 21/3 +b in figure 4, the vibration-curve is a simple 
two-step zig-zag, these being also points at which discontinuities cross. At the 
points 1/3 — 2b and 21/3 + 2b in figure 3, and at the points 1/3 + 2b and 21/3 — 2b in 
figure 4, the vibration-curve is seen to be a four-step zig-zag. Except in the region 
on either side of the points of trisection between the limits 1/3 — 2b < x < 1/3 + b 

and 21/3 — b<x< 21/3 4- 2b in figure 3 and the limits 1/3 — b < x < 1/3 + 2b and 
21/3 — 2b <x< 21/3 + b in figure 4, the velocity at any point on the string 
alternates between two constant values thrice in each vibration-period. The 
fraction co of the complete period during which the larger velocity subsists is given 
by the relation 

(d = 3x3/1 (21) 

where x3 is the distance of the point of observation from either point of trisection 
or from the end of the string whichever is the least. The types of vibration shown 
in figures 3 and 4 may be regarded as set up by application of the bow at a point 
distant b from one of the points of trisection, and lying between them in respect of 
figure 3, and outside of them in figure 4. The motion at the bowed point is then of 
the simplest possible type (representable by a two-step zig-zag), the value of co 

there being given by the relation 

co = 3 b/l. (21a) 
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Velocity-diagrams Vibration curves and displacement 
diagrams 

Figure 3. The third type of vibration (negative). 

The maximum value of b is 1/6 as co is then equal to j. 

The values of co as given by equation (21a) for various values of b within the 
limit stated above, are shown in table II. The distance of the bowed point from 
one end of the string is shown as a fraction of the total length 1 

Table II 

Position of bowed point 1 
2 

5 
11 

4 
9 

3 
7 

2 
5 

5 
13 

2 
8 

4 
1 1 

_5_ 
14 

23 
65 

_6_ 
17 

Value of co for the third type 1 
2 

4 
11 

3 
9 

2 
7 

1 
5 

2 
13 

1 
8 

1 
11 

1 
14 

4 
65 

1 
17 

Position of bowed point 1 
3 16 

17 
55 

.3. 
10 

_5_ 
17 

2 
7 

JL 
11 

1 
4 

2 
9 

1 
5 

1 
6 

Values of co for the third type 1 
00 

1 
16 

4 
55 

1 
10 

2 
17 

1 
7 

.2. 
11 

1 
4 

3 
9 

2 
5 

1 
2 
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Velocity-diagrams Vibration-curves and displacement 
diagrams 

Figure 4. The third type of vibration (positive). 

From table II it will be seen that co is very small at the bowed point when this is 
situate close to the point of trisection. One side of the zig-zag vibration-curve at 
the bowed point is then much steeper than the other and, as can be seen from 
figures 3 and 4, the third harmonic is dominant in the resulting motion, being in 
fact far more powerful than even the fundamental. As the bow is removed from 
the node, co becomes larger and the amplitude of the third harmonic falls off 
rapidly, and vanishes completely when the bow is applied at the points x = 41/9 or 
21/9, the value of co being then exactly A distance of 1/9 either way from any of 
the nodes of the third harmonic may thus in a sense be regarded as the range of 
application of the bow for the excitation of the third type of vibration. On 
comparing the values of co in table II with those for the first and second types 
shown in table I, it will be noticed that at the point 21/5 the second and third types 
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both give the ratio y and that at the point //4 the first and third types both give 
oo = It is instructive to note the gradual changes in the form of the vibration- 
curves for the third type at the centre of the string and at 1/5 as the point at which 
the bow is applied approaches 1/4 and 21/5 respectively. 

Figure 5(a), vibration-curve of the 9th type, bowed at 51/9 — 1/135 and observed 
at //15. 

Figure 5(b), (c), (d), (e), vibration curves at the bowed point for the 2nd, 4th, 6th 
and 8th types respectively, when the bow is applied close to the centre of the 
string. 

(a) 

(b) 

(e) 

(/) 

Figure 5. (For explanation see text). 
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Figure 5(f), velocity-diagram of the 4th type: (g) and (h), velocity diagrams of 

the 5th type: (i), velocity-diagram of 3rd type, bow applied at 51/S. 

Section IX—The fourth and higher types of vibration 

The cases in which there are four or more equal discontinuities moving on the 
velocity-diagram of the string are also capable of investigation with facility by the 
graphical method. Certain general laws are readily established of which we have 
already seen instances in the second and third types of vibration. Certain 
important and very remarkable differences are also noted between the cases in 
which n (the number of discontinuities) is a prime integer, e.g. 5, 7 or 11, and the 
cases in which n is not prime, e.g. 4,6, 8,9 or 10. One result that holds good for all 
values of n is that the motion at every point on the string lying outside certain 
limits is representable by a vibration curve consisting of 2n straight lines, 
alternate ones being parallel to one another. In other words, outside certain limits 
the velocity at every point on the string alternates between two constant values, n 

times in each complete period, the fractional part of the period co during which the 
larger velocity subsists being given by the relation co = nxjl already found 
(equation 17). 

The regions within which the velocity may have more than two values in each 
period, lie on either side of the (n — 1) intermediate nodes of the nth harmonic and 
are bounded by points at which discontinuities moving in opposite directions 

cross one another. The vibration curve of a point at which one such crossing takes 
place consists of (2n — 2) straight lines in each complete period; if two crossings 
occur at one point in each period, its vibration curve consists of (2n — 4) straight 
lines and so on. If (n — 1) crossings take place at a point, the vibration curve at that 
point is of the simplest possible form, i.e. a two-step zig-zag. 

We now proceed to find the conditions that must be satisfied if the motion at 
some specified point on the string is to be of the simplest possible type. 

Choosing as origin of time, the instant at which the positive and negative waves 
are completely coincident, it is easy to find the positions on the string at which the 
coincident discontinuities in the waves should lie, if the motion at some specified 
point on the string is to be representable by a simple two-step zig-zag. Take first, 
the case in which n = 4 and let the x-coordinate of the specified point be 3//4 — b. 

The velocity-diagram at time t = 0 consists of three parallel lines passing through 
the centre and the two ends of the string respectively. Let the coordinates at time 
t = 0 of the two pairs of coincident discontinuities be 1/4 + c and 3//4 + 
d respectively, see figure 5(f). In this diagram the positions of the nodes and of 
the specified point are shown by arrow-heads. In the subsequent movement, 
the discontinuities would pass over the point referred to, after times correspond¬ 
ing to the following distances of travel: (b + d), (1/2 — c — b), (1/2 — d + b),(l + c — 

b), (l — c + b), (3//2 4- d — b), (51/2 4- c 4- b) and (21 — b — d). It is seen that by putting 
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c — b and d = 3b, the alternate distances (excluding the first and the last) become 
equal to .one another. The condition for the vibration curve at the point 31/4 — b 

being a simple two-step zig-zag is thus that the initial positions of the 
coincident discontinuities should be (1/4 + b) and (3//4 + 3b). We may then 
mark off the following scheme of points on the string: 

3/ 

7 l 

6-step 2-step 4-step 4-step 2-step 6-step 

zig-zags. 

The nature of the motion at the points marked off is indicated below them in 
the scheme. If the point at which the motion is of the simplest possible type is 
(3//4 4- b\ then we get instead the following scheme: 

2-step 6-step 4-step 4-step 6-step 2-step 

zig-zags. 

It will be noticed that in both schemes, the region on either side of the central 
node is bounded by points at which the motion is representable by a four-step zig¬ 
zag. It is not possible, by assigning arbitrary values to c and d or in any other way, 
to secure that the region round the central node should be bounded by points at 
which the vibration-curve is a two-step zig-zag, so long as we are dealing with the 
fourth type of vibration. This result has a very important significance. If the 
fourth type of vibration is excited by applying the bow near either of the two 
nodes 1/4 or 3//4, the motion at the bowed point might be (and, in fact, generally 
would be) of the simplest possible type, i.e. having a two-step zig-zag as the 
vibration-curve. On the other hand, if the bow is applied near the centre of the 
string (which is also a node of the fourth harmonic), the fourth type of vibration, if 
elicited, would not give a motion of the simplest possible type at the bowed point. 
Nor, for that matter, would the sixth, eighth or tenth types, if elicited. For the 
second type of vibration, a simple two-step zig-zag vibration-curve for the bowed 
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point is possible. But for the fourth type, if elicited by bowing near the centre of 
the string, the minimum number of lines in the vibration-curve at the bowed point 
for each complete period is four; for the sixth type, it is six, for the eighth type, it is 

eight, and so on. 
Figures 5(h), (c), (d) and (e) illustrate the preceding remarks. They were drawn 

from the initial velocity-diagrams of the respective cases, which were disposed so 
as to give a vibration-curve of the minimum complexity admissible at the bowed 

point. 
Kinematical analysis by the method described above leads to analogous results 

in every case in which n is not a prime integer and the vibration is elicited by 
application of the bow near a point which is a node of the nth harmonic but is also 
a node of some harmonic of lower frequency. For instance, the sixth type of 
vibration, if elicited by bowing near a point of trisection, would not give a 
vibration-curve at the bowed point of a simpler type than a four-step zig-zag; the 
ninth type under similar circumstances would give a vibration-curve at the 
bowed point with not less than six lines per period; the twelfth type would not give 
less than eight lines per period, and so on. Near the point of quadrisection of a 
string, the eighth type would give a vibration-curve at the bowed point with at 
least four lines per period and so on. As a final example we may mention the case 
in which the bow is applied very close to one end of the string. Only the first type 
(n = 1) would then give a simple two-step zig-zag at the bowed point. For other 
values of n, i.e. 2,3, etc. the vibration-curve at the bowed point would consist of 
4,6, or more lines as the case may be, in each complete period. 

When n is a prime number, e.g. 5, 7, or 11, the corresponding type of vibration 
may be elicited by applying the bow on either side of any one of the intermediate 
nodes of the nth harmonic on the string, with a simple two-step zig-zag as an 
admissible vibration-curve for the bowed point. The initial positions of the 
coincident discontinuities in the velocity-diagram, differ very considerably, 
however, according to the particular node selected, and the character of the 
vibration-curves elsewhere than at the bowed point is correspondingly different 
in the respective cases. On the other hand when n is not a prime, a two-step zig¬ 
zag would be possible as the vibration-curve at the bowed point, only if this is at 
the boundary of the region on either side of a node of the nth harmonic which is 
not also a node of some harmonic of lower frequency; e.g. 1/6 or 51/6 for the sixth 
type, //8,31/S, 51/S or 71/S for the eighth type and 1/9,21/9,4//9,5//9,11/9 or Sl/9 for 
the ninth type. Near the other nodes, the motion at the bowed point for these 
types is necessarily of a less simple type, as we have already seen. 

We shall now consider one after another the fifth and higher types of vibration 
confining our attention to those cases in which the motion at the bowed point has 
the simplest character possible under the circumstances, that is, a two, or four, or 
a six-step zig-zag, etc. as the case may be. It is obvious, from considerations of 
symmetry, that it is sufficient to consider the cases in which the bow is applied at 
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some point between the centre and one end of the string, that is between x = 1/2 

and x = /. For any given value of n, as we have seen, the velocity-diagram consists 
of parallel lines passing through the nodes of the nth harmonic, and it follows that 
at these nodes the state is alternately one of rest and of motion in one direction or 
the other. These positions of rest at intervals during the vibration at the respective 
nodes are readily visible to the eye on inspecting the string, appearing the 
brighter, the longer the intervals of rest. If two such positions coincide, the line of 
rest seen is twice as bright, and so on. For instance, in the fourth type of vibration 
already discussed, three lines of rest are visible at the centre of the string, and four 
lines at the points x = 1/4 and x = 3//4. 

The fifth type of vibration 

This may be elicited by applying the bow at the points 

the motion at the bowed point being in each case a simple two-step zig-zag. In the 
first case the initial positions of the discontinuities in the velocity-diagram are 

By writing b for — b in the above, the initial position of the discontinuities in the 
second case is found at once. The initial velocity-diagram for this case is shown in 
figure 5(g). In the third case the initial positions of the discontinuities are 

- 4b^j and /. 

The solution for the fourth case is obtained by writing — b for b in the preceding. 
The initial velocity-diagram for the fourth case is shown in figure 5(h). 

On working out the form of the vibration-curves from the velocity-diagrams, it 
is found that in all these cases, five lines of rest should be visible at each of the four 
nodes 1/5, 21/5, 3//5 and 4//5. Except in the limited regions lying on either side of 
each of these nodes, the vibration-curve at any point on the string is a ten-step zig¬ 
zag in which the alternate lines are all parallel to one other. The boundaries of the 
regions about the nodes and the character of the motion at the limiting points are 
indicated in table III. 
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Table III 
(Fifth type of vibration) 

1/5- 6): 2-step {1/5 — 46): 8-step {1/5- - 36): 6-step (1/5- - 26): 4-step 

{1/5 + 46): 8-step {1/5 -l- 6): 2-step (// 5 4 - 26): 4-step (1/5 4 - 36): 6-step 

(2//5 — 2b): 4-step {21/5 - 36): 6-step (21/5 — 6): 2-step (21/5 — 46): 8-step 

(21/5 + 3b): 6-step {21/5 + 26): 4-step (21/5 + 46): 8-step (21/5 + 6): 2-step 

{31/5 — 3b): 6-step (3//5 - 26): 4-step 01/5 — 46): 8-step (31/5 — 6): 2-step 

(51/5 -1- 2b): 4-step (3//5 + 36): 6-step {31/5 + 6): 2-step (31/5 + 46): 8-step) 

(4//5 — 46): 8-step (4//5 — 6): 2-step *4//5 — 26): 4-step (41/5 — 36): 6-step 

(4//5 + b): 2-step (4//5 + 46): 8-step (41/5 + 36): 6-step (41/5 + 26): 4-step 

zig-zags. 

It will be seen that the distance between the two points on either side of each 
node as shown in the table, is in all cases equal to 5b. 

The sixth type of vibration 

By applying the bow at either of the two points 51/6 ± b the type of vibration with 
six equal discontinuities on the velocity-diagram may be elicited with a two-step 
zig-zag as the vibration-curve at the bowed point. 

It is obvious that for this to be possible, the discontinuities should cross at the 
bowed point five times in each period of vibration, and the initial positions of the 
discontinuities are thus found to be 1/5 + b, 31/6 + 3b and 51/6 + 5b, the upper 
minus signs being taken for the first case and the plus signs for the second. The 
following are the eight points on the string at which crossings of discontinuities 
take place during the vibration and the character of the vibration-curve 
determined by the number of such crossings is indicated below the respective 
points: 

First case 

2-step 10-step 4-step 8-step 6-step 

10-step 2-step 

zig-zags. 

6-step 8-step 4-step 
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Second case 

10-step 2-step 8-step 4-step 6-step 

6-step 4-step 8-step 2-step 10-step 

zig-zags. 

It will be noticed that the regions on either side of the nodes are all of the same 
length 6b. (With the fifth type of vibration, this length was found to be 5b, with the 
fourth type 4b, with the third 3b, and with the second type 2b, the motion at the 
bowed point being in each case a simple two-step zig-zag. The generalization of 
the result is obvious). 

From the vibration-curves, it is found that six lines of rest should be visible at 
each of the nodes 1/6 and 51/6 in the case discussed above, five lines of rest at each 
of the nodes 21/6 and 4//6, and four lines of rest at the central node 31/6. 

Passing on to the cases in which the bow is applied in the neighbourhood of the 
node 4//6, it is found that the maximum number of crossings in each period 
possible at the bowed point is four. (If we attempt to find the position of the 
discontinuities on the assumption that there are five crossings, the resulting 
equations are inconsistent with each other). A four-step zig-zag thus represents 
the least complicated motion possible at the bowed point in this case. We have 
then three pairs of coincident discontinuities in the initial velocity-diagram of the 
string, and as there are two crossings of discontinuities at the bowed point in each 
half period, we get two simple algebraic equations connecting the position of the 
bowed point with the initial positions of the discontinuities. Thus if the position of 
the bowed point is at 41/6 + b, and the initial positions of the three pairs of 
discontinuities are 1/6 -I- c, 31/6 + d and 51/6 -I- e, we obtain the two equations 
(e — b) = (b — d), and (e-\-b) — (c — b). It is obviously not possible from these two 
equations alone to determine the three quantities c, d and e, uniquely in terms of 
the known quantity b. While c, d and e are thus in a sense arbitrary quantities, in 
practice owing to the flexibility of the dynamical conditions under which the 
motion is maintained (this will be referred to again later on), the vibration would 
tend to settle down into a type in which b, c, d and e are all integral multiples of 
one and the same quantity, these multiples being as small as is consistent with the 
kinematical conditions referred to above and the dynamical conditions of 
maintenance in the presence of dissipative forces. For instance, by putting c = 5b, 

d = —b, and e = 3b, we get a solution which satisfies the two kinematical 
equations and gives a characteristic type of vibration. 
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The case in which the sixth type is elicited by applying the bow in the 
neighbourhood of the node 3//6, i.e. near the centre of the string, may be similarly 
dealt with. In this case, the maximum number of crossings of discontinuities at the 
bowed point in each period is three and the simplest type of motion at the bowed 
point is a six-step zig-zag. The initial position of one pair of discontinuities then 
necessarily coincides with the bowed point. To find the initial positions of the 
other two pairs, we have only one equation which is given by the crossing that 
takes place within each half-period. The case has therefore to be dealt with in a 
manner analogous to that described in the preceding. Thus if the position of the 
bowed point is at 31/6 + b, the discontinuities may initially be taken to be at the 
positions (1/6 — 3b), (31/6 + b) and (51/6 + 5b). 

The seventh type of vibration 

For this type, we have to consider the bowed point as being at one or other of 
the six positions (61/1 + b), (51/1 ± b), and (41/1 ± b). Each of these cases gives a 
mode of vibration characteristically different from the others, though at the 
bowed point the vibration-curve is the same in all the cases, a two-step zig-zag. 
When the bow is applied at 61/1 + b, the discontinuities are initially at the 
positions 0, (21/1 — 2b), (41/1 — 4b) and (61/1 — 6b). In the resulting vibration, if b 
be small, the seventh harmonic is very strong. By writing — b for b in these 
quantities, we get the solution for the second case in which the bow is applied at 
(61/1 — b). Both the sixth and the seventh harmonics are then powerful in the 
mode of vibration set up. If the position of the bowed point is shifted to the point 
(51/1 4- b) the initial positions of the discontinuities are found to be (l/l — 4b), 
(31/1 + 2b), (51/1 — 6b) and l respectively.'In the resulting vibration the fourth and 
seventh harmonics are dominant. By writing — b for b as before, the solution for 
the bowed point (51/1 — b) is obtained. The third and seventh harmonics are then 
dominant. When the bow is applied at the point 41/1 + b), the initial positions of 
the discontinuities are 0, (21/1 + 4b), (41/1 — 6b) and (61/1 — 2b). It can be shown 
that the second, fifth and seventh harmonics are then dominant. The solution for 
the case in which the bow is applied at (41/1 — b) may be obtained as above by 
changing the sign. The second and seventh harmonics are found to be dominant 
in the resulting vibration. 

The eighth, ninth and higher types may be readily discussed in accordance with 
the general principles already outlined. The form of the vibration-curve for the 
ninth type of vibration elicited by bowing at the point (5//9 — //135) and 
calculated for the point of observation distant 1/15 from one end of the string is 
shown in figure 5(u). It will be seen from the general form of the vibration- 
curve that the second and ninth harmonics are dominant in the resulting motion. 
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Section X—Construction of the velocity-diagram when the 
bow is applied at a node 

The discussion of the vibrational modes given in sections VI to IX proceeded on 
the assumption that the bow is applied at a point of irrational division of the 
string and that the pressure of bowing is sufficiently large in relation to its velocity 
to ensure that the motion at the bowed point alternates between two and only 
two rigorously constant velocities, once or oftener in each period of vibration. 
When these conditions are satisfied, the resulting mode of vibration should in 
general include the complete series of harmonics. We shall now pass on to 
consider the cases in which owing to the position of the bow coinciding exactly 
with a point of rational division of the string, the series of harmonics having a 
node at that point is completely absent in the resulting vibration. The absence of 
these harmonics is evidently necessary if the mode of vibration of the string is to 
be fully determinate in terms of the motion at the bowed point, and in section IV it 
has been shown to follow from this and the known characteristics of the motion at 
the bowed point that the form of the velocity waves must then be that of a number 
of straight lines parallel to one another with intervening discontinuities. The 
velocity-diagram of the string at any epoch of the vibration must therefore also 
consist of parallel straight lines with intervening discontinuities. It will now be 
shown that these straight lines are all parallel to the x-axis, i.e. to the position of 
equilibrium of the string. 

Let the velocity-diagram of the string at a certain epoch in the corresponding 
irrational type of vibration consist of parallel straight lines inclined to the 
x-axis at an angle a, with discontinuities of magnitude dls d2, d3, etc. intervening 
at the points x = cl9 c2, c3, etc. respectively. This velocity-diagram may be readily 
analyzed into its Fourier components. Let the velocity at any point on the string 
at the epoch referred to, be represented by il/(x). Then, 

n = oo 

<l'(x)= £ ^„sin 
n= 1 

nnx 

T~’ 

where the value of A„ is determined by the equation 

2 ri nnx 
An = - i)/(x) sin—— dx. 

1 ri l 

ip(x) is equal to x tan a between the limits x = 0 and x — c1. From x = cx up to 
x = c2, it is equal to (x tan a — dx) and then changes to (x tan a — dj - d2) retaining 
this value up to x = c3, and so on. Integrating by parts, we have 

An=~ 
2 ., . nnx 1 2 

y/(x) cos —j— + 
nn o ™ J 

ri 

o 

nnx 
tan a cos —— dx. 

Since tan a is a constant, the second term reduces to zero and the equation may be 
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written in the form 

A = 

When n — 1, we have 

nn 

nnci , nnc2 
di cos—r—h d2 cos—-—I- etc. 

1 / l 

71 

, 7TC i , 71C2 
di cos——h d2cos—;—I- etc. 

1 l l 

When n = s, As may be written in the form 

71 

di 7TCi d2 TIC2 
— cos ——h — cos —— + etc. 
s Is s Is 

The summation of the series XU = f An sin (nnx/l) of which A1sin{nx/l) is the 
leading term gives us the original velocity-diagram i//(x) which consists of parallel 
straight lines inclined to the x-axis at an angle a and has a discontinuity at 
the point x = cl9 a discontinuity d2 at the point x = c2, and so on. From this, it 
follows that the series X2 = 5° Ans sin (nnx/l/s) of which As sin (snx/l) is the leading 
term would similarly give us when summed, a diagram also consisting of straight 
lines inclined to the x-axis at the same angle a, the magnitudes of the 
discontinuities in it being djs, d2/s, d3/s, etc. and the series being periodic for 
successive increments of x by the length 2l/s instead of 21 as with the original 
series. Subtracting the ordinates of the diagram thus derived from those of the 
original diagram ^(x), the resulting figure in which the sth, 2sth, 3sth harmonics, etc. 
are all absent, is seen to consist of straight lines parallel to the x-axis with 
intervening discontinuities. We have already seen that with the irrational types of 
vibration, d1? d2, d3, etc. are all numerically equal to (vA — vB\ some belonging to 
the positive wave and some to the negative. In the particular cases in which the 
positions cl9 c2, c3, etc. of the discontinuities are such that the motion at the 
bowed point is a simple two-step zig-zag, the summation of the series of 
harmonics to be left out gives, when graphically represented, a diagram of the 
simplest possible form, that is, one straight line terminated by one discontinuity 
in each length of abscissa 2l/s, the sth harmonic being the first of the series. This is 
very readily proved. Taking the first type of vibration in which there is only one 
discontinuity in the velocity-diagram (figure 1 in section VI), we see that at the 
epoch chosen as the origin of time, cx = /. From the expression for As given above, 

it follows that the series XU = S° Ans sin (nn.x/l/s) has a discontinuity equal to 
vA — vB/s at the same point cl=l. The next discontinuity would be at x = (s — 2)1/s, 
the line of the diagram passing through the intervening node at x = (s — l)//s. For 
the second, third, fourth types of vibration, etc. discussed in sections VII, VIII and 
IX, a precisely similar construction holds good when the motion at the bowed 
point is a simple two-step zig-zag. For, the positions of the discontinuities cu c2, 
c3, etc. in the initial velocity-diagram are such that if the bow is applied at a node 
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of a given harmonic, the discontinuities are also situated at certain other nodes of 
the same harmonic. A sufficient illustration of this fact and of the method of 
construction is given in figure 5(i). This shows the initial velocity-diagram for the 
third type of vibration elicited by bowing at the node 51/S. The thin inclined lines 
show the velocity-diagram with the complete series of harmonics, the thick 
horizontal lines show the velocity-diagram obtained by dropping out the Sth, \6th 
harmonics, etc. and the dotted vertical lines show the intervening discontinuities. 
From the subsequent movement of the discontinuities in the diagram thus drawn, 
the vibration-curve at any desired point on the string is readily obtained.- 

The types of vibration set up by bowing the string at the nodal points 1/2, 21/3, 
31/4, 41/5, etc. are of special interest. The initial velocity-diagram in these cases is 
readily derived from the first irrational type of vibration by the method of 
construction described above. We shall now consider these cases a little more 
fully. 

Figure 6 illustrates the first case. The initial velocity-diagram is a straight line 
parallel to the string with a discontinuity at each end. These discontinuities move 
in towards the centre of the string, and when they meet at the expiry of a quarter- 
period, the velocity at every point on the string, except the centre itself, is zero. At 
this epoch, the form of the string consists of two straight lines meeting at the 
centre, being the same as at the corresponding epoch in figure 1. Incidentally, it 
will be noticed that the mode of vibration of a string bowed at the centre is the 
same as that .obtained when it is plucked at the centre.10 

Figure 7 illustrates the case of a string bowed at a point of trisection. At the two 
points of trisection, the vibration-curve is a simple two-step zig-zag, and at two 
corresponding epochs, the configuration of the string consists of two straight 
lines meeting at the point of trisection. The nature of the motion as observed at 
the centre of the string is of special interest in this case. Commencing from the 
position of extreme displacement in one direction, the complete period of 
vibration is seen to be made up of six phases of equal duration, in the first and 
third of which the velocity of the centre of the string is the same as that of the bow 
applied at the point of trisection. In the fourth and sixth phases the velocity is also 
the same numerically but in the opposite direction. In the second and fifth phases, 
the velocity is numerically double that of the bow, having the same sign in the 
second phase, and the opposite sign in the fifth phase. Only the first, fifth, seventh, 
eleventh harmonics, etc. contribute towards making up the motion at the centre 
of the string in this case. 

10It is also readily seen that the velocity-diagram of a string plucked at any other point and released 

should consist of a straight line parallel to the x-axis and bounded by two discontinuities which are 

initially coincident at the point of plucking and start off with the velocity of wave propagation in 

opposite directions. The form of the vibration-curves in this and other analogous cases is much more 

readily found by the aid of the velocity-diagram than by tracing the configuration of the string. 
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Velocity- diagrams Vibration-curves and displacement 
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Figure 6. The string bowed at the centre. 

Figure 8 illustrates the case in which the bow is applied at a point exactly a 
quarter of the length of the string from one end, the initial velocity-diagram of the 
string being obtained by the geometrical construction from the first type of 
vibration. The cases in which the bow is applied at a point one-fifth or one-sixth 
or one-seventh, etc., of the length from one end may be similarly dealt with. 

Passing on to consider the modifications of the second, third and higher 
irrational types of vibration caused by the coincidence of the bow with a point of 
rational division of the string, we find no difficulty in constructing the initial 
velocity-diagram of the string in any specified case, and as we have already seen, 
the construction becomes further simplified when the motion at the bowed point 
is representable by a two-step zig-zag. Certain interesting relations then become 
evident. The velocity-diagrams derived from the first and second types of 
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Velocity diagrams Vibration curves and displacement 
diagrams 

Figure 7. The string bowed at a point of trisection. 
\ 

vibration are found to be identical when the bow is applied at a point of trisection 
(cf. section VII in which it was shown that these two types then become 
completely identical). Similarly, the first and third types become identical when 
the bow is applied at a distance 1/4 from one end, the first and the fourth when it is 
applied at 1/5 from one end and so on. Further, the second and third types give the 
same results when the bow is applied at a distance 21/5 from the end, the ratio co 
being 1/5 in both cases. The third and fourth types both give the ratio co= 1/7 
when the bow is applied at 2//7, and so on. These relations may be stated and 
proved in the following general form. 

When the motion at the bowed point is given by a simple two-step zig-zag, the pth 
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Velocity-diagrams Vibration - curves and displacement 
diagrams 

Figure 8. String bowed at point of quadrisection. 

and qth types of vibration give identical vibration-curves, provided the bowed point 

coincides with an intervening node of the (p + q)th harmonic. 

The proof of the relation stated above follows very simply from the general 
relation given in equation (17). Let x0 define the position of the bowed point and 
let the nearest nodes of the pth and qth harmonics be the (r 4- l)'* and the (s + l)th 

respectively, counting from one end. For the pth type, the ratio co = (x0 — rl/p) 

-T- l/p. For the qth type, the ratio co = (sl/q — x0) -f- l/q, it being assumed that rl/p 

<x0< sl/q. The pth and qth types give the same vibration-curves when the value of 
co is the same for both at the bowed point. Equating co for the two cases, we deduce 
x0 = (r + s)l/(p + q), in other words that the bowed point coincides with the 
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(r + s + If node of the (p + q)th harmonic. Similarly, if x0 lies outside the limit 
srl/s and sl/q, the pth and qth types become identical when the bow coincides with 
the (r — s + If node of the (p — q)th harmonic. 

As an illustration of the results, we may consider the case in which the bow is 
applied at the point 3//11. The fourth and seventh types of vibration both give the 
ratio o) — 1/11 and are thus identical in this case, but the third type gives the ratio 
co = 2/11, the first type gives the ratio co = 3/11 and the second type gives the 
largest ratio of all, viz. co = 5/11. 

Section XI—Some examples of the theoretical determination of 
the vibration-curves 

We shall now proceed to figure a number of vibration-curves whose forms can be 
calculated by the aid of the theoretical principles set out in the preceding sections. 
To trace the vibration-curve at any given point on the string, we require data 
regarding the position of the bowed point and also as to the particular type of 
vibration (according to the method of classification explained in section V) which • 
may be assumed to be actually elicited. In the next section we shall consider at 
some length the general relation connecting the position of the bowed point and 
the pressure, velocity and other features of the bowing adopted, with the mode of 
vibration elicited. Meanwhile, as a working rule, it will be assumed that if the bow 
is applied at a point not far from a node of the nth harmonic, n being one of the first 
seven or eight natural numbers, the nth type of vibration is elicited. It will be 
further assumed that the motion at the bowed point is a simple two-step zig-zag 
except in cases in which, as shown in section IX, it is necessarily of a more 
complicated type. These assumptions are justifiable, provided the pressure of 
bowing is sufficient and other circumstances are favourable. 

The detailed method of tracing the vibration-curves is as follows: the initial 
velocity-diagram of the string is first set down according to the principles already 
explained. The ordinate at the point whose vibration-curves is to be drawn, gives 
its initial velocity. The positions and magnitudes of the discontinuities and the 
direction of their motion, positive or negative, being known, the successive 
changes of velocity at the point of observation and the intervals of time at which 
they take place are obvious to inspection. The successive intervals and the 
resulting displacements may then be pricked off on a time-displacement diagram 
and when joined up, give us the desired vibration-curve. 

In figures 1 to 8 we have already had a number of illustrations of the graphical 
process worked out in detail. The succeeding figures 9, 10, 11 and 12 present 
additional examples of vibration-curves determined by the entirely a priori 

method set forth above. They were specially drawn for comparison with the first 
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Figure 9. Examples of vibration-curves of a bowed string, found a priori. 
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forty of the curves found experimentally by Krigar-Menzel and Raps and 
published with their paper.11 

N.B.—In these and the succeeding figures, the symbol e represents a small 
fraction whose value was variously assumed. 

The first curve in figure 9 belongs to the first type of vibration. The second and 
third curves belong to the fifth type of vibration, the bow being applied on 
opposite sides of the node of the fifth harmonic in the two cases.12 The former 
curve is modified owing to the absence of the eleventh harmonic. The fifth and 
sixth types of vibration both give the ratio co = 1/11 when the bow is applied at 
the point 2//11. (At the same point, the first type of vibration would give the ratio 
cd = 2/11). The fourth curve in figure 9 is a combination of the fourth and seventh 
types which become identical when the bow is applied at the point 3//11, the ratio 
co at the bowed point being 1/11 for both types. The fifth curve belongs to the 
seventh irrational type of vibration and the sixth curve to the third irrational type. 
It will be noticed that these two forms are closely analogous and it can be readily 
shown that they merge into one another when the bow is applied exactly at the 
point 3//10, where they both give the ratio co = 1/10. The close approximation of 
the form of the seventh curve to that of a pure sine-wave will be noticed. The 
eighth curve belongs to the third irrational type of vibration which is pictured in 
greater detail in figure 3. The ninth curve belongs to the fifth irrational type of 
vibration. The tenth is a combination of the fifth and second types of vibration 
which become identical when the bow is applied at the point 31/1, both types 
giving the ratio co = 1/7. 

The first curve in figure 10 is a combination of the second and seventh types 
which give a common ratio co= 1/9 when the bow is applied at the point 4//9. The 
second curve represents the second irrational type of vibration (see also figure 2 in 
which this is worked out in greater detail). The third curve is a combination of the 
fifth and sixth types which give a common ratio co — 1/11 at the bowed point 
2//11. The fourth curve is similarly a combination of the fourth and fifth types 
(co = 1/9 at the bowed point 2//9). The fifth curve represents the third irrational 
type of vibration (see figure 4 for a treatment in greater detail). The sixth curve is a 
combination of the third and eighth types, co being equal to 1/11 at the bowed 
point 4//11. The seventh curve in figure 10 is representative of the fourth irrational 
type of vibration. The eighth curve is a combination of the fourth and seventh 
types (co = 1/11 at the bowed point 3//11 for both). The ninth curve is a 
combination of the third and eighth types and the tenth is a combination of the 
third and fifth types (co = 1/11 and 1/8 respectively). 

1 *The other experimental curves (twentyfour in all) that appear with the paper of Krigar-Menzel and 

Raps are mostly simple two-step zig-zags. See also Barton’s Text-Book of Sound, page 432. 

12The position of the bowed points for the two corresponding experimental curves have been 

erroneously shown interchanged in the paper of Krigar-Menzel and Raps. 
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Figure 10. Examples of vibration-curves of a bowed string, found a priori. 

The first curve in figure 11 belongs to the second irrational type of vibration 
(compare with the graphs in figure 2). The second and third curves in figure 11 
need no further remarks. The fourth curve is a combination of the sixth and 
seventh types of vibration, co being equal to 1/13 at the bowed point 2//13 for both 

types of vibration. The fifth and seventh curves are examples of the well-known 
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Figure 11. Examples of vibration-curves of a bowed string found a priori. 

“staircase” figures discovered by Helmholtz. The sixth and eighth curves 
represent two cases of the fifth irrational type of vibration. The ninth curve is a 
combination of the fourth and fifth type of vibration, co being equal to 1/9 at the 
bowed point 21/9 for both types. The last curve in figure 11 is of special interest, as 
it is a case of the eighth type of vibration maintained with a complicated motion 
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Figure 12. Examples of vibration-curves of a bowed string, found a priori. 

at the bowed point. In section IX, it was shown that the motion at the bowed 
point cannot be a simple two-step zig-zag, if the eighth type of vibration is elicited 
by applying the bow near the point 1/4. In the initial velocity-diagram from which 
this vibration-curve was drawn, two of the discontinuities were situated at the 
two ends of the string respectively, and the other six were taken to be situated in 
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pairs at the points (2 + 3e)/8, (4 — 2e)/8 and (6 + e)/8 respectively, corresponding 
to the position of the bowed point (2 — e)/8. 

The first vibration-curve shown in figure 12 is of the type dealt with in greater 
detail in figure 8. The second curve is of special interest, as the eighth irrational 
type of vibration which it represents, is elicited by applying the bow near a node of 
the fourth harmonic and the motion at the bowed point for this case is thus 
necessarily of a “complicated” type, viz. a four-step zig-zag instead of a two-step. 
The position of the bowed point being (2 + e)/8, the discontinuities in the initial 
velocity-diagram were taken to be situated in pairs at the positions (1 — e)/8, 
(3 — 5e)/8, (5 + e)/8 and (7 — 3e)/8 respectively. The third curve in figure 12 
represents the eleventh irrational type of vibration. The velocity-diagram of the 
eleventh type from which this was drawn gives a simple two-step zig-zag as the 
vibration-curve at the point (1 -f e)/ll. An entirely different curve (in which the 
4th and 11th harmonics are dominant) is however obtained from the velocity- 
diagram which gives a two-step zig-zag at the point (3 — e)/ll, and actual 
experimental trial, I find, gives a result in agreement with this, and not the curve 
shown in figure 12. Krigar-Menzel and Raps however describe one of their 
experimental curves which is very similar to the third in figure 12 as that 
produced by bowing at the point (3 — c)/ll. If this description were correct, the 
motion at the bowed point could not have been a simple two-step zig-zag. 

The other vibration-curves obtained theoretically and shown in figure 12 do 
not require any special remarks. The fourth curve is a combination of the fourth 
and seventh types which give identical motions (co = 1/11) at the bowed point 
3//11. The fifth curve is the third irrational type of vibration modified by the 
absence of the 13th harmonic with the node of which the bowed point coincides. 
The sixth curve is of the well-known staircase type. The seventh curve is a 
combination of the third and the eighth types given by the ratio co = 1/11. The 
eighth curve is similarly a combination of the fifth and the eighth irrational types 
which become identical when the bow is applied at point 5//13. The ninth curve 
illustrates the seventh irrational type of vibration, and the tenth curve is a 
combination of the second and fifth types of vibration which give a common ratio 
(co = 1/7) at the bowed point in the position 31/1. 
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Section XII—The effect of the variation of the pressure and 
velocity of bowing 

Preliminary discussion 

In the previous sections of the paper, we have considered the kinematics of all the 
possible modes of vibration of a bowed string in which the motion at the bowed 
point consists of ascents and descents with strictly constant velocities. It now 
remains to consider various subsidiary questions that arise. What are the 
modifications in the kinematical theory necessary, when, as foreshadowed in the 
discussion on the modus operandi of the bow, the motion at the bowed point is not 
rigorously of the kind postulated? In other words, what is the effect produced if 
the velocity with which the bowed point slips past the hairs of the bow is not 
exactly constant in each period of vibration? Then again, what is the effect 
produced by the finiteness of the region with which the bow is in contact, a region 
which for the purpose of discussion we have so far taken as equivalent to a 
mathematical point? Does any slipping occur when the string is being carried 
forward by the bow? Is it possible in practice that by simply removing the bow 
from a nodal point to another closely contiguous to it, the missing harmonics in 
any given type of vibration are suddenly restored to their full strength as our 
kinematical discussion tacitly assumed? Finally we have the all-important 
question, what are the conditions of excitation, e.g. pressure and velocity of 
bowing and so on, required for any given type of vibration to be elicited? What 
part does the instrument on which the string is mounted and the handling and 
properties of the hairs of the bow play in determining these conditions? What, for 
instance, is the effect on the motion of the string produced by loading the bridge 
over which it passes with a mute or otherwise? This is a most formidable array of 
questions, but it does not seem entirely hopeless to find answers to them all, 
provided we proceed step by step, seeking answers to the questions one at a time. 

We may commence by retaining the assumption that the region of contact of 
the bow may be treated as a mathematical point and that the velocities of ascent 
and descent of this point are rigorously constant. We have already seen that on 
this assumption all the possible modes of vibration can be classified in a series of 
which the ordinal number n is the same as the total number of discontinuities in 
the velocity-diagram of the string, the bowed point being taken to divide the 
string in an irrational ratio. If the point of bowing divides the string in a rational 
ratio, the mode of vibration may be derived from one of the irrational types by 
dropping out the series of harmonics having a node at that point (see section X). 
Another important point elicited by the discussion is that if n be not a prime 
number, a two-step zig-zag motion at the bowed point is kinematically 
impossible for that type of vibration if the bowed point lies within a distance of 
l/2n from any node of the nth harmonic which is also a node of some harmonic of 
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lower frequency. Further, if the position of the bowed point be specified and its 
motion is representable by a simple two-step zig-zag, the entire mode of vibration 
is uniquely determined by the number n of the discontinuities. But if the motion at 
the bowed point consists of several ascents and descents in each period, the 
number n does not uniquely determine the motion. One or more additional 
constants expressing the initial position of the discontinuities in the velocity- 
diagram must then be specified for the motion to be completely determinate. 

From the preceding, it is obvious that the first step for establishing the mode of 
vibration in any given case is to find the number n of the discontinuities. Prima 

facie, we may exclude the consideration of all types of vibration of which the 
ordinal number n is very large. This is evident, for the larger the number of 
discontinuities, the more important is the part which harmonics of high order 
contribute to the motion,13 and it is known from various considerations that these 
harmonics of high order are difficult to elicit and maintain as part of a perfectly 
periodic motion with the frequency of the gravest mode. As has been well shown 
by Prof. E H Barton,14 the higher the frequency of any given component in the 
motion, the more sensitive it is to any departure from the exact adjustment for 
resonance. Under ordinary circumstances, the free periods of vibration only 
approximate to, and do not actually form a harmonic series. We are therefore led 
to conclude that any type of vibration in which the number of discontinuities is 
very large and in which therefore harmonics of high order are dominant would 
not, in practice, be elicited by the bow. 

Two other considerations also point to the same result as that noted above. It is 
very probable that the higher harmonics are subject to a greater degree of 
damping and the bow would therefore tend to elicit types of vibration in which 
they are relatively subordinate. Then again, we see that the finiteness of the region 
with which the bow is in contact would operate in the same direction. For, from 
equation (17) 

nxn 

which expresses the ratio of the time during which the string moves past the hairs 
of the bow to the whole period of the vibration, we see that the larger n is, the more 
rapidly does the value of co change with any alteration in the position of the 
bowed point, xn being the distance of this point from the nearest node of the nth 

13This becomes almost self-evident on attempting to draw a velocity-diagram for the string consisting 

of parallel straight lines inclined at a constant angle a to the x-axis and separated by a large number of 

equal discontinuities situated at various intervals along the string. 
14E H Barton, “On the Range and Sharpness of Resonance to Sustained Forcing,” Bull. Indian Assoc. 
Cultiv. Sci., No. 13. 
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harmonic. The disturbing effect of applying the bow over a finite region instead of 
at a mathematical point would therefore be much greater when the value of n is 
large, and would thus have an unfavourable effect on the production of types of 
vibration involving a large number of discontinuities. 

We thus see that if the motion at the bowed point admits only of discontinuous 
changes of velocity from one value to another and vice versa, the possible modes 
of vibration would be confined to a restricted number of types and their variants. 
Each type would, according to equation (17), have a characteristic value of co if 
the position of the bowed point were specified, and a passage from one type to 
another would involve a sudden change from one value of co at the bowed point to 
another. 

Taking the results summarised above, together with those arrived at in the 
discussion on the modus operandi of the bow in section III, it is now possible to 
trace the general effects of varying the pressure or velocity with which the bow is 
applied. If there is a change of type, the value of co undergoes the concomitant 
discontinuous change given by equation (17). If the pressure of the bow is 
increased or its velocity decreased, the value of co in the concomitant change of 
type decreases as a rule, so that the bow and string move with a common velocity 
for an increased fraction of the period. The change would be in the opposite 
direction if the pressure of the bow were decreased or its velocity increased. The 
change of type may or may not, according to the circumstances, involve a change 
in the motion at the bowed point from a simple two-step zig-zag to one with 
several ascents and descents, or vice versa. Another variety of change that may be 
caused by the alteration of the pressure or velocity of the bow is a readjustment of 
the positions of the discontinuities with the corresponding changes in the relative 
amplitudes of the harmonics, the value of co which is determined by the number of 
discontinuities in the motion remaining unaltered. This species of change, as 
already shown, would only be possible if the motion at the bowed point involved 
several ascents and descents in the period. 

When the pressure with which the bow is applied is considerable and the other 
circumstances are favourable, the maintained motion would be the one which 
gives, as nearly as possible, the smallest value of co at the bowed point. When the 
bowed point is in the neighbourhood of a node of some fairly important 
harmonic, say the nth, it is readily seen from equation (17) that the nth type would 
give a very small value of co and is therefore the type that would be maintained. 
This is the justification of the result which was assumed in section XI for 
theoretically determining the vibration-curves and comparing them with those 
obtained experimentally by Krigar-Menzel and Raps. From the published 
account of these experimenters it appears that the style of bowing actually 
adopted by them was the one referred to above. For smaller pressures of bowing 
than those adopted by them, it might be expected that the modes of vibration 
figured therein would be incapable of being maintained and would yield place to 
types giving larger values of co. 
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Graphical treatment 

A clearer comprehension of the foregoing results may be obtained by discussing 
the specific cases in which the bow is applied at some point between the extreme 
end of the string and the node of the fifth harmonic distant 1/5 from the same end. 
This includes the “musical range” of bowing. When the bow is applied very close 
to the end of the string, only the first type of vibration is kinematically capable of 

giving a two-step zig-zag motion at the bowed point. This also gives the smallest 
value of co and is accordingly the type that is elicited by firm bowing. The higher 
types give four, six, or eight-step zig-zags, etc. as the case may be at the bowed 
point, with correspondingly larger and larger values of co, and can thus be 
obtained only by increasing the velocity or reducing the pressure of bowing. As 
the position of the discontinuities in these cases is susceptible of variation, each of 
these types is itself capable of modification by altering the pressure or velocity of 
bowing, and the relative amplitudes of the harmonics may be profoundly 
modified without any change in the value of co. 

When the bow is removed from the extreme end to a point at some distance 
from it, some of the higher types also are capable of giving a two-step zig-zag 
motion at the bowed point. Let us now assume for simplicity that the bow does 
not elicit vibrations involving more than nine discontinuities, so that the ninth 
type is the highest that need be considered. Within the range between 0 and 1/5, 

the bow may elicit the first type anywhere. The table IV shows for the other types 
the maximum ranges within which the bow must be applied for a two-step motion 
to be even kinematically possible. 

Table IV 
0 < xb < 1/5 

Ninth type 
Eighth type 
Seventh type 

Sixth type 

Fifth type 
Fourth type 
Third type 

//18 <xb< 1/6 

1/16 <xb< 3//16 
1/14 <xb< 3//14 

1/12 <x„< 1/4 

1/10 < xft < 3//10 

//8 < xft < 3//8 
1/6 <xb< 1/2 

While this table gives the maximum ranges, the effective ranges should be 
considerably less. For, taking the ninth type for example, the value of co is 1/9 
when the bow is applied at the point 8//81 or at the point 10//81. The ninth 
harmonic which is the dominant of the type then entirely vanishes. The effective 
range for eliciting this type must thus lie within the limits noted above. 
Proceeding on this principle, the limits within which the effective ranges for the 
different types should lie are calculated and shown in table V. 
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Table V 

0 < x'b < 1/5 

//10g < xb < 1/8-j^j 

m <xb< m\ 
m <*b< w 
w <*b< 
l/6i < xb 

1/5i < xb 

From this table it is seen that, practically speaking, the first type is the only one 
that can be elicited with a two-step motion at the bowed point if this lies between 
0 and //10. If the bow is applied between //10 and 1/5, the higher types may also 
give a two-step motion at the bowed point within their respective ranges. The 
values of co within these ranges for the several types as ascertained from 
equation (17) are shown graphically in figure 13. 

Ninth type 

Eighth type 

Seventh type 

Sixth type 

Fifth type 

Fourth type 

Figure 13. Showing the chief types of vibration, their ranges and characteristics and the effect of the 
pressure of bowing. 

In this diagram, the heavy line is the graph of co for the first type, and the thin 
lines meeting in pairs at the points 1/9,1/8, etc. give the values of co for the 9th, 8th 
types, etc. respectively. The most noticeable feature in the diagram is the extreme 
steepness of these lines compared with that for the first type. At the nodal points 
//10,1/9,1/8, etc. the diagram shows that value of co to be either zero, or else 1/10, 
1/9, 1/8, etc. respectively as the case may be. Rejecting the zero value for co as 
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inadmissible, we find that at the nodal points //10,1/9,1/8, etc. the value of co is 
1/10, 1/9, 1/8, etc. respectively. The lines for the higher types intersect in pairs at 
the points whose abscissae are 2//19, 21/11, 2//15, 2//13 and 2//11 respectively. At 
these points, the first type gives the value of co to be 2/19, 2/17, 1/15, etc. 
respectively. But the higher types give the value of co at these same points to be 
1/19, 1/17, 1/15, etc. If, therefore, these types are to be elicited, considerable 
pressure and small velocity of bowing must be adopted, and at the same time, the 
region with which the bow is in contact must be very narrow. With a short, 
heavily-damped string such as that of a violin, these conditions are not readily 
obtainable and, at any rate, they differ from those actually adopted in the whole 
range of violin practice. We are therefore led to conclude that in the musical 
applications of the subject, we have to deal only with the first type of vibration 
and its modifications. On an ordinary monochord, however, by suitable bowing 
the higher types of vibration may be obtained within the ranges considered. The 
diagram shows that except at the nodal points already mentioned, 3 or even 4 
different values of co are possible. 

I 3* 3t J_ 2i il iL. L 
T 14 9 13 4 II 7 10 3 

Position of bowed point 

Figure 14. Showing the chief types of vibration, their ranges and characteristics and the effect of the 
variation of the pressure of bowing. 

Figure 14 shows the different types of vibration with discontinuous changes of 
velocity that may be obtained by applying the bow anywhere within the region 
lying between 1/5 and 1/3. The heavy line, as before, is the graph for the first type. 
The other types are shown by lines passing through the nodes of the 
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corresponding harmonics, thin continuous lines representing types which may 
give a simple two-step motion at the bowed point, and broken lines (-) 
representing types which necessarily involve more complicated motions at the 
bowed point. For instance, through the point 1/3, we have one continuous line 
representing the third type and two broken lines representing the sixth and ninth 
types respectively. Similarly, through the point 1/4, we have two continuous lines, 
one on each side, representing the fourth type and two borken lines, one on each 
side, representing the eighth type. The diagram enables us to find at a glance, the 
general effect of applying the bow at any given point within the range and of any 
considerable variation of the pressure or velocity with which it is applied. At the 
two nodal points 1/5 and 1/3, for a two-step zig-zag motion, the diagram shows 
that the value of co can only be 1/5 and 1/3 respectively. At the point 1/4, co has 
generally the value 1/4, but another value, i.e. 1/2 belonging to the second type, is 
barely on the limit of possibility. Elsewhere, three, four, five or even six different 
values of co are possible, the number being determined by the position of the 
bowed point, and the particular value out of those possible which is actually 
obtained being determined by the pressure, velocity and other features of the 
bowing adopted in any given case. 

Figure 15 similarly represents the types of vibration that may be obtained by 
bowing at points lying between 1/3 and 1/2. It is noteworthy that all the three 
diagrams give the values of co at the bowed point, both in the cases in which this 
point divides the string in a rational ratio as well as in those in which it divides the 

i__ tL IL li li i 
3 118 5 7 “9 IT ~T 

Position of bowed point 

Figure 15. Showing the chief types of vibration, their ranges and characteristics and the effect of the 

variation of the pressure of bowing. 
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string in an irrational ratio. In cases of the latter kind, the diagrams may also be 
used to find the value of co elsewhere than at the bowed point. 

There is another and a very instructive point of view from which the effect of the 
variation of pressure may be regarded. In section II of the paper, it was shown 
that if the bow is applied at a point of rational division of the string, the harmonics 
having a node at that point are not excited. It is obvious also that if the bowed 
point is situated at some little distance from the node instead of actually 
coinciding with it, the forces required to maintain the harmonics in question with 
appreciable amplitudes would be of considerable magnitude relatively to those 
required for the maintenance of the other components in the motion. We are led 
therefore to conclude that the types of motion maintained would tend to be those 
in which harmonics having a node near the bowed point are relatively large or 
small in amplitude according as the pressure with which the bow is applied is 
much or little. We are also led to conclude that as an increase of the velocity of the 
bow involves an increase of the amplitude of vibration, its effect on the character 
of the motion would be analogous to that of a decrease in the pressure of the bow. 
The preceding results are in agreement with those already arrived at from 
somewhat different considerations. 

Mathematical theory 

We now proceed to consider the mathematical theory of the subject. For the 
present, we shall adhere to the simplifying assumption already made that the 
region of contact may be regarded as a mathematical point. Let the motion of the 
string in any actual case be represented by the Fourier series 

y = 
n = oo 

Z sin 
n= 1 

nnx 

~T 
2nnt 

an sin 
T 

+ bncos 
2nnt 

or more briefly 

H = 00 
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From the formulae found in section II of the paper it is seen that the force 
required to maintain this motion may be represented by 

n = 00 
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n= 1 

2nnt 
sin | -Jr + en + en 

. nnx0 
sm—-— 

when kn and e'„ are quantities independent of the position of the bowed point and 
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x0 is the distance of this point from the fixed end of the string. If for a particular 
value or values of n the denominator sin nnxjl of the term in the series is very 

small but not actually zero, and if at the same time the amplitude Bn of the 
corresponding harmonic or harmonics remains finite, the magnitude of the 
respective term or terms in the expression for the maintaining force is necessarily 
great. But if sin nnx0/l is actually zero for certain values of n, the corresponding 
terms Bn in the maintained motion must necessarily vanish as we must obviously 
exclude the possibility of infinitely large values for the maintaining force. The 
series given above represents the variable part of the frictional force at the point of 
contact. This force is a function of the pressure P with which the bow is applied 
and the relative velocity (v — vB) at the point of contact. It may be written in the 
form F(P, v — vB\ the function remaining determinate and always of the same sign 
so long as the relative velocity (v — vB) does not become zero or change sign. We 

may therefore write 

(22) F(P, V - VB) = P0 + Z knBn 
nnx0 

sin 

where P0 is the non-periodic part of the frictional force. 
Equation (22) may be regarded as the dynamical relation from which the 

motion at the bowed point and therefore also the entire mode of vibration of the 
string is to be determined. For, if the velocity v of the bowed point be expressed as 
a function of the time, the amplitudes Bn of the harmonics can be found therefrom 
by integration over the complete period. The various types of vibration whose 
kinematical theory was discussed in the first part of the paper may be regarded as 
forming a series of limiting solutions of this dynamical equation to one or other of 
which the actual results approximate more or less closely according to 
circumstances. How these limiting solutions are obtained has already been 
indicated in the discussion on the modus operandi of the bow. We now proceed to 
examine more closely the degree of approximation within which the limiting 
solutions represent the actual results. 

Our knowledge of the form of the function F{P, v — vB) is not at present very 
definite for surfaces of the kind we are concerned with in this paper. It may 
however be accepted as demontrably correct that when the relative velocity 
(v — vB) is actually zero, the friction is not greater than a certain maximum statical 
value Ps which increases continuously for increasing values of the pressure P with 
which the bow is applied. We may also suppose that when the relative velocity 
(v — vB) is greater than zero, the magnitude of the friction decreases with increasing 
values of the relative velocity, at first somewhat rapidly and later on perhaps not so 
rapidly. Arguing from these premises, the relation given in (22) enables us to 
arrive at certain important conclusions. In the first place, since the quantities-kB, 
e'n depend on the construction of the sounding box on which the string is 
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stretched, the summation of the series on the right-hand side of (22) cannot, in 
general, result in our finding a constant value for the relative velocity (v — vB) in 
any or all of the epochs in which it is greater than zero. The relative velocity may 
however approach or attain practical constancy in any or all of the epochs 
referred to, if the variation of the sum of the series on the right-hand side of 
equation (22) within those epochs is negligibly small. It is seen that such practical 
constancy would be attained if the pressure P with which the bow is applied is 
sufficiently large to ensure that the necessary variation in the value of the function 
F(P, v — vB) can be secured by negligibly small changes in the relative velocity 
(u — vB). The practical constancy in the relative velocity during the epochs referred 
to may also be secured even for moderate values of the pressure P, provided that 
in the series on the right-hand side of (22) there are no large, rapidly-varying 
terms. For instance, if the string were bowed at important nodes such as 1/3 or 1/4 

even with very moderate pressure, the absence of the corresponding series of 
harmonics in the resulting motion removes terms which would otherwise 
introduce large and rapidly varying fluctuations in the value of the series for the 
maintaining force. The constancy of the velocity of the bowed point in slipping 
past the hairs of the bow is thus remarkably perfect in such cases. 

Assuming the solution of (22) to be one of the limiting types in which the 
relative velocity (v — vB) has a constant value in all the epochs in which it is not - 
actually zero, we may easily find an inferior limit to the pressure with which the 
bow must be applied for the given type of vibration to be possible. Thus, let 
(vA — vB) be the constant value of the relative velocity during any such epoch and 
let PA be the sum of the series on the right-hand side of (22) for that epoch. Then 
we must have 

F(P,va-vb) = P0 + Pa. (23) 

Further, let P'A be the maximum value of the series during any of the epochs in 
which the relative velocity is zero. Then, we must have 

Ps(the statical friction) < P0 + P'A. (24) 

Subtracting the quantities in (23) from the two sides of the inequality in (24), we 
find that the pressure with which the bow must be applied is such that 

Ps ~ '» va ~ vb) PA — PA. 

If fj, be the coefficient of statical friction for the pressure P, and nA be the 

coefficient of dynamical friction for the pressure P and relative velocity (vA — vB), 
the inequality may be written thus, 

P' — P 
P < —-(25) 

P~ Pa 

If the pressure of the bow is less than the critical value given by (25), the vibration 
would no longer be maintained and would therefore alter in character. We may 
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now consider the effect of increasing the pressure above this critical value. It is 
obvious from equation (22) that if the relative velocity (v — vB) is assumed to have 
a constant value in all the epochs in which it is not actually zero, the increase in 
the frictional force F(P,v — vB) caused by an increase of the pressure of the bow 
might merely result in raising the non-periodic constant P0 on the right-hand side 
of the equation and thus leave the periodic part of the forces acting on the string 
unaltered. When, therefore, any one of such types of vibration is once thoroughly 
established, considerable latitude is permissible in the pressure of the bow so long 
as it does not fall below the critical value. It must not however be understood 
from this that the pressure can be increased indefinitely. For, if there be some 
other possible type of vibration whose critical pressure be higher than the first, 
the motion originally maintained would be relatively less stable and would yield 
place to the other, when the pressure of the bow exceeds the critical value of the 
latter. The manner in which an increase of pressure sets up an instability of the 
original type of vibration is best understood by analogy with that of the 
equilibrium of a system with one degree of freedom. The equation of motion 
about the position of equilibrium of such a system under the action of the bow is 

x + (k — X)x + n2x = 0 

where k is the damping coefficient and X is a positive quantity proportional to the 
velocity-rate of change of the frictional force which may be increased by 
increasing the pressure of the bow. When the velocity as given by x is initially 
zero, there is apparently nothing to cause the system to depart from the position 
of equilibrium. If, however, by increasing the pressure of the bow, X is increased 
till it exceeds k, the equilibrium becomes unstable and any small motion is 
magnified continuously till it reaches the limit set by the velocity of the bow. The 
mechanical disturbance caused by laying on the bow or by increasing its pressure 
is sufficient to give effect to the instability. Similarly in the case of the bowed 
string, a steady state of vibration in any given type is obviously out of the question 
if any slight disturbance results in a progressive change and readjustment of the 
amplitudes of the harmonics. Referring to equation (22), it is seen that an increase 
in the non-periodic part P0 of the frictional force caused by an increase in the 
pressure P of the bow would tend to set up such instability if an alternative mode 
of vibration with a higher critical pressure were possible. 

On comparing equations (22) and (25), it is seen that, in general, the type of 
vibration which has a higher critical pressure than another would also contain 
the harmonics having nodes near the bowed point with relatively larger 
amplitudes. 

Analysis of the motion 

>, = Zsi 
nnx 

sin 
/ 

2 nut 
an sin + b„ cos 

2nnt 

T T 
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Differentiating, we have 

dy 
d t 

^ 2/i7i . nnx 
) -^7-sin—— 
^ T l 

2nnt , . 2nnt 
an cos — - bn sin -y- (26) 

But in section X, we found that the analysis of the velocity-diagram consisting of 
parallel straight lines gives 

where 

dy 

d t 

^ A . nnx 
I A, Sin — 

An=- 
nn 

, nnci , nnc2 
d, cos—-—f d2 cos—-—b etc. 

I l 

dls d2, d3, etc. being the magnitudes of the discontinuities in the velocity-diagram 
situated at points whose abscissae are cl9 c2, c3, etc. respectively. Since some of the 
discontinuities move towards the origin and others away from it, it is convenient 
to use instead of clt c2, c3, etc. the quantities Cl9 C2, C3, etc. where cr — Cr-1- at if 
the discontinuity dr belongs to the positive wave, and cr = 2l — (Cr + at) if it 
belongs to the negative. We then have, as a relation true for the whole period of 
vibration, 

An=~ 
nn 

, nn(C}+at) , nn(C2 + at) 
dx cos---(- d2 cos-;-h etc. 

/ / 
(27) 

Comparing (26) and (27), we may write 

1 
? 2 rr nznzT 

h - 1 
n2n2T 

, nnC i , nnC2 
dt cos— -h d2 cos—;-1- etc. 

/ / 

, . nnC \ ,* . nnC2 
di sin—-b d2 sin—;-b etc. 

/ / 

B„ = (a2 + b2)1'2. (28) 

This gives the amplitudes of the series of harmonics in terms of the discontinuities 
and their initial positions. In the case of the bowed string we have 

di =d2 = d3 = ... = (vA — vB). (29) 

From (28) and (29), it is easy to verify the remark already made that when the 
number of discontinuities is large, the higher harmonics gain considerably in their 
relative importance. 

Substituting the values of the amplitudes Bn of the harmonics found from the 
preceding analysis in the expression for the maintaining force on the right-hand 
side of equation (22), the interesting question arises whether this expression for 
the maintaining force is really a convergent Fourier series. If kn varies as nz where 
z> 1, the expression for the force on the right-hand side of (22) is a non- 
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convergent series and it follows that under such circumstances, the bow would be 
even theoretically incapable of eliciting an infinite series of harmonics. Even when 
kn varies as nz where z is not greater than unity, the existence of the factor 
sin mzxjl in the denominator of each term in the series brings in a very interesting 
difficulty as to its convergency. If we assume xjl to be an irrational fraction, it is 
obviously possible by assuming a suitable and sufficiently large value of n to make 
the quantity sin nnx0/l smaller than any specified fractional number, and, further, 
it is evidently possible to find an infinite number of such values of n which would 
reduce sin mzxjl to a value below the specified limit. Under the circumstances it 
becomes rather a delicate mathematical question whether the expression for the 
force given in (22) would then be a convergent series, and, if so, for what values of 
z. This difficulty does not arise if x0/l be a rational fraction, for the values of 
sin nnxjl then form a recurring series and the expression for the force is obviously 
convergent for values of z not greater than unity. It is of great interest to 
determine and represent the form of the expression for the force at the bowed 
point graphically and compare it with the form of the vibration-curve at the 
bowed point; if the values of kn be arbitrarily assumed and the amplitudes Bn are 
determined from the formulae given in (28) and (29), it is to be expected that, in 
general, the equation for the maintaining forces given in (22) is not rigorously 
satisfied even if the value of the constant P0 and the initial positions Cx, C2, C3, 
etc. of the discontinuities be suitably assumed. In other words, the motion at the 
bowed point cannot in general be rigorously of the type on which our kinematical 
discussion was based, that is, having forward motions which involve no slipping 
and backward motions with uniform velocity of slipping. But in a special class of 
cases, as we shall presently see, the motion at the bowed point may be exactly of 
such type consistently with the dynamical conditions expressed in equation (22). 

Frictional-force curves and motion at the bowed point 

As indicated above, it is a most important matter to determine and represent 
graphically the nature of the variation of the frictional force at the bowed point. If 
the maintained motion, the position of the bowed point and the magnitudes of the 
series of constants kn and en are all known, the harmonic components in the 
frictional force are all determinate, except those, the frequencies of which are the 
same as that of the missing harmonics having a node at the bowed point. If such 
components be assumed to be zero, or at any rate be assigned specific 
magnitudes, the frictional-force curve at the bowed point may be drawn by the 
aid of a machine for harmonic synthesis. Such curves would be very useful for 
comparison with the form of the vibration-curve at the bowed point, specially 
during these epochs at which the bowed point slips past the hairs of the bow; they 
could also be used for determining the critical value of the pressure of the bow for 
the possibility of the type of vibration considered. 

The form of the frictional-force curves may be found analytically and drawn 
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without the aid of a harmonic machine in an important class of cases which may 
be regarded as representative of the phenomena actually met with in experiment. 
We shall assume that the values of e'n can all be put equal to n/2. This would be a 
very close approximation to the truth, as may be seen from the formulae given in 
section I, if the natural frequencies of vibration of the string form a strictly 
harmonic series and the yielding at its ends is negligible. Further, we shall assume 
that the values of kn are proportional to n. This assumption cannot be very wide of 
the mark, for, if kn were proportional to a power of n higher than unity, the 
expression for the frictional force would not be a convergent Fourier series and it 
would no longer be possible to consider the motion of the string as comprising an 
infinite series of harmonics. In practice, moreover, it seems very unlikely that the 
damping coefficients of the higher harmonics increase at a much lower rate than 
that given by the formula kn a n, as the higher harmonics would otherwise be more 
conspicuous in the maintained vibration than they usually are.15 

On these assumptions, the expression for the frictional force assumes the form 

n = qo 

z 
n = 1 

nkBn cos 
2nnt 

~T~ 

. nnx0 
sin—;— 

To effect the summation of this series, we have to assume that x0/l is a rational 
fraction and the values of the denominators therefore form a recurring series. For 
those values of n for which the denominator is zero, Bn is also equal to zero, and 
the series therefore contains a series of indeterminate terms. In the most general 
case in which the vibration-curve at the bowed point can be represented by a 
number of straight lines of which alternate ones are not necessarily parallel to one 
another, we may write the expression for the force in the form 

( 2nnt . 2nnt 
nk\ an cos-bn sin—— l n rj-1 n rj-1 

. nnx0 
sin—-— 

the values of an and bn being given by the formulae 

1 
2 2 rr~' nznzT 

, nnC i nnC2 
dx cos— -1- d2 cos—;-(- etc. 

/ / 

1 

n2n2T 

, . wiCi , . nnC2 
di sin— -h d2 sin— -h etc. 

/ / 

15 It may be noted that the assumptions e'n = {n/2) and kn an are quite correct when the dissipation of 
the energy of the string is solely due to a frictional force proportional to the velocity resisting each 
element of the string. Cf. Andrew Stephenson, January 1911, Philos. Mag. 
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The summation of the expression for the force is thus seen to depend upon the 
summation of a number of separate sine and cosine series of the form 

nnC . nnC 
, cos—— „ sin—— 
1 / 2nnt „1 / . 2nnt 
-cos——and >-sin-. 
n . nnx0 T n . nnx0 T 

sin—— sin—p- 
► l 

Since x0/l is, by assumption, a rational fraction, we have to exclude the 
indeterminate terms in which the denominator sin rnixjl is zero, in order to effect 
the summation of these series. 

The form of the expression suggests that the graph representing the sum of each 
of the series given above should consist of a number of straight lines parallel to the 
axis of time, separated by intervening discontinuities. The summation of the 
series then reduces itself to finding the positions and magnitudes of these 
discontinuities. Taking, for instance, any one of the cosine series, we may assume 
that its graph has a discontinuity Sl at either of the points t= ±(ot1T/2n), a 
discontinuity S2 at either of the points t = ± (oc2T/2n\ and so on. This graph is 
representable by the expression 

where 

fn = —sin n<xl + S2 sin n<x2 + etc.] 
nn 

To find the values of the quantities Sl9 S2..., a1} a2...etc., we have the set of 
equations, 

c . c . n cos nC l 
<>! sin ax + <?2 sin a2 + . —--- 

2 sin n x0/l 

<$! sin 2a! + b2 sin 2a2 + ... 
7i cos 2nC/l 

2 sin 2nx0/l 

c . . . n cos nnC l 
u, sin na, + o2 sin na2 + ... = ...- 

2 sin nnxjl 

It is obvious that if C/l is an irrational fraction, the quantity 
(■7i/2)[(costt7rC/0/(sin wlt0//)] will never recur in value, however much n be incre¬ 

ased. The number of independent equations is then infinite and the method of 
evaluation proposed appears to fail altogether. If however C/l be a rational 
fraction, and the two fractions C/l and x0/l be reduced to their lowest common 
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denominator, the expression (7i/2)[(cos wrC/0/(2sin wrx0//)] will recur when n is 
increased by any multiple of twice this common denominator. To enable the 
equations to be satisfied, the quantities sin na1? sin ncc2, etc. should similarly recur, 
and the angles a1? a2, etc. must therefore all be multiples of n divided by the lowest 
common denominator of the two fractions C/l and x0/l. The number of unknown 
quantities (<5X, <S2, etc.) to be evaluated is the same as the number of independent 
equations available, and it is thus possible to determine S1, S2, etc. completely. 

The several series contained in the expression for the frictional force may thus 
be added up and their sum represented graphically. It is obvious that the 
frictional-force curve assumes the least complicated form, that is, has fewest 
discontinuities when the initial positions Cl5 C2, C3, etc. of the discontinuities in 
the velocity-diagram of the string coincide with the nodes of the principal 
member of the missing series of harmonics. For, the fractions x0/l and CJl, C2/l, 

C3//, etc. would then have the smallest possible common denominator. It may be 
noted that the method given above for drawing the frictional-force curve is 
applicable in the general case when the vibration-curve at the bowed point 
consists of any number of straight lines forming a continuous “curve,” and is thus 
not restricted to the cases in which the velocities in the forward and backward 
movements are both constant and uniform. If these velocities are constant and 
uniform, the discontinuities dls d2, etc. in the velocity-diagram of the string are all 
equal to one another (see section IV). 

When the vibration-curve at some one point on the string (not necessarily at 
the bowed point) is a simple two-step zig-zag, the calculation of the form of the 
frictional-force curve becomes particularly simple. When the motion at the 
bowed point is itself of this type, the expression reduces to the form 

K(va — vB) ^ ( — 1)" sin unco 2nnt 
-——L-cos-—. 

n T . 7nnx0 7 
n sin —y— 

When the motion at a point xl which is not the bowed point is of the two-step 
zig-zag form, the expression for the frictional force may be written as 

K(v'a — t4)v ( — 1)" sin rc7ico' ^ 2wrt 
2nn L-i COS ——, 

n T . nnx0 . nnXi 1 
n sin —-— sin —-— 

the quantities v'A, v'B and co' having reference to the motion at the point xv The two 

formulae given above may be readily verified from (22) by analysing the motion 
postulated at the bowed point and substituting the values thus obtained for the 
quantities Bn. Figures 16, 17,18,19,20 and 21 in the text represent no fewer than 
45 curves for the frictional force calculated for various cases from the expressions 
given above, the vibration-curve at the bowed point which forms the basis of the 
calculation being shown alongside for comparison. Figures 16 to 19 represent 
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Figure 16. Frictional-force curves and motion at the bowed point. 

cases in which the vibration-curve at the bowed point is assumed to be of the 
simple two-step zig-zag type, and figure 20 represents cases in which it is taken to 
be a four-step or a six-step zig-zag, though at some other point on the string the 
vibration-curve is a two-step zig-zag. 

As examples of the method of calculation, we may consider a few of the cases 
illustrated in the figures. Let the string bowed at a distance of one-seventh of its 

length from one end. From figure 13 it is seen that in this case co = 4. The 
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expression for the force then reduces to 

(— 1)” 1 cos 
Ikv 

2 nnt 

B 

n2T nn 
n sin 

The positions of the discontinuities in the frictional-force curve must therefore 
be 

n 2n 3n An 5n , 6 n 
±—, ± —, ± —, ± —, + — and + —. 

7 7 7 7 7 7 

We then get the set of equations 

. . nn 2nn . 3nn . Ann _ . 5nn 
sin — + <32 sin —- -I- d3 sin —- + d4 sin -y- + <55 sin-y- 

+ ^6sin^^ = (-1)" 1 
7/ci? B 

27tTsin 
n7c 

of which only the first six are independent (i.e. n = 1, 2, 3, 4, 5 or 6). On writing 
down the equations, it is found at once that S1 = <53 = S5 = 0. Multiplying both 
sides of the equation by sin nn/ly simplifying and utilizing the relation 

n 3n 5n 1 
cos — — cos — + cos — = - 

7 7 7 2 

we find that 

S2'.S4r:S6 as 1:2:3, and Si = 
2 kv B 

nT 

The frictional-force curve for this case is shown in figure 19. As another example, 
we may take the position of the bowed point to be 2//11 and that co= 1/11. 
(Referring to figure 13, it will be seen that this gives a combination of the fifth and 
sixth types of vibration.) On writing down the equations as before, it is found that 
^ = S3 = <55 = S7 = S9 — 0 and that the equations reduce to the form 

. . 2nn . Ann . bnn . Snn . lOnn 
S2 sin — + S4 sin — + S6 sin — + S8 sin — + S10 sin -yy- 

llkvB-sin 

= (-l) 
n- l 

nn 

IT 

27tT-sin2 
2nn 

11 
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Multiplying both sides by 2sin2 (Inn/X 1), i.e. by (1 — cos(4n7i/l 1)) and simpli¬ 
fying, the equations may be easily solved by grouping together all the terms which 
have a common coefficient sin n/\ 1, all those which have the coefficient sin 2n/l 1 
and so on. The solution is found to be <52:<S4:<56:<S8:<510 as 3: — 5:9: — 10:15 and S2 

= 6kvB/nT. On plotting, these values, a very interesting figure is obtained in 
which the fifth and sixth harmonics are very prominent and by their superpo¬ 
sition, give an appearance similar to that of “beats.” (see figure 19). All the curves 

shown in figures 16 to 21 were calculated by methods closely analogous to those 
employed in these two examples. They were all drawn to exactly the same scale, 
the velocity of the bow being taken to have a fixed value, and the curves are thus 
all strictly comparable. 
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Figure 17. Frictional-force curves and motion at the bowed point. 
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From a scrutiny of the 45 frictional-force curves shown in figures 16 to 21, a 
number of important generalisations can be arrived at, which we now proceed to 
consider. 

The curves shown in figures 16 to 21 are of special interest in many ways. The 29 
curves shown in figures 16 to 19 all deal with cases in which the bow is applied at a 
point of rational division and the motion at this point is a two-step zig-zag, the 
value of co for which has either 1 or 2 as its numerator. It will be seen that, in all 
these cases, the frictional force has a minimum constant value during the epochs 
at which the bowed point slips past the hairs of the bow. It is also seen that in 
some of these cases the frictional force has the maximum or a maximum value just 
before the slipping begins and just after it is over. But this is by no means a general 
rule, for in 12 out of the 29 cases, the frictional force before and after this epoch is 
not a maximum at all. Further, in all the cases in which the bow is applied at a 
point of aliquot division, e.g. 1/2,1/3,1/4,1/5 or 1/6, etc. the friction is a maximum at 
the middle of the stage during which the bowed point is carried forward by the 
bow. The nine curves of this kind shown in the series all bear a strong family 
resemblance to one another. Similarly the frictional-force curves for the bowed 
points 21/5, 21/1, 21/9, 2//11, etc. are worthy of careful study and inter¬ 
comparison. When the value of co for these cases is 1/5, 1/7, 1/9, 1/11, etc. 
respectively, the curves have a distinctive form in which the two chief harmonics 
having a node on either side of the bowed point are specially prominent. But 
when co = 2/5,2/7,2/9,2/11, etc. respectively, the form of the curve is more closely 
analogous to those for aliquot points of division referred to above. This is 
evidently because the fundamental is more prominent when co has the larger 
value in such cases. 

Krigar-Menzel and Raps remark in their paper as follows: “It is clear from all 
that has been said that the idea of the mechanical action of the bow which we form 
is in all the cases the same as that which has already been described by Helmholtz. 
The bowed point adheres to the rosined hairs of the bow and is carried forward 
with a constant velocity equal to that of the bow. This situation accounts for the 
ascending line of moderate slope in the vibration-curve at the bowed point. 
Finally, through the increasing tension of the string, the adhering point breaks 
loose and glides downwards against the bow under strong friction with a constant 
maximum velocity till the cycle commences to repeat itself anew.” If Krigar- 
Menzel and Raps were quite correct in their explanation of the “breaking loose of 
the bowed point from the hairs of the bow” as due to the increasing tension of the 
string, we should have expected to find that the friction of the bow is a maximum 
immediately before the release takes place. As we have just seen, this is by no 
means generally the case, and we are therefore forced to conclude that the pure 
kinematics of the motion is also a factor in determining the release of the string by 
the bow. As we shall see presently, Krigar-Menzel and Raps were also wrong in 
taking the velocity of slipping against the hairs of the bow to be uniform. It is in 
general only approximately uniform or even largely non-uniform, and such 
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Figures 18. Frictional-force curves and motion at the bowed point. 

variations of the velocity have an important significance and result. 
Referring again to the curves shown in figures 16 to 19, it will be seen that in all 

cases, the harmonics which have a node near the bowed point are prominent in 
the frictional-force curve. This is what might be naturally expected from the form 
of the expression for the force. 

Further, in all cases when co is a small fraction, the frictional-force curves 
become very steep, that is, the friction becomes greater. If this friction exceeds the 
maximum statical value, the motion ceases to be possible. We thus see that if the 
value of co is to be small, the pressure of the bow must be considerably increased. 
For instance, from the last five cases shown in figure 19 it is clear that the 



MECHANICAL THEORY OF THE VIBRATIONS OF BOWED STRINGS 311 

Position of 

the bowed 
point 

Value of to at 
the bowed 

point 

l 
5 

M JlnlJ Inf 
Li LJ 

Iflnljf 
y u 1H J u 

IL 
II 

± 
6 

7 

± 
8 

t 

9 

10 

ATV\^v\ 
TwvSa 

5 

J_ 
II 

2_ 
II 

_l_ 

6 

J_ 

7 

8 

J_ 
9 

_l_ 
10 

Figure 19. Frictional-force curves and motion at the bowed point. 

minimum pressure of the bow must be increased as the bowed point approaches 
one end of the string. Similar effects are also noticeable in the cases in which the 
bow closely approaches important nodes such as 1/2, 21/5, 1/3 or 1/4. 

For any given position of the bowed point, the larger value of co means smaller 
friction and therefore a reduced minimum pressure. When the bow coincides 
exactly with an important node such as 1/2 or 1/3, the friction becomes extremely 
small and the pressure of bowing necessary is therefore very low indeed. 

Passing on to the cases in which the motion at the bowed point is still assumed 
to be a two-step zig-zag, but the value of co has 3 or some larger integer as its 
numerator, we see at once a remarkable difference (figure 20). The frictional force 

has no longer a constant uniform value while slipping takes place. This is inconsistent 
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Figure 20. Frictional-force curves and motion at the bowed point. [Incompatible cases.] 

with the assumption that the velocity of slipping is constant, and we are thus forced to 

conclude that the velocity of the bowed point during the slipping stage is necessarily 

non-uniform in a greater or less degree, when the pressure of bowing is such that the 

value of co is greater than 2/r, the rth harmonic being the principal member of the 
missing series. 

We see, therefore, that for the particular set of damping coefficients assumed, a 
strictly uniform velocity of slipping is only possible when the bow is applied with 
such pressure that the numerator of co is either 1 or 2, and this may not be possible 
at all if the denominator r is too large. For other laws of damping, we would get an 
even more unfavourable result, that is, strict uniformity is never possible, though 
practical uniformity may be attained in a number of cases. 
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The foregoing results may, with advantage, be discussed a little more in detail. 
Take the case in which the bow is applied exactly at the point 1/3. The value of co is 
y and the motion at the bowed point is practically a perfect two-step zig-zag. If 
now the bow be removed to a point a little on one side of the node, say to the point 
16//49, we find on a reference to figure 14 that if we exclude the cases in 
which the motion at the bowed point is a four-step or six-step zig-zag, etc. the only 
possible values of co are fg, and The value fg is evidently much too small to 
be easily elicited. The value \% is evidently of importance as it corresponds to the 
first principal mode of vibration of a bowed string. A very small pressure of 
bowing is obviously sufficient to elicit this type. But from what has already been 
said, it is evident that for this value of co we cannot have strictly uniform velocity 
of slipping of the bowed point in the backward motion, though in its forward 
motion, the velocity may be exactly equal to that of the bow. If the third, sixth and 
other harmonics of the missing series are actually restored in the motion in nearly 
their proper amplitudes (neither more nor less), then the velocity in the backward 
motion may be practically uniform, otherwise not. Thus we see that this non¬ 

uniformity of slipping and the restoration of the missing harmonics are closely 

connected with one another. If the bow is removed further still from the point of 
trisection and is applied at, say 5//16, the possible values of co for a two-step zig- 
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Figure 21. Frictional-force curves and motion at the bowed point. (Four and six-step zig-zags). 
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zag motion at the bowed point would be y£, ^ and The value je may be elicited 
if the pressure is sufficient. If the pressure is sufficiently reduced we may get the 
first principal type of yibration for which oo = Y6, but this would be modified by 
the non-uniform slipping which inevitably occurs in this case. 

Figure 21 shows the frictional-force curves and the motion at the bowed point 
for six specially selected cases in which the latter is a four-step zig-zag, and one 
case in which it is a six-step zig-zag. In the four-step zig-zags, the velocity is 
assumed to be constant and the same in both stages during which slipping occurs, 
and the frictional-force curves are seen to be entirely compatible with this, as the 
friction is constant and has the same value during both the stages. It must be 
understood that this result holds good only in the special cases considered and in 
some others, but not generally. In the case of the six-step zig-zag shown, the 
frictional-force curve is evidently incompatible with it, as the friction in one stage 
is less than in the two others. 

The form of the frictional-force curves for other cases in which the motion at 
the bowed point is representable by a six-step or an eight-step zig-zag, etc. may be 
investigated by the method described above. In the great majority, if not all, of 
such cases, it would no doubt be found that the form of the frictional force is 
incompatible with the perfect parallelism and straightness of the descending lines 
of the vibration-curve at the bowed point. In other words, the velocity of the 
bowed point would not be quite constant and uniform in all the stages in which it 
slips past the bow. 

Transition from the rational to the irrational modes of 
vibration and vice versa 

The preceding investigation of the form of the frictional-force curves has already 
enabled us to form a general idea of the conditions which under the kinematical 
theory outlined in sections V to XII breaks down to an appreciable extent. We 
have seen that this departure from the comparatively simple vibration-forms so 
far investigated is due in the first instance to the velocity of slipping at the bowed 
point becoming non-uniform, and is closely connected with the progressive (as 
distinguished from the discontinuous) restoration of the missing harmonics 
which occurs when the bow is gradually moved away from some important nodal 
point. We are thus led to investigate the transitional forms of vibration, as they 
may be called, which are intermediate between the irrational types discussed in 
sections V to IX and their rational modifications worked out in section X. These 
transitional forms may be found, a priori, by a general method which will be best 
understood by considering some specific cases. 

We may confine attention at first to the cases in which the motion at the bowed 
point is a two-step zig-zag or a close approximation thereto. Let the bow be 
applied at some point intermediate between, say, 1/5 and 1/6, with pressure and 
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velocity approximately those necessary to elicit the first type of vibration (see 
figure 13). When the bow is applied exactly at 1/5, the vibrational form of the 
string is defined by one large positive discontinuity in the velocity-diagram and 
four small negative discontinuities these are so situated that the motion at the 

bowed point is a perfect two-step zig-zag and in the resulting motion, the 5th, 10th 
harmonics etc. are absent. Similarly when the bow is applied at 1/6, we have one 
large discontinuous change of velocity and five small ones: the 6th, 12th 
harmonics etc. are absent. When the bow is gradually moved from 1/5 to 1/6, the 
5th, 10th harmonics etc. gradually reappear, and the 6th, 12th harmonics etc. 
become feebler and disappear. In these transitional stages, the forward motion of 
the bowed point must still take place with uniform velocity equal to that of the 
bow, but the velocity in the backward motion need not be strictly constant. We 
are thus naturally led to assume that the transitional modes should be capable of 
being deduced from a velocity-diagram with one large discontinuity and five 

small ones. On proceeding to find the relation that the positions and magnitudes 
of these discontinuities must satisfy in order that the bowed point may have a 
uniform velocity in the forward motion, it is found by trial that the velocity- 
diagram must be similar in certain respects to that for the case of bowing at 1/6. 

The five small discontinuities should all be equal to one another, and their 
positions on the string with respect to the bowed point are perfectly determinate. 
If the motion of the string is assumed to be of the perfectly symmetrical type, that 
is involving only sine components, the position of the sixth (large) discontinuity is 
also uniquely determined. If, further, the inclination of the lines in the velocity- 
diagram and the velocity of the bow are assigned specific values, the magnitude of 
the discontinuities is known, and the vibration-form is completely fixed. In 
general, however, an asymmetrical vibration-form is possible, and it is found that 
when the velocity of the bow is given, the form of vibration has a possible 
variation determined by (a) the position assigned to the large discontinuity which 
must lie within certain limits and (b) the inclination of the lines of the velocity- 
diagram to the x-axis. 

Except when the slope of the lines of the velocity-diagram is such that the five 
small discontinuities all vanish (in which case the transitional form becomes 
identical with the first irrational type of vibration), all the transitional forms 
referred to in the preceding paragraph have the common feature that the 
vibration-curve at the bowed point instead of being a perfect two-step zig-zag, 
consists of a zig-zag in which the steep descending line is not perfectly straight but 
consists of three (or in the extreme cases two) straight lines, all of which however 
are much steeper than the ascending line which is perfectly straight. Ten cases of 
transitional forms thus worked out, a priori, for bowed points lying between 1/4 

and 1/6, are shown in figure 22, in which the corresponding vibration-curves 
calculated for points near the end of the string are also shown. 

It will be seen that in all the ten curves, the vibration-curve at the bowed point 
closely approaches the simple two-step zig-zag form and in some cases (e.g. the 
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Figure 22. Transitional forms of vibration. (Modifications of the first irrational type). 

curves for bowing at 3//16 and 3//17) is nearly indistinguishable from it. The 
vibration-curve for the point near the end of the string, however, shows the 
differences clearly enough. 

Most of the curves on the right-hand side of figure 22 are seen to be 
asymmetrical; in other words, the appearance of the curves is not the same if the 
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page were held upside down. The three curves for the case of bowing at 2//11 are 
particularly instructive. The first of these three curves (which is an extreme case) 
shows a sharp peak at the top and five horizontal steps, below. The second (which 
is the symmetrical case) shows six steps, of which the first and the last are shorter 
than the rest. The third curve (which is also an extreme case) shows five horizontal 
steps above, and one sharp point below. 

As an example of the method of drawing these curves, we may take the case of 
bowing at 3//16. The velocity-diagram for the case is drawn in a manner similar to 
that for bowing at 1/6, the positions of the discontinuities being as follows: The 
first small discontinuity is initially at the end of the string (x — 0). The point of 
bowing is at 3//16, and two other small discontinuities are therefore situate at 
6//16. Another pair must be at 12//16. For, 6//16 + 3//16 = 12//16 — 3//16. The 
inclination of the lines of the velocity-diagram and the position of the large 
discontinuity are arbitrary, though the latter must initially lie between the limits 
14//16 and /. If the large discontinuity is initially at 14//16 and belongs to the 
positive wave, we have one extreme asymmetrical case in which the descending 
part of the vibration-curve at the bowed point consists of two straight lines only. 
[For, (/— 14//16) + (/— 3//16) —- (12//16 + 3//16)]. If the large discontinuity is 
initially at the end / of the string, we have the symmetrical case in which the 
descending part of the vibration-curve at the bowed point consists of three straight 
lines. When the large discontinuity is initially at 14//16 and belongs to the 
negative wave, we have the other extreme asymmetrical case: [(14//16 + 3//16) 
= (l — 12//16) + (/ — 3//16)]. The slope of the lines of the velocity-diagram and the 
velocity of the bow determine the magnitudes of the discontinuities. If the lines 
were horizontal, the magnitudes of the discontinuities would be the same as if the 
string were bowed at 1/6. Whatever the slope might be, and wherever the large 
discontinuity may lie initially within the limits referred to, the descending motion 
at the bowed point occupies exactly 3/16 of the whole period of vibration. In other 
words, the transitional form also obeys the kinematical law given in equation (17), 
i.e. o) = (;nxjl), n being put equal to 1, as this is a modification of the first irrational 
type. The same kinematical law is satisfied for all the ten cases shown in figure 22, 
and is, in fact, true for all the transitional modifications of the first irrational type, 

(n= 1). 
In the preceding treatment, we have obviously neglected to take into account 

the existence of certain nodal points of minor importance lying between 1/5 and 
1/6 or between 1/4 and 1/5. For instance, between 1/5 and 1/6, we have the nodal 
points 3//16, 2//11 and 3//17. For a more complete theory, we have also to take 
into account the gradual dropping out and reappearance of the 16th, the 11th and 
the 17th harmonics and their trains of harmonics of high order, as the bow is 
gradually moved across from 1/5 to 1/6. As however these harmonics are of very 
small amplitudes, the correction may be neglected altogether if the bow be not 
applied exactly at any one of these nodal points. If it is applied exactly at such 
nodal point, the correction may be effected by the method described in section X 
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for rational points of bowing, and in any case, the correction so made would have 
no effect if some other node of the missing harmonic is chosen as the point of 
observation. When, however, the intervening nodal point is of importance, a 
more accurate method of correction is required. For example, when the bow is 
moved step by step from 1/2 to 2//5, the gradual reappearance of the second 
harmonic and the gradual dropping out of the fifth harmonic have both to be 
taken into account. This may be done by drawing a velocity-diagram similar to 
that for bowing at 1/5, that is, with one large and four small discontinuities, and 
readjusting the positions of these discontinuities so as to give a uniform velocity 
in the forward motion at the bowed point. Figure 23 (first three graphs in the left- 
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Figure 23. Transitional forms of vibration. (Modifications of the first irrational type). 
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hand column) shows three velocity-diagrams of this type, and against each of 
these diagrams is shown the corresponding motion at the bowed point and the 
vibration-curve at a point near the end of the string. The gradual transition from 
the type corresponding to a string bowed at 1/2 to one bowed at 21/5 is clearly 
seen. 

The graphs in figure 23 for the case of bowing at 3Z/8 show the dropping out of 
the 3rd harmonic. One of the cases is of the symmetrical type and the other of the 
asymmetrical type. In the five vibration-curves at the bowed point shown on the 
right-hand side of figure 23, it will be seen that the ascent with the bow is made 
with a uniform velocity, but that the velocity of descent is not constant. 

Similarly when the bow is applied at some point intermediate between 1/3 and 
21/1, the velocity-diagram of the transitional mode may be drawn in a manner 
similar to that for bowing at Z/7, that is, with one large and six small 
discontinuities, the positions of these being readjusted in the manner requisite to 
give a uniform velocity in the forward motion at the bowed point. These 
vibration-forms would show the gradual dropping out of the seventh harmonic as 
the bow approaches the point 2//7. There is however an alternative set of 
transition-forms in which the velocity-diagram is similar to that for bowing at 1/4, 

i.e. has one large and three small discontinuities, and these forms secure 
predominance as the bow is removed farther and farther from 1/3 towards 1/4. 

Since both types of transition-forms give a forward motion with uniform velocity 
at the bowed point for identically the same fraction of the period, they may be 
superposed in any desired proportion so as to secure the specified velocity at this 
point. In this way, the various modifications of the first irrational type of 
vibration obtained by bowing at points between 1/3 and 1/4 may be accurately 
drawn. Results approximating to the truth may however be obtained without 
utilizing the principle of superposition of transitional forms here suggested, by 
merely choosing the form with seven discontinuities for bowed points lying 
between 1/3 and say 3//10, and the form with four discontinuities for bowed points 
lying between 3//10 and 1/4. The curves thus drawn are shown in figure 24. 

Of the five cases shown in figure 24, the second, third and fifth are of the 
asymmetrical type and the others are symmetrical forms. 

In all these transitional forms, the descending motion at the bowed point is not 
executed with a uniform velocity but consists of two or three stages in which the 
velocities are different. The relative duration of these stages and the velocity of the 
bowed point during these intervals are capable of adjustment within a 
considerable range, and any such alteration involves important changes in the 
amplitudes and, for the asymmetrical types, also in the phases of the harmonics 
which have a node near the bowed point. There is thus, prima facie, reason to 
consider that these transitional forms should be capable of adjusting themselves 
in such manner as to secure the maintenance of the motion, and also its stability, 
over a considerable range of bowing pressures and velocities. A further mode of 
adjustment is provided by the principle of superposition of transitional forms 
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Figure 24, Transitional forms of vibration. (Modifications of the first irrational type). 

referred to previously. The theory may be further elaborated by working out the 
form of the frictional-force curve in a representative set of transitional modes of 
vibration by the general method described in the preceding sub-section, and 
proving its compatibility with the motion at the bowed point corresponding to 
each mode. This detailed investigation must be reserved for part II of the 
monograph. For the present, however, it will be sufficient to point out some 
indications of theory. It is evident in the first place that any change either in the 
pressure or the velocity of bowing involves some change in the relative ampli¬ 
tudes of the harmonics in these transitional forms. For, the velocity of the bow¬ 
ed point being non-uniform when slipping past the hairs of the bow, equation (22) 
given on page 298 cannot, in general, continue to be satisfied at every instant by 
merely altering the non-periodic part P0 of the frictional force when the pressure 
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is changed, or by multiplying the periodic part on the right-hand side by a 
constant when the velocity of the bow is altered. Another result which is indicated 
by theory is that the position of the discontinuities in the velocity-diagram of the 
string would, in general, be compatible with tne position of the discontinuities in 
the frictional-force curve, only if all of the former are, at some one epoch of the 
vibration, situated at points dividing the string into an integral number of equal 
parts, one of such points being that at which the bow itself is applied. This is 
evident from the method which was used for finding the form of the frictional- 
force curve. 

The principle used for finding the form of the transitional modifications of the 
first irrational type may evidently be employed also for finding the transitional 
modifications of the second, third and higher irrational types. It is sufficient at 
first to confine attention to those cases in which the motion at the bowed point is 
approximately a two-step zig-zag, though the method may also be extended to 
cover even more complicated cases. 

The first four curves in each column on the two sides of figure 25 show the 
vibration-curves at the bowed point and at a point near the end of the string 
respectively, for some transitional modifications of the second irrational type. In 
the first case the position of the bow is at the point 5//13 whose distance from the 
end of the string is less than 2//5. The curves may be drawn from a velocity- 
diagram with two large equal discontinuities and three smaller discontinuities 
also equal to one another; the magnitudes of the discontinuities being the same as 
for the case of bowing at 2//5, but their positions being different, in order that the 
point 5//13 might have a uniform velocity in the forward motion. It is seen that the 
curves are of the asymmetrical type, the two large discontinuities in the velocity- 
diagram not being coincident, when one of the three small discontinuities is at the 
end of the string and the other two are coincident. The next two pairs of curves in 
figure 25 show the transitional modifications, one symmetrical and the other 
asymmetrical, for the case of bowing at the point 5//12 which lies between 21/5 and 
31/1. The velocity-diagram in these cases has two large and five small discontinu¬ 
ities. The bowed point for the fourth pair of curves in figure 25 is 7//16 which lies 
between 3//7 and 41/9. The velocity-diagram for this case has two large and seven 
small discontinuities and is of an asymmetrical type. 

The transitional forms of the second irrational type for bowed points lying 
between 41/9 and 5//11 or between 5//11 and 6//13 and so on, may be similarly 
drawn. When the bowed point lies further away from the centre of the string than 
the node 5//13, in other words is in the neighbourhood of the node 3//8, the eighth 
harmonic and its train would partially drop out, and the velocity-diagram would 
have two large and six small discontinuities, and the form of the vibration-curves 
may be easily deduced therefrom. For example, if the bow be applied at the node 
8//21, the two large discontinuities would be initially at the same point, and the 
small discontinuities would be initially situated in pairs at the points 2//21,14//21 
and 18//21. If the bow be applied between 3//8 and 1/3, the second irrational type 
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Figure 25. Transitional modifications of the second and third irrational types, and the transition 

from the first to the fourth and fifth types. 

would be modified by the dropping out of the eighth, eleventh and third 
harmonics and their respective trains. In all these transitional modifications of 
the second irrational type, the motion at the bowed point is approximately but 
not exactly a two-step zig-zag, and the fractional part of the period of vibration 
taken up by the slipping motion is given rigorously by the usual kinematical law 
co = (nxjl), n being given the integral value 2. 

The fifth and sixth pairs of curves in figure 25 represent transitional modifi¬ 
cations of the third irrational type, the bowed point in the two cases being situated 
on opposite sides of the point of trisection of the string. The bowed point 11/19 is 
situated between the nodes 3//8 and 4//11, and the velocity-diagram for this type 
has therefore three large and eight small discontinuities. The bowed point 5//17 is 
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situated between the nodes 21/1 and 3//10, and the velocity-diagram which has 
therefore three large and seven small discontinuities is of the asymmetrical type, 
as is shown by the vibration-curves deduced from it. Further examples of the 
modifications of the third, fourth and higher irrational types may be readily 
worked out by analogous methods. In all such cases, the fraction of the period of 
vibration during which slipping occurs at the bowed point is given by the 
kinematical law co = (nxjl), n being given the appropriate integral value 3,4 or 5 

Transition from one irrational type to another 

The theory given in the preceding sub-section may be extended so as to cover 
another important and interesting class of transitional vibration-forms, the 
nature of which will, as before, be best understood by considering a specific case. 
Let the bow be applied at some point intermediate between the nodes 1/4 and 1/5. 

We have already seen in the preceding sub-section that the transitional 
modifications of the first irrational type then obtained may be drawn from a 
velocity-diagram which has one large positive discontinuity and four small equal 
negative discontinuities. The magnitude of the large discontinuity bears to that of 
the small ones, a ratio depending on the inclination of the lines of the velocity- 
diagram to the x-axis. If this slope be at first zero and is gradually increased in the 
positive direction, a stage will be arrived at, when the four small discontinuities 
completely vanish, and the mode of vibration becomes identical with the first 

irrational type. On further increasing the slope of the lines, the four small 
discontinuities re-appear, this time with a positive value, and when the 
inclination is such that all the five discontinuities have the same magnitude, the 

mode of vibration becomes identical with the fifth irrational type. On the other 
hand, if the slope of the lines is negative and is numerically increased, the four 
small discontinuities become larger and larger, and the fifth becomes smaller and 
smaller, till at a particular inclination, it vanishes altogether. The mode of 

vibration then becomes identical with the fourth irrational type. These transitional 
changes are obviously of great interest and importance, and it is very instructive 
to trace the corresponding changes in the motion at the bowed point by the 
method described in the preceding sub-section. Till the final stage in which the 
type becomes identical with either the fourth or fifth irrational type, the fraction 
of the period of vibration during which there is slipping at the bowed point 
continues to be given by the kinematical law co = nxjl in which n is equal to 
unity. It then changes to the smaller value given by the same formula when n is put 
equal to 4 or 5, as the case may be. It is to be noticed, however, that before this 
final stage is reached, the motion at the bowed point undergoes an important 
modification. For instance, in the transition from the first to the fourth irrational 
type, as four of the discontinuous changes of velocity increase in magnitude and 
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the fifth decreases, slipping at first occurs at the bowed point only when its 
velocity is in a direction opposite to that of the bow; when the fifth discontinuity is 
so small that it is equal to or less than the velocity of the bow, this is no longer 
true, and slipping also occurs during a part of the forward motion, and this ceases 
only when the fifth discontinuity finally vanishes. During the latter part of the 
transitional stages, the fraction of the period occupied by the backward motion is 
given by the ratio nxjl, in which n is put equal to 4, whereas the total fraction of 
the period during which slipping occurs is found by putting n— 1. Similarly in the 
transition from the first to the fifth irrational type, slipping is confined to the 
backward motion of the bowed point, only if the fifth discontinuity is greater than 
any one of the others plus the velocity of the bow. When it is equal to or less than 
this sum, slipping occurs also during part of the forward motion, and the fraction 
of the period occupied by the backward motion is found by putting n = 5 in the 
ratio nxjl, whereas the fraction during which slipping occurs is found by putting 
n— 1. 

These transitional modes would be symmetrical or asymmetrical according as 
the position of the discontinuities in the velocity-diagram is symmetrical or 
otherwise. The three curves for the bowed point 3//13 and the observed point 
12//13 shown in figure 25 represent the transition from the first to the fourth 
irrational type. Two out of the three pairs of curves are asymmetrical and the 
other is symmetrical. The last pair of curves in figure 25 shows the transition from 
the first to the fifth irrational type when the bow is applied between the nodes 1/5 

and 1/6. 

The theory indicated above may be extended to cover a very large number of 
cases in which there is a transition from one irrational type to another, the motion 
at the bowed point remaining approximately a two-step zig-zag. For example, as 
may be seen from figures 14 and 15, we may have transitions from the second 
irrational type to the fifth, seventh or ninth type, or transitions from the third type 
to the seventh or eighth type and so on. 

Transitional forms involving complicated motions at the bowed 
point 

It has been shown in section IX that if the number of discontinuities in an 
irrational type is not a prime integer, and the bowed point lies anywhere within 
certain ranges, its vibration-curve is necessarily of a more complicated form than 
a two-step zig-zag. We shall now consider some transitional forms in which the 
slipping velocity of the bowed point is not the same in all the stages of descent in 
such cases. For example, if the bow is applied near the centre of the string and the 
fourth type is elicited, the vibration-curve at the bowed point is a four-step zigzag; 
if the sixth type is elicited, it is a six-step zig-zag, and so on. [See Figures 5(b), (c), (d) 
and (e), page 269.] In the transitional forms, all the discontinuities cannot be 
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equal to one another as in the irrational types. On drawing the velocity-diagrams 
it is found, however, that when the motion at the bowed point is a four-step zig¬ 
zag, the first, third and other odd discontinuities, if any, should be equal in 
magnitude, and similarly, the second, fourth and other even discontinuities, if 
any, should be equal in magnitude. If the motion at the bowed point is a six-step 
zig-zag, the discontinuities should be capable of being arranged in 3 sets of equal 
discontinuities, and so on. These relations are perfectly general, and the 
vibration-curve for a point near the end of the string calculated from a velocity- 
diagram of this kind shows some immediately recognisable characteristics, every 
alternate or every third ascent or descent being of the same steepness and length. 
This is clearly seen in the curves on the right-hand side column of figure 26. 

Bowed and 
observed at 

Vibration-curve at 
the bowed point 

Observed 
at 

'A^vA/V'M if 

/Vv^A/V^Vv - ^ 

/v\v £ 

H/vMaM/V if 
Vibrati on -curve at a point 
near the end of the string 

Figure 26. Transitional modifications of the fourth and sixth irrational types. 

The first pair of curves shows the fourth type and the next two pairs the sixth 
type, obtained by bowing the string near the centre. The two following pairs show 
the sixth type obtained by bowing on one side of the point of trisection, and the 
last pair also show the sixth type obtained by bowing on the other side of the 
trisection-point of the string. The eighth type obtained by bowing near the point 
of quadrisection of the string may be similarly investigated. The curves are all 
necessarily asymmetrical. The motion at the bowed point in all these cases obeys 



326 C V RAMAN: ACOUSTICS 

Velocity-diagrams 
Vibration-curves at a 
point near the end of 

the string 

Figure 27. Transition from the first to the second irrational type and vice versa (also illustrating 
cyclical change of vibration-form at the “wolf-note” pitch). 

the kinematical law co = (nxjl), n being given the appropriate integral value, and 
co signifying the fractional part of the period during which slipping occurs at the 
bowed point. 

The transition from a two-step to a four-step or a six-step motion at the bowed 
point, obtained by applying the bow close to the end of the string with smaller and 
smaller pressures, may be readily traced by drawing a velocity-diagram with 
unequal discontinuities, and deducing the vibration-curves in the manner 
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explained above. The transition from a two-step to a four-step motion for bowed 
points close to the end of the string was observed by Helmholtz.16 

Limiting form of vibration for very small pressures of bowing 

In the discussion on the modus operandi of the bow and the subsequent detailed 
treatment of the modes of vibration maintained under various conditions, it has 
so far been assumed that the pressure of the bow is sufficient to ensure that there is 
no slipping at the bowed point during at least a part of each period of vibration. 
On this assumption, it has been found that when the pressure of the bow is 
gradually reduced, the mode of vibration passes through various stages which are 
either very close approximation to certain standard types or else form transitions 
between those types. There is little difficulty in finding which of the standard types 
of vibration is capable of being elicited when the bowing pressure is the minimum 
admissible. The exact method of ascertaining the critical pressure for any given 
type of vibration has already been indicated. Generally speaking, the type which 
involves slipping at the bowed point for the largest fraction of the period has the 
smallest critical pressure. From figure 15, on page 296, it is seen that when the bow 
is applied at any point in the range //2 to 1/3, the fraction of the period during 
which there is slipping at the bowed point is largest for the first irrational type in 
which the fundamental is dominant. Within this range therefore, the smallest 
pressure of bowing for which the theory given is valid would elicit the first type of 
vibration, or rather a transitional modification of it in which harmonics having 
nodes near the bowed point are absent or relatively deficient. If the pressure of 
bowing be further reduced, the motion at the bowed point necessarily suffers 
further modification. Under the conditions postulated, the fundamental is 
dominant, and the higher harmonics, especially those whose nodes are nearest 
the bowed point, require proportionately much larger maintaining forces than 
the fundamental. The pressure of the bow being small, the forces exerted by it are 
insufficient to maintain the higher harmonics which accordingly tend to fall out, 
leaving the fundamental practically by itself. The limiting form of vibration of the 
string for small pressures of bowing within the range 1/2 to 1/3 is thus a simple 
oscillation. On reducing the pressure of bowing to the smallest possible values, 
even the fundamental ceases to be vigorously maintained, and the amplitude of 
the vibration tends to zero. The effect of an increase in the velocity of the bow on 

16Sensations of Tone, English translation by Ellis, page 85. Figure 26 of Helmholtz’s work 
representing this transition is not quite correct. For, when the two discontinuities are unequal, the two 

steeper lines in the vibration-curve of a point near the end of the string would not be quite parallel, 
except in the limit when the point observed is infinitely near the end of the string. The shorter descent 
would be less steep than the longer one. Further, Helmholtz shows only the symmetrical transition 

forms in which the break first appears in the middle of the ascending line of small slope. In general, the 
actual transition forms are asymmetrical. See figure 27 of this Bulletin. 
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the form of the maintained vibration is of course analogous to that of a 
diminution of its pressure. 

Practically similar results would be obtained by applying the bow with a small 
pressure-velocity ratio at points lying between 1/3 and 1/4. For, within this range, 
the second irrational type of vibration is that which requires the smallest pressure 
to elicit, and when the harmonics which have nodes at 1/3,2//7 and 1/4 drop out, it 
leaves little besides the fundamental and a feeble octave. The case is however very 
different if the bow be applied in the range between 0 and 1/4. The first type of 
vibration in which the fundamental is dominant then has a fairly high critical 
pressure, and when the pressure of the bow is less than this value, the mode of 
vibration alters into one in which the motion at the bowed point is representable 
by a four-step or a six-step zig-zag or even a more complicated curve. In other 
words, the fundamental and hormonics of low order have then a tendency to fall 
out, leaving the higher harmonics in possession of the field. The string may even 
divide up into segments and vibrate with twice, thrice or four times its usual 
frequency. 

Instability of periodic vibration under high bowing pressures 

The fundamental assumption on which the treatment given so far rests is that the 
bow maintains the string in a periodic vibration. If the yielding at the ends of the 
string be negligible, the period of this vibration is the same as that of its free 
oscillations, the phase of each harmonic component in the force exerted by the 
bow being in advance of the phase of the corresponding component in the 
maintained motion by 90° (see figures 16 to 19). The question arises whether a 
periodic motion is always possible under the action of the bow. This is best 
discussed by considering a specific case. Assume that the bow is applied exactly at 
the node 1/3. A very small pressure is then sufficient to maintain the usual periodic 
motion. (See the last pair of curves in figure 17 on page 308). It is obvious that in 
this case, any increase in the pressure of the bow over the minimum necessary to 
establish the usual type of vibration can have no effect at all, so long as the motion 
is periodic. But it does not follow from this that the pressure of the bow may be 
increased indefinitely without affecting the possibility of the steady vibration. 
That a maximum exists beyond which the pressure may not be increased if a 
regular vibration is to be possible is indicated by the following considerations. 
The string determines its own frequency of vibration under the action of the bow. 
But during the fraction of the period in which the bow and bowed point adhere, 
the frictional force is in a sense arbitrary as it may have any value smaller than the 
statical friction. If, therefore, the pressure of the bow be sufficiently large, the 
frictional force is capable of variation in an arbitrary manner between large limits, 
and therefore also of setting up a motion of the string having an arbitrary period 
and phase. The motion of the string thus tends to become irregular when the 
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pressure of the bow is much in excess of that required to maintain a regular 
vibration having the maximum critical pressure. 

The maximum bowing pressure at which a steady vibration ceases to be 
possible evidently depends on the position of the bowed point, on the velocity of 
the bow, and to some extent also on the other conditions of bowing, e.g. the finite 
width of the bow. At important nodes such as 1/2, 21/5,1/3 and 1/4, the maximum 
admissible pressure is necessarily low, as the critical pressure necessary to 
maintain the usual steady vibration is small. But at nodes such as 5//11 or 5//12 or 
5//13, a considerably larger pressure is admissible. In the general case in which the 
bow is applied at any point on the string, the factors that determine the possibility 
of the mode of vibration having the highest critical pressure, also determine the 
maximum pressure beyond which a steady vibration ceases to be possible. 

Effect of the finite width of the bow 

Except by way of passing reference (see pages 247, 248, 291, 294, 295 and the last 
para of the previous sub-section), we have not so far considered in detail the effect 
of the finite width of the region of contact between the bow and the string. The 
necessary modifications in the equation of maintenance (22) given on page 298 
may be made without difficulty. We may represent an element of the region of 
contact by dx, the pressure exerted on it by Px and dx its velocity by vxt. The 
frictional force acting on the element may be written as F(PX, vxt — vB)dx. To find 
the expression for the maintained motion we have to analyse the force acting on 
each element dx into its harmonic sine and cosine components, multiply each 
component by the corresponding factor sin (nnx/l) and then integrate over the 
region of contact. We thus obtain the two equations. 

x° MIX 
sin—r— dx 

xo J 

T 2nnt 
F(Px,vx, - vB)sin-^^dt 

0 T 

knTBn n n / , / \ —— cos (e„ + e„) 

r.x 0 . mix 
sin 

r t 

%) A'o 
/ 

dx 
o 

2nnt 
F(P„v„-vB)cos'——dt 

k„TB„ . , , 
—:—sin (e„ + e„), 

where kn, Bn, en and e'n have the same significance as in equation (22), and x0, x'0 are 
the limits of the region of contact. 

Comparing the expressions now obtained with those for the ideal case of a 
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string bowed at a mathematical point, it is evident that the theory for a finite 
region of bowing is considerably the more complicated of the two. It is important 
to realise clearly the essential point of difference between the two cases. When the 
pressure of the bow is regarded as applied at a single point on the string, the 
frictional force is expressible as a function of the relative velocity of that single 
point with respect to the bow, and may therefore have any arbitrary value 
(positive or negative) smaller than the statical friction when this relative velocity 
is absolutely zero. On the other hand, in the actual case of the finite region of 
contact, the relative velocity of every element of this region with respect to the 
bow enters in the expression for the system of forces acting on the string, and 
while it is possible for a single point on the string to have absolutely the same velocity 

as the bow in every part of its forward motion, kinematical theory shows that it is 

not possible for every element on a finite region to have absolutely the same velocity 

as the bow in every part of its forward motion. The frictional forces do not therefore 
have the same freedom of adjusting themselves to the conditions of the 
maintained motion as in the ideal case. 

The only line of attack on the present problem open to us appears to be the 
tentative one of assuming that the maintained motion is one of the various types 
we have discussed in the preceding pages, and then finding in what manner its 
maintenance is affected by the finiteness of the region of contact. As the simplest 
case possible, let us assume that the bow is applied near the end of the string and 
that the maintained motion is of the first irrational type (see figure 1 on page 261). 
The vibration-curve at every point on the region of contact is then a simple two- 
step zig-zag, but with different velocities of ascent and descent. The amplitude of 
vibration of the string then evidently depends on the position of the particular 
point whose velocity of ascent is the same as that of the bow; it is a maximum if the 
relative velocity in the ascending motion is zero at the extreme edge of the region 
of contact nearest the end of the string, and a minimum if it is zero at the edge 
farthest from the end. If the relative velocity be zero at some intermediate point, it 
is positive on one side of it and negative on the other. The frictional forces exerted 
by the bow on the region of contact on either side of this point are then in opposite 
directions, one set tending to increase the motion and the other to oppose it. The 
forces exerted by the bow thus tend mutually to cancel out their own effects, and 
only the difference left over, if any, is available for the maintenance of the motion. 
It must be remembered that, element for element, the forces acting on the string 
furthest from the end that tend to reduce its vibration are the more powerful, as 
most of the factors sin (nnx/l) are larger here than in the part nearer the end. The 
tendency of the vibrations to increase up to the maximum possible is thus 
strongly opposed. As the bow is applied nearer and nearer the end of the string, 
the point at which the relative velocity is zero tends to approach the boundary of 
the region of contact furthest from the end. 

Conclusions similar to those stated above are also arrived at if we assume that 
the bow is applied with sufficient pressure, close to but not exactly at an 
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important node such as 1/2 or 1/3, and that the corresponding irrational type of 
vibration (that is the 2nd type or the 3rd type) is elicited. It will be noticed that in 
every such case, the forces acting on the string furthest from the node tend to 
oppose the motion, while those acting nearer the node tend to support it; and the 
force available to maintain the motion is only the difference between the effects of 
the two sets. On the assumptions made, the force acting on each element of the 
string is perfectly determinate, and the integrals given above should therefore be 
capable of complete evaluation. 

We may now pass on to consider the effect of the finiteness of the region of 
contact on the assumption that this region includes some fairly important node 
and that the vibration elicited is one of the rational types discussed in section X. 
The velocity diagram of the string then consists of horizontal lines parallel to the 
x-axis (that is, to the string) and separated by discontinuities. If the relative 
velocity is zero throughout the ascending motion at some one point in the region 
of contact, this would practically be the case also at immediately contiguous 
points; at points which are considerably removed from it, however, the relative 
velocity would be zero only during a succession of intervals making up a part of 
the ascending motion and would have a finite value during the other intervals, 
this value being positive in one part of the region of contact and negative in the 
other part. (For instance see figure 8 on page 282). During the intervals of the 
ascending motion in which the relative velocity is finite, the frictional forces 
would evidently act in opposite directions in the two parts of the region of 
contact, and would thus tend to cancel each other’s effects. The more numerous 
the discontinuities are and the greater the width of the bow is in relation to the 
length of the string, the greater would be the reduction in the effective action of the 
bow produced by this opposition of forces. As the intervals in which the relative 
velocity is finite are distributed regularly over the period, the effect of the finite 
width may be regarded as approximately equivalent to a reduction of the pressure 
of the bow, though of course this is not an absolutely accurate statement. Since 
the number of discontinuities in the velocity-diagram is one of the factors 
determining the effective reduction in the pressure of bow produced by the 
finiteness of the region of contact, the tendency would be to elicit a mode of 
vibration having the fewest discontinuities. The particular point on the region of 
contact the motion of which approximates most closely to that for the ideal case 
of a bowed ‘point’ is, of course, a variable factor which enters into the equations 
determining the maintained vibration. Since this point would not in general 
actually coincide with the node falling within the region of contact, the mode of 
vibration would approximate to one of the transitional types discussed on pages 
314-326 rather than to one of the standard types of vibration modified by the 
dropping out of a set of harmonics which we discussed in section X. 

Owing to the fact that the frictional forces in the cases considered in the 
preceding paragraph are partly determinate and partly indeterminate, a complete 
evaluation of the integrals and a rigorous detailed treatment do not appear 
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practicable. A rough numerical estimate of the effect of the finite width of the bow 
on the critical pressure necessary to maintain any given type of vibration seems 
however within the range of possibility, if the necessary physical data are known 
or can be assumed. This complicated work must necessarily be reserved for a 
future occasion. 

The effect of the yielding at the bridge: General discussion 

The yielding at the bridge and the consequent communication of energy from the 
vibrating string to the sound-box, and thence to the air, are essential features in 
the investigation of the mechanics of bowed strings. For simplicity, we have so far 
assumed that this yielding is very small, and that the bow maintains a strictly 
periodic vibration. When these assumptions are made, no special difficulty arises 
in discussing the mode of action of the bow; and it is found that the vibrations of 
the string are practically in the normal modes, and have the same frequency as 
that of the string with rigidly fixed ends. Cases may however arise in which either 
or both of the assumptions may not be justifiable a priori, and we have thus to 
enter into an examination of (a) the conditions, if any, under which a periodic 
vibration cannot be maintained by the bow, and (b) the possibility (or otherwise) 
of a periodic motion under the action of the bow, with a frequency differing from 
that of the string with rigidly fixed ends. For a full understanding of these 
problems, we have to enter into a discussion of the mechanics of the string and 
bridge much more detailed than that given in section II. The discussion may 
conveniently be divided into four parts: (1) the free vibrations of the system if there 
be no dissipation of energy; (2) the free vibrations as modified by the dissipation of 
energy; (3) the vibrations forced by a periodic force of arbitrary period; and (4) the 
vibrations forced by the bow under various conditions. The discussion is also 
valuable as enabling us to find methods for experimentally verifying the theory 
given in the preceding pages. 

Alteration of free periods 

Taking first the free vibrations, we may, to avoid undue complications, consider 
only the motion at the bridge transverse to the string. This neglect of the 
longitudinal motion of the bridge would not seriously invalidate our conclusions, 
as the reaction of this component of the motion of the bridge would only tend to 
alter the tension of the string periodically, and would not directly tend to set up a 
transverse motion such as that with which we are now concerned. Further, it is 
sufficient if we consider the motion in the plane parallel to that of the vibrations of 
the string, the latter being assumed to be the same as that in which vibrations are 
forced by the bow in usual practice. In other words, the reaction of the bridge on 
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the motion of the string may be sufficiently nearly represented by a system 
capable of movement in a single direction transverse to the string, and having 
one, two, three or such larger number of free periods of vibration as may be 
necessary to obtain a sufficiently close approximation to the truth. As a first step, 
we may assume that the bridge may be represented as a single mass controlled by 
a spring. Neglecting the dissipation of energy and using the notation of section II, 
the free periods of vibration of the string and of the bridge may be found from the 
formula 

- T r\ 

tan pi = —2—~~y, where pm2 = T0p2. 
Jz — MmA 

The equation for pi may be completely solved by a graphical method. Writing 
the relation in the form 

M T0p2/p — f2 = T0p cot pi, 

the expressions on either side may be readily plotted as graphs with respect to pi 

The left-hand side gives us a parabola with its vertex on the line pi = 0, on the 
negative side of the axis of pi The right-hand side has a series of branches with the 
lines pi = 7i, pi = ••• pi = nn, etc. as their asymptotes. The particular point 
at which the parabola cuts the axis of pi determines the free period of vibration of 
the bridge, if the reaction of the string be not taken into account. The curves 
representing T0p cot pi evidently cut the axis of pi at the points pi = mi/2, and if 
the parabola also cuts the axis at one of these points, the reaction of the string 
would have no effect on the free period of the bridge. In other cases, the free period 
of the bridge and the free periods of the string are both subject to modification. 
The graphs show that the natural frequencies of the string which are greater than 
that of the bridge, are further increased by the yielding of the latter, while those 
which are less are further decreased. The frequency of the bridge is increased or 
decreased according as it is greater or less than the nearest of the two natural 
frequencies of the string between which it lies. The most interesting results are 
obtained when the free period of the bridge, and one of the free periods of the 
string, nearly or actually coincide, that is, when the parabola in the graph cuts the 
axis of pi at or near one of the points pi = nor 2n or 3n, etc. Taking, as an example, 
the case in which the bridge and the string have nearly the same frequency, the 
points where the parabola cuts the two branches having the common asymptote 
pi = 7i, determine the two free periods of the system as modified by the mutual 
action of its parts. When the parabola cuts the axis of pi at a point for which 
pi < Ti, the intersection of the parabola with the inner branch determines the 
modified period of the bridge, and the intersection with the outer branch 
determines the modified period of the string. The state of matters is reversed when 
the parabola cuts the axis of pi at a point for which pi > n. When the parabola 
passes exactly through the point pi = ti, it is no longer possible to define which of 
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the two free periods of the system is distinctively that of the string and which of 

the bridge. 
From the preceding discussion it is clear that the yielding of the bridge modifies 

the free periods of the string lying near its own period to a greater extent than it 
does those further off, and that when the string and bridge taken separately have 
the same free period in any case, their mutual action results in the system having 
two different periods which, when the free oscillations are excited, would produce 
“beats” somewhat similar to those of two tuned electrical circuits coupled with 
each other: “Beats” would also occur when the free periods, taken separately, are 
nearly but not quite equal to each other; but they would then be more rapid than 
in the case of perfect tuning. From the principle of conservation of energy, it is 
evident that in every such case, the vibration of the string would be a maximum 
when that of the bridge is a minimum, and vice-versa. 

Effect of thickness of string on free periods 

An approximate formula for the numerical calculation of the alteration in the 
frequencies of the string is readily found. The unaltered frequencies are given by 
m/27r where m = (T0/p)i/2p and pi = nn, n being any positive integer. Putting 
pl — mz + p'l as the result of the yielding of the bridge, p'l being small, tan pi = 

tan p'l = p'l (nearly). The change in frequency is thus 

m'/2n = (T0/p)1/2 p'/2tz 

= T0m/2nl(Mm2 — f2). 

If (Mm2 — f2) is sufficiently large and either positive or negative, the value of m 
corresponding to the undisturbed period may be substituted on the right-hand 
side without sensible error. For a given value of m, that is, for a given frequency, 
the alteration produced by the yielding of the bridge is proportional to T0/l, in 
other words to the tension divided by the length. For a given vibrating length and 
frequency, the heavier or thicker a string is, the greater would be the tension 
necessary, and therefore also the alteration in frequency produced by the yielding 
at the bridge. Similarly, with a given string vibrating with a stated frequency, the 
ratio T0/l may be increased by increasing the tension and the vibrating length, 
and the alteration of frequency produced by the yielding of the bridge also 
increases. 

When (Mm2 — f2) is not very large, the equation may be written in a slightly 
different form 

m'[M(m — m')2 4- 2 Mm'(m — m') — /2] 

= T0m/l. 

Since (m — m') is the unaltered frequency divided by 2n, the relation is evidently 



MECHANICAL THEORY OF THE VIBRATIONS OF BOWED STRINGS 335 

a quadratic in m! which may be readily solved. When the free periods of the bridge 
and the string considered are the same if the two are taken separately, we have to 
write M(m - m')2 = f2 and m' = ± [T0/2 M/]1/2. 

The formula shows that in this case the system has two free periods instead of 
one, and that the influence of the density of the string, or of its tension and 
vibration-length for a given frequency in determining the effect of the yielding of 
the bridge, is relatively not so great as at other frequencies. 

Yielding of a bridge which has more than one free period 

If the bridge has two or more free periods of vibration, the effect of its yielding on 
the free periods of the string may be readily found by the method of generalized 
coordinates. If </>1? 4>2, </>3, etc. be the normal coordinates of the system of which 
the bridge forms a part, we may write 

Kinetic energy of the system = ^qt/)2 + ^2^2 + + etc. 

Transverse yielding of bridge = r1(j)1 4- r2</>2 + r3</>3 4- etc. 

From this, we find 

tan pl= — T0p 
rj/ai 

n\ — m2 
4- + 4- etc. 

where nj 2tz, n2/2n, n3/2n, etc. are the natural frequencies of the bridge. When the 
particular free period of the string under consideration nearly coincides with the 
one of the free periods of the bridge, the results obtained in respect of it from this 
general formula, would not differ seriously from those obtained, if only the 
coordinate of the bridge having nearly the same free period is retained, and the 
others are neglected. Generally, however, two or more of the coordinates in the 
motion of the bridge require to be taken into account, and the alterations in a free 
period of the string produced by two coordinates in the motion of the bridge may 
be of opposite sign, and may thus tend to cancel each other out. 

Decrement of free vibrations of string 

We may now pass on to consider the effect of dissipation of energy on the free 
vibrations of the system. For this purpose, we may, at first, confine our attention 
to the case in which the motion of the bridge is expressed by a single coordinate, 
and use the same notation as in section II. Since y — 0 when x = 0, we find by 
assuming the free oscillations of the string to be given by the expression 

Y= exp ((ip! + <h)(x + at)) + F2 exp {(ip2 + q2)(x - at)). 
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that pi = — p2, — — q2 and F1 = — F2. We may therefore write 

Y = F[exp ((ip + q)(x + at)) — exp (— (ip + q)(x — at))]. 

At the point x = /, we have the relation 

d2y „ dy 2 2dy 

M6?=-T°te-f y~9d? 

Substituting the assumed value of y, we find 

[.Ma\ip + q)2 + g2a(ip + q) + /2] [exp((ip + q)l) - exp ( - (ip + q)l)] 

= - T0(ip + q) [exp (ip + q)l + exp (- (ip + </)/)]. 

Since ql may be assumed to be small, a simplification may be effected by writing 
(exp (ql) + exp (— ql)) = 2 and (exp (ql) — exp (— ql)) = 2g/. Then, 

[Mu2(ip + q)2 + g2a(ip + q) + /2] [2^/ cos pi + 2i sin p/] 

= — T0(/p + g)(2cos pi + 2i^f/ sin pi). 

Separating the real and imaginary parts and equating, we obtain 

/_ T0p +Bql _ Aql+T0q 
tan pi — A_Toq2l-B+Topql> 

where A = [Ma2(q2 — p2) + g2aq + /2] 

and B = [2Ma2pq + g2ap]. 

Cross-multiplying and neglecting terms of the order q3, we find that 

2 2 2 t1 g a p T0 
qa = [(/2 - Ma2p2)2I+ Tgp2/] + [/2 + Ma2p2~]T0 12„2 2„2- 

This gives us the rates of decay of the free vibrations of the system. The free 
periods as altered by the damping are given by the equation 

tan pi = - (T0p + Bql)/(A - T0q2l), 

which may be solved graphically or numerically, after substitution of the 
approximate value of q. 

We now proceed to discuss the results obtained in the preceding para. 
Using the abbreviation/2 = Mm2, the expression for the rate of decay of the 

free vibrations may be written in the form 

qa = 
g‘ 

p2l2(mj/m2 — 1 )M2/pl + M(m2/m2 + 1) + pi 

To obtain the rate of decay of the free vibrations of the bridge, we put m = mx 

and find qa = — g2/(2M + pi), where pi is, of course, the mass of the string. It will 
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also be seen that if the mass of the string be small compared with that of the bridge 
and associated parts of the instrument, the rates of deacy of the free vibrations of 
the string would, in general, be small compared with the decrement of the free 
vibrations of the bridge. An exception should, however, be made in respect of the 
free modes, if any, the frequencies of which do not differ considerably from that of 
the bridge. The components whose frequencies are nearest to the frequency of free 
vibration of the bridge decay with time more rapidly than the rest, and in the 
particular case in which the free vibrations of the bridge and of the string in any 
particular mode are of nearly equal frequency, the rate of decay of the particular 
component is much larger and becomes comparable with that of the bridge. 

Effect of damping on free periods 

The effect of damping upon the free periods (as shown by the formula for tan pi) is 
generally quite negligible. For, if we take the maximum value of qa, that is 
— g2/2M, and substitute it in the formula tan pl= — (T0p + Bql)/(A — T0q2l\ it is 
found that Bql = 0, and that T0q2l is quite negligible. Except for certain terms 
containing q2 appearing in A, the equation for determining the free periods is thus 
practically the same as if there were no dissipation of energy. The free period of 
the bridge (in the absence of the string) is increased by a quantity of the second 
order in consequence of the dissipation of energy, and the effect of this on the free 
periods of the string which do not lie near that of the bridge is of no consequence. 
Even in respect of those free periods of the string, if any, which are approximately 
coincident with that of the bridge, the alterations produced by the mutual action 
of string and bridge would be nearly the same as in the absence of any dissipation 
of energy. But this statement may require modification, if the alteration of free 
periods by the mutual action of the string and the bridge be of the same order of 
quantities as the alteration of the free period of the bridge by damping, as would 
be the case if T0/l were less than g4/2M, that is, if the string were very thin, or if the 
damping of the bridge were considerable. 

Coupled vibrations of string and bridge 

From what has been said above, it is clear that, ordinarily, if the free vibrations of 
the string be excited, the free vibrations of the bridge which are excited at the same 
time would die out more or less quickly; the beats due to the superposition of its 
free and forced oscillations would therefore vanish, leaving a steady vibration 
having the modified free period of the string which dies away rather slowly. The 
transient beats in the vibration of the bridge become slower and slower as the 
frequency of the string approaches that of the bridge, and the dissipation of the 
energy of the vibrating string becomes much more rapid. But the beats of the free 



338 C V RAMAN! ACOUSTICS 

vibrations of the bridge with those excited by the string do not vanish even when 
the adjustment of the frequencies of the string and bridge is most accurate. On the 
other hand, it is at this stage that they become most prominent in the motion of 
the bridge, and also appear in the vibration of the string, the modification of the 
free period of the string by the yielding of the bridge being then a maximum. The 
motion is however highly damped at this stage, and dissipates itself quickly. We 
cannot, therefore, as in the case of undamped vibration, expect to find the epochs 
of the maxima of the bridge-vibration coinciding exactly with those of the minima 
of the string-vibration, or vice versa. But as the free periods of the system are not 
considerably altered by damping, approximate coincidence of the maxima of the 
one with the minima of the other, and vice versa, may still be expected. 

It is worthy of note that when mt is not nearly equal to m, the rate of decay of 
the free vibrations of the string depends not only on the frequency but also upon 
its length and density. For a given frequency of vibration, the heavier of two 
strings of the same length is more strongly damped. Similarly, for a string of a 
given material, the damping may be increased by altering its length and tension in 
such a manner as to keep the frequency of vibration constant. Analogous effects 
have already been noted in respect of the alterations of the free period of the string 
produced by the yielding of the bridge. When the frequency of vibration is 
gradually altered so as to approach the point at which m = m1? the rate at which 
the damping of the free vibrations increases to the maximum possible, depends 
largely upon the density and length of the string. But in all cases, the maximum 
value is the same, this being attained when the string and bridge taken separately 
have exactly the same free period. That this is so in spite of the actual free periods 
of the system as modified by the mutual action of its parts being different in the 
various cases, is explained by the fact that the increased damping due to the 
greater density or length of the string is at this point completely set off by the 
decrease in the damping produced by larger alteration of free period. 

So far for the free vibrations in the case in which the motion of the bridge is 
expressible by a single coordinate. If the bridge has two or more free periods of 
vibration, the yielding at the end of the string may be expressed as a linear 
function of the values of the normal coordinates of the bridge-system. Similarly, 
the force exerted by the string on the bridge (which is of the damped harmonic 
type) may be resolved into its normal force-components which are also of the 
same type. On account of the dissipation of the energy, however, it is not generally 
possible in these cases to express the equations of motion in the simple form in 
which only a single coordinate is involved in each equation. By applying a general 
method analogous to that described by Lord Rayleigh (Theory of Sound, vol. 1, 
2nd edn., Art. 104), the yielding at the bridge and thence also the values for the free 
periods and the logarithmic decrements of the vibrations of the string may be 
determined. For those cases in which the free period of any component in the 
vibration of the string lies at or near one of the free periods of the bridge, the 
values thus obtained in respect of the particular component would not differ 
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seriously from those obtained by neglecting all the coordinates in the motion of 
the bridge except that which becomes specially important in the circumstances. 

Simple harmonic force of arbitrary period 

We may now pass on to discuss the vibrations maintained by a periodic force of 
arbitrary frequency applied at some specified point on the string. In section II, we 
have already found the formulae necessary for this purpose, on the assumption 
that the motion of the bridge is expressible by a single coordinate. It now remains 
to scrutinize the results in some detail, and to extend them to the case in which the 
bridge has two, three or a larger number of free periods of vibration. 

One important consequence of the formulae given on page 246 is as regards 
the phase of the motion of the bridge. When the period of the maintained vibra¬ 
tion is much greater than that of the bridge, (f2 — Mm2) is positive and large in 
comparison with g2m. The string and the bridge are then in the same phase of 
vibration. On the other hand, when the period is less than that of the bridge, 
(/2 — Mm2) is negative, and the two vibrations are in opposite phases. When 
f2 = Mm2, the vibrations differ in phase by exactly a quarter of an oscillation. The 
results hold good, irrespectively of whether the frequency of the applied force is, 
or is not, exactly the same as the frequency of the free vibrations of the string, so 
long as the latter are of sufficient amplitude in comparison with the motion of the 
bridge.17 

The results given in section II may be generalised for the case in which the 
bridge has two, three or a larger number of free periods, by using the method 
given in Lord Rayleigh’s Theory of Sound, I, Art. 104, to find the forced oscillation 
of the bridge in terms of that of the string. The relations thus found would be 
precisely analogous to equations (9) and (10) on page 246 except that instead of 
If2 - Mm2) and g2m, we would have two other constants depending in a rather 
complicated manner upon the masses, free periods and damping coefficients of 
the bridge-system, upon the position of the point on the bridge over which the 
string passes, and also upon the assumed period of the applied force. The 
formulae for the forced oscillation of the string may then be deduced precisely as 
in section II. The quantity (T2 + Gl)l/2 may be regarded as expressing the forced 
vibration of the string, so long as the motion of the bridge does not become 
comparable with the motion of the string in its amplitude. 

17 Compare with the results described in the paper on the “Small Motion at the Nodes of a Vibrating 
String”, Bulletin No. 6 of this Association. 
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It is given by the relation 

CFf + Gj)112 = 
E cos ij/ sin px0 

pT0[sin2 (/?/ + + <52 cos2 pi cos2 i^]l/2 

= E sin px0/k, 

where k is a quantity independent of the position of the bowed point which 
expresses the relation between the applied force and the maintained vibration. In 
the denominator of the expression for (F2 + Gj)112, the quantity sin2 (pi + i/r) is 
approximately independent of the dissipation factor, provided two or more of the 
free periods of the system composed of the string and bridge do not lie near each 
other. On the other hand, the quantity 32 cos2 pi cos2 \j/ is dependent entirely on 
the friction. Except in special cases of the kind mentioned, the amplitude of the 
maintained vibration would practically be a maximum when sin2 (pi + \j/) is zero, 
that is, when the period of the impressed force is the same as one of the free periods 
of the string as modified by the yielding of the bridge. When this is the case, k is 
proportional to S, and is therefore entirely dependent on the rate of dissipation of 
energy. On the other hand, if the period of the impressed force is the same as one 
of the free periods of the string with the ends rigidly fixed, sin pi = nn, and k is 

proportional to [tan2 i/s + <52]1/2, and depends both on the dissipation of energy 
and on the alteration of free period produced by the yielding of the bridge. The 
magnitude and phase of the force required to maintain the vibration thus depend, 
in general, both on the difference between the free and forced periods, and on the 
rate of dissipation of energy. 

Forced vibrations of coupled systems of nearly equal periods 

The special cases in which two or more of the free periods of the system composed 
of the string, bridge and associated masses lie near each other require however to 
be separately considered, as the value of ijf cannot then be regarded as 
independent of the dissipation of energy. The simplest of these cases is that in 
which one of the free periods of the string approximately coincides with one of the 
free periods of the bridge, and also with the period of the applied force. As one of 
the coordinates in the motion of the bridge then becomes large in comparison 
with the others, we may neglect all the rest, and the formulae given in section II 
may therefore be used without serious error. Under the conditions assumed, the 
motion of the bridge is not negligibly small, and the motion of the string on either 
side of the point of application of the force cannot be quite accurately represented 
by the same expression; in other words, the string does not quite conform to the 
natural types of vibration. This is sufficiently evident from the formulae on page 
246 if (/2 — Mm2) be put nearly equal to zero. As an approximate result, however, 
we may still regard (F\ + G2)1/2 as expressing the amplitude of the maintained 
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vibration of the string, while (D\ + £2)1/2 represents that of the bridge. To find 
(F\ + G2)1/2 for various periods of the applied force lying in the neighbourhood of 
the free periods of the string and the bridge, we have to consider the values of \j/ 
and S in such cases. Thus, tan^ = tan 0(1 — sin2 </>) and 3 = tan 6 sin / cos (p, 

where tan 9 = T0p/(f2 — Mm2), and tan 0 = g2m/(f2 — Mm2). By substitution, 
3 = T0p sin2 (f)/g2m, and is thus always positive. Generally speaking, 3 is small and 
approximately equal to T0pg2m/(f2 — Mm2)2, being thus directly proportional 
to the damping coefficient g2 of the bridge. But when f2 approaches Mm2 (as in 
the cases now being considered), 3 increases rather sharply to a considerably 
larger maximum value T0p/g2m which is inversely proportional to the damping 
coefficient of the bridge. So long as (/2 — Mm2) is not small, \p is practically equal 
to 6, being positive when f2 > Mm2, and negative when f2 < Mm2. But when f2 

approaches the value Mm2, ip becomes numerically less than 6 and, in fact, 
vanishes when f2 = Mm2, whereas 6 increases to either of the values + n/2 at this 
point. The free period of the string is given by the relation pi = nn, if its ends be 
supposed rigidly fixed, and by the relation ply-6 = nn, if the yielding of the bridge 
be taken into account. Thus, if the string and bridge (taken separately) have the 
same free period, and the applied force is also of the same period,/2 = Mm2, and 
pi = nn. Sin2(pi + ip) is then zero, and G2 = 0. The amplitude of vibration of the 
string (F\ + G2)1/2 is then equal to ± F2 and may be written as E sin px0/pT03 

which is equal to Eg2m sin px0/p2Tl. 

In other words, the force required to maintain a vibration of a given amplitude 
is then inversely proportional to the damping coefficient g2 of the bridge. This 
apparently paradoxical result is easily explained18. For, the motion of the bridge is 
then E2 cos mt, where E2 = E sin px0/pT0, and the rate of dissipation of energy 
which is jg2m2El may be written as \F\Tlp2/g2, and is thus also inversely 
proportional to the damping coefficient g2. By writing the rate of dissipation of 
energy in the form \F2Em sin px0, it is seen that the force required to maintain the 
string in a vibration of a given amplitude is directly proportional to the rate of 
dissipation of energy. It is also proportional to the corresponding motion at the 
bridge, as may be seen by writing the expression for the applied force in the form 
iF2E2T0pm. 

If the free periods of the string and the bridge (taken separately) and the period 
of the applied force are not all exactly equal to one another, but only 
approximately equal, the expression for the amplitude of the forced vibration of 
the string cannot reduce to such simple forms as those given in the preceding 
para. We may however trace the manner in which the amplitude of the 
maintained vibration varies with the period of the applied force, assuming either 

that (1) the latter is the same as the free period of the string with rigidly fixed ends, 

18Compare with the observations of Lord Rayleigh on the reaction of a dependent system, Theory of 

Sound, I, Art. 117. 
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but differs from the period of the bridge (taken by itself), or (2) that the free periods 
of the string and of the bridge (taken separately) are equal, but differ from the 
period of the applied force. In the first set of cases, the expression [sin2 (pi 4- tj/) 
4- <52cos2t/f cos2p/]1/2/cos^ to which the amplitude of maintained vibration is 
inversely proportional, reduces to [tan2 ij/ + (52]1/2, pi being equal to n. As the 
period of the applied force approaches the free period of the bridge, <52 increases 
continuously and becomes a maximum when f2 = Mm2. On the other hand, the 

value of tan2 if/ first increases, and after attaining a maximum when f2 is > or 
< than Mm2, becomes zero when f2 — Mm2. But (tan2 if/ + <52)1/2 has only one 
maximum which is attained when f2 = Mm2. For, tan ij/ may be written as 
T0p sin (j) cos (j)/g2m, and (tan2 ^ + <52) is therefore equal to (T0p sin (j)/g2m)2 

which is a maximum when (j) = n/2. From this, it is seen that in the first set of 
cases, practically the maximum force is required to maintain a vibration of a given 
amplitude, when its period is the same as the free period of the bridge. In the 
second set of cases, it is necessary to trace the values of the expression [sin2 (pi 

4- t/O/cos2 ^ + <52cos2p/]1/2. This may be written in the form [sin2p/ 
4- sin2 pi tan ij/ + cos2 pi (tan2 i// + <52)]1/2. Sin2 pi is a minimum when pl = n and 
/2 = Mm2, and increases continuously when /2 is > or < Mm2. We have already 
seen that cos2 pi (tan2 ^ 4- <52) is a maximum when f2 — Mm2. Sin 2pi tan iji is zero 
when /2 = Mm2, and is very small when /2 is appreciably greater or less than 
Mm2, but intermediately, it has finite negative values. To find whether the sum of 
these expressions is a minimum or a maximum when pl = n and f2 = Mm2, we 
may differentiate [sin2 (pi 4- i/O/cos2 ^ 4- S2 cos2 /?/] twice with respect to p, and 
then put pl — n and if/ = 0. The result found is that the expression is then a 
maximum or a minimum according as 

4 
T0M V 

g4i J 
' 4 / 

gi 
(1 + pi/AM) > or < 1. 

If we neglect pi/AM which is one-fourth of the ratio of the mass of the string to 
the mass of the bridge, etc. this condition may be simply written as 

T0/l > or < (y/2 ~ 1), 

or to a closer approximation, in the form 

T0/; > or <(J2 - 1)|~(1 - /I//4V2M). 

As the term on the right-hand side is proportional to the square of the damping 
coefficient of the bridge, we should expect in practice to find it smaller than the 
one on the left, unless, of course, the string be very thin or the damping of the 
bridge be unusually large. The force required to maintain the vibration would 
thus, in general, be a maximum when its period is the same as the free period of the 
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string and the bridge, and when this is the case, the force required would be a 
minimum for two other periods, one of which lies on each side of the aforesaid 
maximum. These two periods for which the minimum maintaining force is 
required would, except in extreme cases, be more or less the same as the two free 
periods of the coupled system composed of the string and bridge. When, however, 
the string is very thin, or the damping of the bridge is unusually large, the two 
minima do not exist, the force required being a minimum and not a maximum at the 
period given by f2 = Mm2. 

When the free periods of the string and of the bridge (taken separately) are 
nearly but not quite equal to one another, and are assigned specific values, and 
only the period of the applied force is regarded as a variable, it is easy to see from 
the discussion in the preceding para that, subject to similar restrictions regarding 
the relative magnitudes of the quantities, involved, the force required to maintain 
the string in vibration of given amplitude would, likewise, be a minimum for two 
periods,/2 being greater than Mm2 in one case and less than Mm2 in the other. 
The two minima of the force necessary would however be unequal. These two 
periods would correspond more or less closely to the two free periods-of the 
system, and from the discussion of the free vibrations already given, it is clear that 
the difference of these two periods would be a minimum when the free periods of 
the string and bridge taken separately are equal, and would not therefore change 
very rapidly when they are made slightly different. 

Effect of motion of the bridge on periodic vibrations forced by 
the bow' 

When the applied force, instead of being simple in character, comprises a series of 
harmonics, and its period does not differ considerably from the free period of the 
string with rigidly fixed ends, the forced vibration may still, as an approximation, 
be expressed in terms of the amplitudes Bn and phases en of the normal types of 
vibration. 

The force required to maintain the vibration may be written in the form 

knBn sin 
n = oo " 

l 
f 2nnt 

V T + en + e'n 

. nnx0 
sin—-— 

where kn, e'n are quantities which are approximately independent of the position of 
the bowed point, and are determined by the differences between the free and 
forced periods of the components in the motion, and the logarithmic decrements 
of the respective free modes. If the difference of periods is zero or negligible in 
respect of any component or components, the corresponding constants kn are 
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merely the logarithmic decrements of the free vibrations multiplied by the factor 
nn2T0/l and should thus be readily capable of experimental determination. If 

the difference of periods is not negligible, the experimental determination of kn is 
not such a simple matter, as it would be necessary to determine the logarithmic 
decrement of the free vibrations, and also to make an accurate comparison of the 
period of the applied force and the period of the component free vibration as 
modified by the yielding of the bridge. [The free periods may, of course, be 
calculated theoretically if the constants of the string and the actual components of 
the yielding of the bridge are known]. In the particular cases in which the 
difference of the free and forced periods or the logarithmic decrement of any 
component is large, the corresponding constant kn becomes large. This might, for 
instance, happen on account of a particular component being nearly or exactly in 
resonance with one of the free modes of vibration of the bridge, in which case, as 
we have already seen, the component would be thrown out of harmonic relation 
with the rest, or would be highly damped. 

The preceding theory is evidently applicable in considering the motion under 
the action of the bow, if we assume that this motion is a periodic vibration. It is 
clear that the bow should be capable of forcing a strictly regular vibration even if 
the yielding of the bridge be not negligible, provided, of course, the pressure and 
speed of the bow are in suitable relation to the position of the bowed point and 
other factors involved. For, the expression given above for the force requisite to 
maintain such a motion is exactly of the same form as that given on page 298, 
the only difference (to a first approximation) made by the alteration of free 
periods due to such yielding being in the actual numerical values of the series of 
constants kn and e'n. In other words, assuming that the motion is periodic, the 
theory is substantially on the same lines as that already discussed. Various special 
points however come up for consideration. For instance, what is the period of the 
vibration forced by the bow when the yielding of the bridge is not negligible? In 
attempting to find an answer to this question, we should recollect that the series of 
“constants” kn and e'n are not independent of the period of the forced vibration. A 
complete theory seems at first sight wholly impracticable in the circumstances. It 
is obvious, however, that in most cases of practical interest, where the yielding of 
the bridge is sufficiently large to enter into the theory, the alterations of the free 
periods of the various components in the motion produced by it, would not all be 
in the same direction. We may therefore infer that when the pressure of the bow is 
just sufficient to elicit a steady vibration including the usual retinue of upper 
partials, the period would not ordinarily differ to an appreciably extent from that 
of the free vibrations of the string with rigidly fixed ends. [The amplitude of 
vibration is, of course, assumed to be small, or at any rate of the same order of 
quantities in both cases]. Even when the yielding of the bridge results in a large 
alteration of the free period of some fairly important harmonic, e.g. of the 
fundamental or the octave, the same result might be expected. It might be shown 
that if in such a case, the pressure be sufficient only to excite the said component 
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with the frequency as altered by the yielding of the bridge, and not with the 
normal frequency, a steady vibration would not be possible. For, when the bow is 
laid on, the bridge has initially no motion, and one of two things would happen. 
Either the component in question would altogether fail to be excited, or as we 
shall see later on, it would tend to be excited in a cyclic manner, that is, with 
alternately increasing and decreasing amplitude. Only the pressure sufficient to 
excite all the components in their normal frequencies would be capable of 
maintaining a regular periodic vibration of the usual kind. 

Cases in which the bow maintains a periodic vibration with 
altered frequency 

The preceding discussion makes it clear that in practically all cases in which the 
pressure of the bow is just sufficient to maintain a steady vibration, the period 
would not differ appreciably from that of the free vibration of the string with 
rigidly fixed ends. But when the pressure is much in excess of the minimum 
necessary, we might expect different results. For, as already remarked on page 
328, when we have a very large maintaining force at our disposal, we are no longer 
restricted to a consideration of those types of motion which require the smallest 
forces to elicit. In order that a motion of a period different from the normal be 
possible, at least two factors are necessary—(a) we should have sufficient 
maintaining forces at our disposal, and (h) there should be a factor tending to alter 
the frequencies of all the components of free vibration in the same direction, that 
is, to increase all of them or to decrease all. By sufficiently increasing the pressure 
of the bow, factor (a) may be secured. We have already seen that the yielding of the 
bridge would not, in general, enable us to secure the result stated in (b). The sliding 

friction of the bow might however lower the*.frequencies of all the component 

vibrations, in much the same way as in the dynamics of a particle, the viscous 
resistance is found to result in an increase of the period of vibration. In other 
words, it is quite possible that when the pressure of the bow is sufficiently large, it 
might tend to lower the frequency of vibration in addition to maintaining the 
motion19. As, however, the friction exerted by the bow is not entirely determinate, 
we cannot ordinarily expect a regular vibration of the string under such 
circumstances. But under special conditions, as for instance in the region of 
frequencies within which the resonance of the instrument is considerable, we may 
expect to meet with cases in which a high bowing pressure elicits a regular 

vibration with a frequency appreciably or even considerably less than the normal. 
The greater the pressure of the bow, the larger would be the possible lowering of 

19 With reference to the possibility of a maintained vibration in such cases having a period different 

from that of free vibration, see Lord Rayleigh’s Theory of Sound, I, Arts. 64 and 68(a). 
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frequency. For the reasons explained on pages 328 and 329, the phenomenon 

would be most prominent when the bow is applied at points exactly coinciding 
with important nodes, such as 1/3 or 1/4 or 1/5, and would be inappreciable if the 
bow be applied near an end of the string, or at points close to, but not coincident 
with, important nodes. 

Various other important questions arise in regard to the theory of the periodic 
vibrations of a uniform string forced by the bow. Has the construction of the 
instrument on which the string is mounted any effect in determining the 
possibility or otherwise of any stated form of vibration? What is the effect on the 
motion of the string of muting the bridge or otherwise loading the mobile parts of 
the instrument? How do the thickness, length and tension of the string influence 
the character of its motion under the action of the bow? What is the relation 
between bowing pressure and velocity? What happens when the amplitude of the 
maintained vibration is too large for the theory of “small” oscillations to be 
strictly applicable? These are extremely important questions for which it is 
essential to find an answer in order to arrive at a proper understanding of our 
subject. We now proceed to consider the various points raised, one after another, 
in considerable detail. 

Influence of the instrument on the form of vibration of bowed 
strings 

Upon the construction of the instrument depends the motion of the points of 
attachment of the string forced by its vibrations, and therefore also the reaction of 
the instrument on the vibrations of the string. This influence may be expressed 
mathematically in terms of the masses, free periods and damping coefficients of 
the bridge, and the associated mobile parts of the instrument, and in terms of the 
tension, length and free periods of the string, and the position of the point on the 
bridge over which it passes; we have already discussed the formulae necessary for 
this purpose in some detail. It now remains to consider in what manner, if any, the 
motion forced by the bow depends on the actual numerical values of the various 
quantities involved. From the discussion given in sections III, V, X, and 
pages 290 to 297, it would appear that the sequence of the phenomena obtained 
by bowing at any given point on the string with varying degrees of pressure or 
velocity, is to a large extent capable of being found from kinematical consider¬ 
ations depending upon the position of the bowed point, its contiguity or 
coincidence with some important node-point and the like, taken in conjunction 
with broad dynamical principles common to all cases likely to arise in practice. 
But the subsequent mathematical treatment (pages 297 to 327) showed that the 
actual magnitudes of the constants ki, k2, k3 etc., e\, e'2, e'3 etc. expressing the 
relation between the maintaining forces and the maintained motion, are of no 
small importance. In order to get a connected idea of the theory, we considered on 
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pages 302 to 314 a special class of cases in which all the constants e'n were put 
equal to n/2, and the constants kn were put equal to nk; this supposition enabled 
us to effect an analytical summation of the expression for the maintaining force in 
all such cases. We shall now see in what manner, if any, the conclusions thus 
arrived at have to be modified when the constants kn and e'n have values 
determined by the actual constants of the instrument on which the string is 
mounted. 

The general equation giving kn in terms of the constants of the instrument is 

k„ = 2nnT0[sin2 (2nnl/aT + ij/n) 

+ S2 cos2 2nnl/aT-cos2 t/v]l,2/aTcos ij/„. 

If the period of the motion is assumed to be the same as that of the string with 
rigidly fixed ends, this reduces to the form kn = nnTJk[tan2 ij/n + <52]1/2, where ij/n 

usually depends only on the difference between the free and forced periods of the 
nth component and <5„ depends on the dissipation of energy. The magnitudes of 
and Sn for any component in the motion depend mainly on those normal modes of 
vibration of the instrument which have frequencies nearest to it. As any actual 
instrument would have numerous free periods of its own forming an ascending 
scale of frequencies, it is not a violent supposition in trying to take a general view 
of the phenomena to assume that [tan2 {//„ + <S2]1/2 is of the same order of 
quantities for all values of n. We would then have kn — nf(n)k, where/(n) varies in 
an irregular (not progressive) manner as n is increased, and k is a constant. If we 
put/(n) equal to unity, and make the further supposition that e'n is equal to nj2 for 
all values of n, we have precisely the same conditions as those assumed in 
calculating the form of the frictional force curves on pages 302 to 314. The general 
value of e'n is 

n/2 — tan -1 [ — sm(2nnl/aT- + i^n)/5„cos^„cos2u7c//uT]. 

When the period of forced vibration is the same as that of the string with rigidly 
fixed ends, this reduces to the form 

e'n ~ n/2 — tan -1 (— tan ipn/Sn). 

From this, it is seen that when the dissipation of energy is the principal factor and 
not the difference, if any, between the free and forced periods, e'„ is practically 
equal to n/2. 

Though, as we have seen, the assumptions that e'n = n/2 and kn = nk serve as a 
broad basis for discussion, the values of kn and e'n in individual cases, especially for 
the first eleven or twelve harmonics which are of importance, may indeed stand to 
each other in very different relations. As an illustration of this, we may consider a 
few examples. The first is that in which the gravest mode of free vibration of the 
instrument is far higher in frequency than the gravest mode of vibration of the 
string, and has, say, exactly ten times its frequency. So far as the first ten 
harmonics are concerned, we may altogether neglect the influence of the modes of 
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free vibration of the instrument higher in frequency than the gravest. The values 
of tan^„ for the first nine harmonics increase in proportion to the ratio n/(100 
— n2\ and for the tenth is zero. The value of Sn similarly increases with n in the 
ratio rc2/(100 — n2)2 if n < 10, and when n = 10, becomes very large. Since kn 

= wrT0//[tan2 \\)n + <52]1/2, it is seen that is would increase at a vastly greater rate 
than in proportion to n, as we move up from n = 1 to n = 10. In the curves for the 
maintaining force calculated on this basis for any assumed type of motion and 
position of the bowed point, the first three or four harmonic components would 
be far less pronounced in comparison with the rest than in the curves found when 
kn is simply proportional to n. One obvious consequence of this would be that the 
critical pressure required for eliciting types of vibration in which the fundamental 
or octave is dominant, would be smaller than usual, and for those in which the 
higher harmonics are dominant, would be increased; so far from making it 
difficult to excite vibrations of the latter kind, this might, for some positions of the 
bowed point, actually make the production of such types of motion easier by 
increasing the difference between the critical pressures of alternative modes 
possible in any given case. An exception should however be made in respect of the 
extreme case of a type in which the tenth harmonic is dominant, as owing to the 
resonance of the instrument, this would require an unusually large force to elicit, 
and might thus actually be incapable of being realised in experiment. 

As another example, we shall consider the case in which the gravest period of 
free vibration of the instrument is graver than the fundamental period of the 
string, and the other periods are assumed to be so small that their influence on the 
first eleven or twelve harmonics is negligible. As an extreme case, we may take the 
period of the instrument to be infinitely long, that is, regard the bridge as having 
inertia subject to damping but without spring. The values of tan \j/n and Sn would 
then vary as l/n and l/n2 respectively. The value of kn would therefore actually 
decrease as n is increased. Since the amplitudes of the harmonics in the vibration 
are of the order l/n2, the magnitude of the higher components in the maintaining 
force would be negligibly small, the first three or four terms of the series being pre¬ 
eminent. The prominence of the first component would be even more marked, if 
instead of taking the free period of the instrument as infinitely long, we take it as 
only a little greater than, or actually equal to, the fundamental period of the 

string. For example, let the period of the instrument be times the fundamental 
period of the string. The values of ij/n and bn would then vary as n/(l00 — 121 n2) 

and n2/(100 — 121n2)2 respectively. It is obvious that would then be much 
greater than k2, k3, etc. This preponderance of the first component in the 
maintaining force would have an important influence on the possibility of certain 
types of motion under the action of the bow. For example, we may consider the 
case of a string bowed near one end. If the pressure of the bow be sufficient, we 
should get the first type of vibration in which the principal component is 
dominant, the motion at the bowed point being of the simple two-step zig-zag 
form. When the pressure is reduced below the limit necessary for this type of 
vibration, the general theory leads us to expect that the motion would alter to the 
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second type of vibration in which the motion at the bowed point is of the four-step 
zig-zag form (see pages 292 and 293), or to one of the transitional forms inter¬ 
mediate between the first and the second types (see pages 324 to 327). But in the 
present case, the fact that k1 is large leads to a difficulty. In order that a four-step 
zig-zag type of motion be possible at the bowed point, it is necessary that the 
frictional force should be equal, or nearly equal in the two stages at which slipping 
occurs. This, in its turn, is only possible when the second component (not the first) 

is prominent in the maintaining force. (This remark will be clearly understood on 
a reference to the last three pairs of curves in figure 21 on page 313). We see that 
under the conditions assumed, the only steady modes of vibration ordinarily 
possible would be those in which the first harmonic is either dominant or entirely 
absent. This remark is of importance, as will appear later when we consider the 
theory of cyclic vibrations. 

Other examples may also be furnished of the manner in which the values of the 
individual constants ku k2, etc. may affect the sequence of the phenomena 
obtained by bowing at any given point on the string with varying pressures or 
velocities. For instance if /cx is very large, it would require a considerable pressure 
to elicit the first type of vibration in which the fundamental is dominant, even 
when the bow is applied at a point far removed from the end of the string, e.g. 
between //2 and 1/3. We may then find, as an exception to the general rule stated 
on pages 327 and 328, that this is not the type which requires the smallest pressure 
to elicit within the range referred to. Similarly, a large k2 would result in the 
octave being very prominent in the curves for the maintaining force, and we might 
find the sequences indicated for the range 1/2 to 1/3 in figure 15 on page 296 
entirely altered in such a case, especially in regard to modes of vibration involving 
complicated motions at the bowed point. 

Relation of bowing pressure to the tension, linear density and 
length of string 

From a musical point of view, the thickness of the string is a factor of great 
importance. Leaving aside the complications due to possible non-uniformity or 
imperfect flexibility of the string (which may be considered separately), the 
thickness of the string is principally of importance as it determines the linear 
density and therefore also the tension necessary for any given frequency of 
vibration. For purposes of comparison of the bowing pressures necessary, we 
may assume the length of the string and the frequency of vibration to be the same 
in all cases. For a given velocity of bowing, the amplitude of vibration would also 
be constant. The nth harmonic component of the maintaining force is propor¬ 
tional to kn, that is n7rT0//[tan2 i//n + <52]1/2. Since T0 is the tension of the string, 
and since tani/^n and Sn are also proportional to T0, the maintaining forces 
necessary are proportional to the square of the tension, that is, also to the square 
of the linear density of the string. This becomes intelligible when we remember 
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that the rate of emission of energy from the instrument is also proportional to the 
square of the tension or of the linear density. The use of heavy strings is thus 
indispensable for obtaining a powerful tone, and if we assume that the frictional 
coefficients are the same, the minimum bowing pressure required for any given 
type of vibration is also proportional to the square of the linear density. With 
strings of the same material, the linear density is proportional to the square of the 
diameter, and the bowing pressure necessary increases as the fourth power of the 
diameter. It is worthy of notice that the maximum possible area of contact 
between the bow and the string increases at a much smaller rate than the bowing 
pressure necessary, as the thickness of the string is increased. Further, as a thin 
string requires a much smaller bowing pressure than a thick one, a greater variety 
of vibration-forms would, in general, be possible with the former, within a given 
range of bowing pressures, than with the latter. 

Comparison may also be made of the bowing pressures necessary when the 
tension and length of the string are simultaneously varied in such a manner as to 
retain the frequency of vibration unaltered. It is easily seen that under the 
conditions assumed, the amplitude of vibration remains constant, provided the 
velocity of the bow and the relative position of the point at which it is applied, are 
the same in all cases. The frequency being constant, the tension necessary varies 
as the square of the length of the string, and the bowing pressure necessary is also 
proportional to the square of the length of the string. 

The manner in which the bowing pressure necessary for the maintenance of the 
motion varies when the frequency of vibration is altered by changing the tension 
or length of the string, cannot however be expressed in such a simple manner as in 
the preceding cases. Taking, for instance, the case in which the frequency is altered 
by varying the tension of a string of constant length, the expression for the bowing 
pressure is seen to consist of two factors, one of which increases continuously with 
the tension, and the other fluctuates between a series of maxima and minima. As 
the frequency increases, the amplitude of vibration for a given velocity of bowing 
falls off, being inversely proportional to the square root of the tension; but the 
values of constants kl9 k2, etc. contain a factor proportional to the square of the 
tension. The bowing pressure therefore contains a factor proportional to T^2 

which increases continuously as T0 is increased. The other factor depends on the 
relation between the frequencies of the impressed vibration and the natural 
frequencies of resonance of the instrument. For example, if the instrument has 
only one free period of vibration, one of the factors which determines the bowing 
pressure has a series of maxima corresponding to the cases in which the first, 
second, third or higher harmonic has the same frequency as the free vibration of 
the instrument. The bowing pressure necessary, if plotted as a function of the 
frequency of vibration, should then show a series of maxima and minima, the 
highest value being reached when the frequency of the principal component in the 
forced vibration of the string is the same as that of the free vibration of the 
instrument. If the instrument has more than one free period of vibration, the 
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variation of bowing pressure with frequency would be determined by the relation 
of the impressed frequencies of vibration to the frequencies of all the free periods 
of vibration of the instrument. In general, we should expect the pressure- 
frequency curve to show a series of maxima and minima, the most important 
maxima corresponding to the frequencies of resonance of the instrument to the 
dominant harmonic in the vibration. Superposed on these maxima and minima, 
we should expect to find a tendency of the bowing pressure necessary to increase 
continuously as the tension is increased. Similar results should be obtained when 
the frequency of vibration is altered by decreasing the length of the string, both 
the tension and the ratio in which the bowed point divides the string being 
retained constant. 

Effect of muting on the minimum bowing pressure 

The next question to be dealt with is the effect of muting or otherwise loading the 
mobile parts of the instrument upon the periodic vibrations elicited by the bow. 
The addition of mass represented by the mute results, of course, in an alteration of 
the constants of the instrument relevant to our present investigation. The free 
periods of the instrument are all increased. It is obvious that this would 
profoundly influence the character of the forced vibration of the body of the 
instrument and therefore also its reaction on the string. We have also to consider 
the alteration in the modes of vibration of the various parts of the instrument 
produced by the load. The point at which the mute or other load is added tends to 
become a node, or point of rest, so far as the modes of higher frequencies are 
concerned; on the other hand, the point loaded would tend to become a point of 
maximum vibration for the gravest mode or modes. The contiguity or otherwise 
of the load and of the point on the bridge over which the string passes, is thus a 
matter of some importance. Considering the bridge, belly and the air enclosed in 
the instrument as a single dynamical system, we may use the Lagrangian 
equations of motion to investigate the alteration in its forced vibrations 
produced by the load. 

Let 0ls 02, 03, etc. be the normal coordinates of the system, and <1)^ <X>2, etc. be 
the normal force-components corresponding to a particular harmonic in the 
force exerted on the bridge by the vibrating string. As the result of the addition of 
the load, 01? 02, etc. are no longer the normal coordinates, and we may write the 
kinetic and potential energies of the system in the form20 

T = 2a\<t>] + 2a2(i)2 +.+ 2fl(/i0i T f202 + •••)2 

V = %c1<t>\+\c24>l +. • 

20Cf Routh’s Advanced Rigid Dynamics, Sixth Edition, Secs. 76 to 78, and Lord Rayleigh’s Theory of 

Sound, Second Edition, Art. 92(a), where the effects of addition of inertia or constraints on the free 

Footnote (contd. on p. 352) 
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The Lagrangian equations for the forced vibration are 

(atA2 + cl)4>1 + /ioa2(/101 +/24>2 + ---) = <t>i 

(d2A2 + C2)4>2 + + f24>2 + •••) = $2 

etc. etc. 

Multiplying the first equation by /i/(^i^2 + the second equation by /2/ 
(a2/,2 + c2) and so on, and then adding the results, we find 

Y/0>/(«22 + c) 
(Mi+f2<t>2 + etc.) - j + + c)' 

Since jOi(f1(j)1 + /2</>2 + etc.)2 is the kinetic energy of the load, a being its mass, its 
forced vibration is given by + /2</>2 + etc.). Writing X1 = — m2 and dividing 
out by the product ala2a2>, etc., the preceding expression reduces to 

'(nl ~ m2)(ni ~ m2), etc. + similar terms_ 

(n2 — m2)(nl - m2), etc. — am2[fl/al(nl — m2)(n2 — m2), etc. + ...] 

where nA/2n, n2lln, n3/2n, etc. are the natural frequencies of the system in 
ascending order of magnitude before the addition of the load. The forced 
vibration for any given frequency of the impressed force is thus inversely 
proportional to the magnitude of the expression (n2 — m2){n\ — m2), etc. 
— otm2[fl/al-(nl — m2)(n2 — m2), etc. +_] which when put equal to zero gives 
also the equation for the free periods of the system as altered by the load. We may 
readily trace the effect of increasing the mass a of the mute from zero to any 
desired value, upon the value of this expression (say A), and therefore also upon 
the amplitude of the forced vibration. Taking first a case in which the frequency of 
the impressed force is smaller than the smallest natural frequency of the system 
(m < Wj), it is seen that both terms in A are positive, and their difference must 

vibrations of a system are discussed. Strictly speaking, since the kinetic energy of a particle of mass a is 
ja(x2 + y2 + z2), the addition to the kinetic energy of the system should be represented by three terms 
thus: 

T = ±al(j)2+ \a2(f)2 + ....+ HA + f2(j)2 + ... .)2 

+ +02</>2 + ---)2 +ia(Mi +M2 + ----)2- 

However, for the sake of simplicity in interpreting the results, we assume (following Routh) that the 

addition to the kinetic energy consists of only one term of this type. This would be quite correct if the 

displacement of the particle due to variations of the coordinates (f>u 02, etc. were all in the same 

straight line, and in any case may be regarded as sufficient for our present purpose. Lord Rayleigh has 

discussed the general theory for the free vibrations when the addition to the kinetic energy consists of 

any number of terms less than the number of degrees of freedom of the system. It may be remarked here 

that the effect of the sound-post of the violin could probably be regarded as equivalent to that of a 

geometrical constraint imposed on the vibrations of the sides of the sound-box, and if this is the case, the 

effect could be discussed mathematically in a simple manner. 
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therefore gradually diminish as a is increased, till for a particular value of a, it 
vanishes altogether. With subsequent increases of a, A changes sign, its numerical 
value becoming larger and larger. The effect of the load is thus, at first, to increase 

the forced vibration, till a stage is reached at which the latter becomes very large. 
This occurs when the frequency of the impressed force is the same as the lowest 
natural frequency of the system as altered by the load.21 With a further increase in 
the load, the forced vibration diminishes, finally vanishing when the load is very 
large. 

We may next consider a case in which the frequency of the impressed force lies 
between two of the natural frequencies of the system. The result of the load is to 
decrease the natural frequencies of the system, and it is a well known result (which 
is easily deduced from the equation for free periods) that, whatever be the 
magnitude of the load, the altered frequencies form a series separating the original 
frequencies of the system. Thus, if 

N1/2n., N2/2n, N3/2ti, etc. 

be the natural frequencies of the system as altered by the load (assumed to be very 
great), the quantities 

iVi, nl9 N2, n2, N3, n3, etc., 

form an ascending scale of magnitudes. (N1 is practically zero if the load be very 
large). The sequence of changes in the forced vibration due to a gradual increase 
in the load is sufficiently illustrated by considering a case ill which nl <m<n2. 

This has to be sub-divided into two categories (a) [nx < m < N2] and (b) [iV2 < 
m < iij. In the category (a), the determinant A is negative throughout, and 
increases numerically as the mass a of the load is increased. The effect of the load 
is thus to diminish the forced vibration throughout. In the category (b), A is 
negative when a is zero, and decreases numerically as a is increased, becoming 
zero for a particular value of the latter. For larger values of a, A is positive. The 
effect of the load in the second category of cases is thus to increase the forced 
vibration up to a certain stage at which it becomes very large, subsequent 
additions of load decreasing the forced vibration, till it finally vanishes in the limit 
when the load is large. The difference between the two categories is that in the 
former, the frequency of the impressed force does not, for any load, coincide with 
a natural frequency of the system. 

So far, we have only considered the forced vibration of the system at the 
particular point at which the load is fixed. For our present purpose, it is necessary 
to know also the effect of the load on the forced vibration of the other parts of the 

21 Of course, in such a case, the equations would have to be modified so as to take the dissipation of 

energy into account. 
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system, particularly the point at which the string passes over the bridge. [This, of 
course, need not be the same point as that at which the load is fixed]. The motion 
of the system is fully defined by the coordinates (f>l9 <j>2, etc., though these are not 
the normal coordinates when the load is attached to the system. The values of </><, 

(j)2 etc. may be found by eliminating (/i$i + + ••) from the Lagrangian 

equations of motion.22 
We obtain as the result, 

A</>! = d>i/flj*(fi2 — m2)(rc2 — m2), etc., 

+ am2/a1-[/2/a2(/1®2 - - m2){nl - m2), etc., 

+ /3/a3(/i®3 - ®i/3)(«2 - m2)(nl - m2), etc., 

"H ....j, 

and analogous expressions for A02, etc. Writing the transverse yielding of the 
string at the bridge in the form (r1(j)1 + r2$2 + etc.), we find = r1Ecosmt, 
<b2 — r2Ecosmt, and so on, where Ecos mt is the periodic transverse force 
exerted by the vibrating string. If the point at which the load is fixed coincides 
with that.over which the string passes, fi/rl — f2!r2 — fz!rz — — > and we have 

22In the particular case in which the impressed force acts on the system at the point at which the load is 

fixed the effect of the latter on the forced vibration may be readily found from elementary 

considerations without the use of the Lagrangian equations, provided it is assumed that this point is 

capable of movement only in a single direction. (It might, for instance, be supposed that the load is 

fixed on a string, bar, membrane or plate, capable only of transverse vibration at the point of 

application of the force). If the forced vibration at this point is kE cos mt when the component of the 

impressed force resolved in the same direction is E cos mt and there is no load, we may write the forced 

vibration as k’ E cos mt when a load of mass a is attached to it. The alteration in the forced vibration is 

simply due to the reaction of the load, and we find at once that k' = /c/(l — kam2). If k be negative, that 

is, if the forced vibration in the absence of any load at the driving point be in a phase opposite to that of 

the impressed force, the effect of the load is to decrease the forced vibration in the ratio 1:(1 — /cam2) 

which is the same at every point of the system. On the other hand, if k be positive, that is, if the vibration 

and the force at the driving point be in the same phase when there is no load, the effect of the load is, in 

the first instance, to increase the forced vibration of every part of the system in the ratio 1:(1 — ka.m2). 

When the ioad is such that /cam2 = 1, the forced vibration is very large, showing that at this stage the 

frequency of the impressed force coincides with a natural frequency of the system as altered by the 

load. Subsequent additions of load result in a continuous decrease of the forced vibration at every 

point of the system which finally vanishes for a very large load. These results are exactly the same as 

those deduced from the general Lagrangian equations, and clearly show from elementary dynamical 

considerations that the addition of a load at a given point of a system cannot lower the natural 

frequencies in such manner that more than one of them falls from above to below any assigned 

frequency. This is practically Routh’s theorem regarding the separation of the roots of Lagrange’s 

determinant as altered by the addition of inertia to any part of a dynamical system, and affords a 

clearer view of the fundamental nature of this theorem. 
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= = =0. From this it follows 

A(j)l = — m2)(nj — m2), etc., 

A02 = 02Ah'(ni - rn2)(n| - m2), etc., 

and so on. 
In other words, each coordinate of the system is determined exclusively by the 

corresponding generalized component of force, and as the load is altered, the 

motion of every point on the system is affected in the same way, increasing or 
decreasing in inverse proportion with the determinant A, and vanishing when the 
load is increased indefinitely. A similar result would be obtained even if the point 
of attachment of the load is not the same as that over which the string passes, 
provided the ratios of the displacements at the two points due to variations of the 
coordinates are all identical, that is iff1/r1 = /2/r2 — .   .In general, however, 
if the two points are not coincident, these quantities would not be identical, and 
an addition of load would not alter the forced vibration at different points of the 
system in the same proportion. The forced vibration would not also vanish when 
the load is increased indefinitely; for a (the mass of the load) appears in the 
numerator as well as in the denominator of the expression for each of the 
coordinates. In such cases, the forced vibration as altered by the load may be 
considered as consisting of two parts. The first part alters with increasing load in 
inverse proportion to the value of A, (the determinant for free periods), and 
vanishes when the load is indefinitely increased. The second part alters with 
increasing load in the ratio a/A, and its changes would thus be somewhat similar 
to that of the first part, except that when a is very large, it does not vanish but 
reaches a finite limiting value. 

It is instructive to trace the effect of successive small changes in the load on the 
frequencies and modes of free vibration of the system and upon its forced 
oscillations. To a first approximation, the alteration in the free period of a normal 
mode produced by a small load is unaffected by the change of type which 
accompanies it,23 and may be readily calculated from the modified equations of 
motion by putting all the other coordinates equal to zero. For instance, with the 
preceding notation, the frequencies as altered by a small load a are given by the 
equations 

m\ = cl/(al + a/2), m\ = c2/{a2 + af\) and so on. 

The alteration of free period is in each case determined by the increase in the 
kinetic energy of the system due to the addition of load. This furnishes us with a 

simple quantitative method for exploring the motion of the system, and determining 
the ratio of the amplitudes of its vibration at different points in each of the normal 

23Lord Rayleigh’s Theory of Sound, I, Art. 88. 
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modes. With larger loads, the alteration in the types of free vibration have an 
influence on the free periods which cannot be neglected. This is obvious at once 
on comparing the approximate values of the frequencies found as above (all of 
which become infinitely small when a is increased indefinitely), with those given 
by the equation A — 0, the roots of which, according to the well-known theorem 
due to Routh, all remain finite (except the smallest), when the load is increased 
indefinitely. It is possible to find the normal coordinates of the loaded system by 
the general method of transformation, (see, for example, Routh’s Advanced Rigid 

Dynamics, section 56). But a more instructive method is that used by Lord 
Rayleigh (Theory of Sound, I, Art. 90). The normal vibrations of the system in the 
absence of any load correspond to a variation of but one of the coordinates 01? 
</>2, 03> etc. at a time. The alteration of any one of these types produced by the 
addition of a small load may be expressed by superposing small synchronous 
variations of the other coordinates upon that of the principal coordinates 
involved. For example, the principal vibration given by the coordinate 4>1 as 
modified by a small load a would involve also small variations in the coordinates 
02, 03, etc. the magnitudes of which are given by the ratios 

<p2/4> 1 = «l/(»2 - «l) X a/l/2/«2 

<t>3/4>i = «i/(«3 - «i) x a/i/s/flj and so on. 

The modification of the natural types produced by the load may become very 
important in some cases. For instance, if the vibration corresponding to the 
coordinate 02 involves large displacements at the point of attachment of the load, 
and its frequency does not differ much from that of the vibration 01? the latter as 
modified by the load would involve also large synchronous variations of 02. 
When the load is large enough to depress the pitch of the normal vibration in 02 
sufficiently, the two principal vibrations may even completely interchange their 
characters. Examples of this will be referred to later. In fact, when the load is 
sufficiently great, the gravest modes of vibration are those involving large 
displacements of the point at which it is attached, and similarly the higher modes 
are those which involve little or no displacement of this point. This is a feature 
which is of importance in reference to our present investigation. 

It has been stated above that the effect of the load on the forced vibration is in 
some cases to increase it, and in other cases to decrease it, and that in the 
particular case in which the load is very large and it is fixed to the system at the 
point of application of the force, the forced vibration vanishes. It may now be 
shown that, in general, the effect of a moderate load is to increase the forced 
vibrations of graver pitch, and to diminish those of higher pitch. This is a 
consequence of the fact that a dynamical system such as that with which we are 
now concerned has a number of free periods which form a series, and that a 
moderate load fixed at any given point is sufficient to make the pitch of the higher 
modes of vibration approximate to their limiting values, or at any rate pass the 
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first stage in which the effect of the load is to increase the forced vibration. This 
may be proved in the following manner. The kinetic energy of the system in the 
absence of any load may be written in the form 

F»i0i + iai<t>2 + 2a34>l + etc. 

For any actual system (such as a violin) composed of bars and elastic plates, the 
quantities al9 a2, a3, etc. are all of the same order of magnitudes. From this fact 
and the approximate formula given previously, it follows that a given small load 
would lower the frequency of one of the higher modes by roughly about the same 
interval as it would in the case of one of the graver modes. The absolute lowering 
of the frequency would thus be much greater in the former case. By Routh’s 
theorem, the maximum permissible lowering is equal to the difference of the 
frequencies of the given mode and that of the one next below it. If, as is generally 
the case with the higher modes, this difference is not large, a small load would be 
sufficient to make the frequency approximate to its limiting value, or at any rate 
pass the stage up to which the forced vibration is increased in amplitude. 

From what has been said above, it is clear that the effect of a mute is to increase 

the yielding of the bridge and the dissipation of energy for vibrations of low pitch, 
and to decrease them for vibrations of high pitch. When the string is excited by 
bowing, the effect of the harmonic components of the force exerted by it on the 
bridge, would be variously influenced by the mute, according to the frequency of 
each. If the pitch of the fundamental vibration of the string is sufficiently high, the 
mute would decrease the forced vibration of the instrument, and the bowing 
pressure necessary for exciting the string would be reduced. On the other hand, if 
the pitch of the fundamental is sufficiently low, the effect of the principal 
components of force would be increased by the mute, and the bowing pressure 
necessary would be increased. The constants kl,k2, k3, etc. expressing the relation 
between the periodic forces exerted by the bow and the vibration of the string 
maintained by it, would be profoundly modified by the action of the mute, and the 
possible influence of this on the modes of vibration of the string excited by the 
bow may be discussed as in the preceding pages. 

Relation between bowing pressure and speed 

From equations (22) and (25) given on pages 298 and 299 respectively, it is easy to 
see the relation between the amplitude of vibration of the string (as determined by 
the speed of the bow) and the minimum bowing pressure necessary for eliciting 
any given type of vibration. When the speed of the bow increases, the amplitudes 
of the harmonic components of the vibration in the given mode increase in 
proportion. From (22) and (25), we find accordingly that 

P<s- vB/(n~nA) 
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where P is the pressure required to excite the given type of vibration, S is a 
constant depending upon the type and the point of application of the bow, vB is the 
velocity of the bow, and (ju — jiA) is the difference between the statical and 
dynamical coefficients of friction. If (// — fiA) be independent both of the pressure 
and the speed of bowing, the minimum bowing pressure necessary is proportional 
to the speed of the bow. If, however, (/i — /iA) depends on the velocity of slip, this 
result does not hold good, and in the particular case in which the difference 
between the statical and dynamical coefficients of friction is proportional to the 
velocity of slip at which the latter is measured, the minimum bowing pressure is 
actually independent of the velocity of the bow. In practice, it may be expected, 
the truth lies between the two extremes. As remarked earlier, the 
property of an efficient generator such as rosined horse-hair is that the friction 
diminishes with increasing velocity, at first rapidly, and later more slowly. This 
may be represented graphically as in figure 28(a), the friction reaching a limiting 
value for large relative velocities. If we assume that the frictional force is 
proportional to the pressure, in other words that the frictional coefficient depends 
only on the relative velocity, the graphical relation of the type shown in the figure 
may be approximated to by an analytical expression of the form 

= — (exp( — *>/»!))) 

Speed of the bow 

Figure 28 



MECHANICAL THEORY OF THE VIBRATIONS OF BOWED STRINGS 359 

where and v1 are constants, and v is the relative velocity. For any given type of 
vibration, the relative velocity during the stages of slipping at the bowed point is 
proportional to the speed of the bow. Writing v = rvB, where r is a number, the 
minimum bowing pressure is given by the formula 

1 -exp(-u„-r/pi)' 

This is shown graphically in figure 28(b). For large bowing speeds, the bowing 
pressure necessary practically varies as the speed; but for smaller speeds, the 
pressure required is greater than in proportion to the speed of the bow or the 
amplitude of the maintained vibration. For very small speeds, the pressure 
required would, as seen from the graph, converge upon a finite limiting value. 
This limit is easily shown to be given by 

P-S/novJr 

and is very small if the ‘decay’ of the friction from the statical to the limiting 
dynamical value be sufficiently rapid. 

d P/dvB = S/ii0- 
1 -expC-iyn^Xl -tyr/i^) 

(1 -exp(-ivrM))2 

From this, it follows that 

= S/2fi0 and 

— S//i0. 

VB = oo. 

The preceding discussion is based on the assumption that the speed of the bow 
is not so large that the resulting vibration exceeds the limit for which the theory of 
“small” oscillations is applicable. We now proceed to consider the effect of 
increasing the amplitude of vibration beyond this limit. 

Effect of large amplitudes 

The question arises whether a finite amplitude of vibration has any effect on the 
frequency of a bowed string, and in what manner, if any, the finiteness of the 
motion influences the mode of vibration of the string and of the instrument. This 
may be considered in the following way. Assuming the motion under the action of 
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the bow to be periodic and of the form 

„ . nnx . (2nnt 
y = 2Xsm —sml-y- + e 

the finiteness of the coefficients Bi9 B2, etc. necessitates our considering certain 
terms of the second order in the forces acting upon each element of the string and 
upon its point of attachment to the bridge. The length of the string at any instant 

from x = 0 to x = /, is given by 

ri 
[1 + (dy/dx)2]1/2dx = / + ^dy/dx)2 dx, (appx.) 

o o 

= l + 7t2/8l'Yjn2Bn — n2 l^l^jn^B2 cosj 
4nnt 
j + 

If the ends of the string have no longitudinal motion, the alterations in the length 
due to the finite amplitude of vibration would result in corresponding alterations 
of the tension. These may be of considerable importance if (as is generally the 
case) the modulus of extension of the string be a large quantity in relation to its 
tension when at rest. It is seen that there is a non-periodic increase of tension 
proportional to £rc2£2, and there are also periodic changes of tension. The 
influence of these alterations of tension upon the forced vibrations is readily 
found by analogy with the case of a simple vibrator executing forced oscillations 
of large amplitude. The equation of motion of a symmetrical vibrator under 
periodic forcing is 

ii + ku + (n2 + pu2)u = E cos mt. 

If we write the solution of this in the form 

u — sin wit T B± cos mt -f A3 sin 3mt + B3 cos 3mf + etc. 

it is found on substitution that to a first approximation 

(n2 — m2 + F)A1 —kmBx — 0 

(n2 — m2 -f F)B1 + km Ax — E 

where 

and is thus proportional to the square of the amplitude of vibration. It is evident 

from this that the effect of the term pu2 in the expression for the restitutional 
coefficient is equivalent to an alteration in the natural frequency of the vibrator; 
instead of n\ we have to write simply 

n\ +-^-(A2 +132). 
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It should be remarked that the restitutional coefficient (n2 + pu2) may be 
expanded and written m the form 

n\ + j’Oi + B\) ~ + B\)cos2(pt + e) 

where 

= tan-1 Al/Bi. 

It follows that the effect of the periodic variation in spring of double frequency 

— + f?i) cos 2 (pt + e) 

is equivalent to a permanent increase in spring of half the amount 

^(a\ + b\y, 

in respect of the principal oscillation. Returning now to the case of the bowed 
string, it is obvious that the non-periodic increase of tension which is 

Young’s modulus n2 „ - , 
- —:-x —T> n2B2 

Tension 812^ 

raises the natural frequencies of all the component vibrations and does not 
disturb their harmonic relation. The periodic part of the variation of tension is 

Young’s modulus n 
— x 

Tension 8f X"2# cos 
4 nnt 

+ 2e„ 

Each harmonic component of this periodic variation is equivalent to a further 
increase, namely, 

Young’s modulus n2 n2B2 

Tension X 812 2 

in the tension of the string, but this increase, unlike the first, is effective only in 
respect of the particular (nth) harmonic component of the vibration having half 
the frequency of the variation of spring, and not to all alike. This is readily seen on 
substituting the variable tension in the normal equation for free vibrations. Since, 
in the case of the bowed string, the amplitudes Bn vary generally as \/n2, n2B2/2 

also varies as 1/rc2, and the harmonic relation of the natural frequencies is thus 
disturbed. The frequencies of all the natural vibrations are raised, but those of the 
higher components to a lesser extent in proportion than in the case of the graver 
components. In practice, this would be probably set off to some extent by the 
effect of stiffness which raises the pitch of the higher components to a relatively 
greater extent. The general result however remains that the effect of a finite 
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amplitude of vibration is to raise the pitch of the bowed string, and also, to some 
extent, to throw the natural frequencies of the higher components out of the 
harmonic relation and thus to increase the forces required to be exerted by the 
bow for the maintenance of the motion beyond what would otherwise be 
necessary. 

That the vibration of a bowed string, if of large amplitude, cannot remain as a 
free oscillation in the absence of the bow can be shown directly from geometrical 
considerations. Taking, for instance, the simplest type of vibration (figure 1 on 
page 261 in which the configuration of the string at any instant consists of two 
straight lines, the point of intersection of which travels on two parabolic arcs, it is 
obvious that the length of the string and therefore also the tension would be a 
maximum when the two straight lines intersect at the vortex of either parabola, 
and would be a minimum when the string passes through its position of 
equilibrium. The velocity of travel of the wave along the string cannot, in the 
circumstances, be uniform. This is inconsistent with the assumed type of free 
vibration. 

The periodic variations of tension in the string produced by a large amplitude 
may have an effect on the forced vibrations of the instrument. This will now be 
considered. 

Effect of the longitudinal motion of the bridge 

The periodic forces exerted by the vibrating string on the bridge at the point over 
which it passes may be resolved into two sets of components, one set transverse to 
the string and the other set parallel to the string. The magnitude of these forces 
and their generalized components may readily be calculated. T0 being the 
stationary value of the tension of the string, the tension at any given instant may 
be written in the form T0 + ST0. If the string at the bridge makes an angle 0 with 
its position of equilibrium, the force exerted by it may be resolved into two 

components (T0 + ST0) cos 6 and (T0 + ST0) sin 6 respectively parallel and trans¬ 
verse to the string. The transverse force may to a sufficient approximation be 
written simply as T06 and is thus of the first order of small quantities. The 
longitudinal component is 

(T0 + ST0)(l-e2/2) 
and may be written as 

T0 + ST0 — T062/2. 

If Tbe the modulus of extension of the string, /0 its unstrained length, and A/0 the 
extension necessary to give it a tension T0, the length of the string in the position 
of equilibrium is 

/0 + A/0 = /, (say). 
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If l + SI be the actual length of the string at the given epoch during the vibration, 
we may write 

Longitudinal force = Y{Al0/l0 + Sl/l0 — 92Al0/2l0). 

Of the three terms within the brackets, only the second and the third include 
periodic quantities. The deflection of the string from its position of equilibrium 
produces an increase of length, and in the preceding sub-section, SI has already 
been calculated on the assumption that the bridge has no motion parallel to the 
string. It is of the order 02/o, and Sl/l0 is thus of the order 92. The third term 
92Al0/2l0 is therefore of a smaller order of quantities than even the second term 
which is itself proportional to the square of the amplitude of vibration of the 
string. It is thus seen that the only part of the periodic longitudinal force which is 
sensible is that due to the fluctuation of the effective length of the string when in 
vibration. If q be the longitudinal motion of the bridge, we may write 

and the longitudinal force = YSl/i. 

In finding the generalized components of force corresponding to the normal 
modes of vibration of the instrument, and the transverse periodic components, of 
the tension, we are only concerned with the motion of the bridge transverse to the 
string. Similarly in finding the generalized components of the longitudinal forces, 
we are only concerned with the longitudinal motion of the bridge. If the principal 
normal modes of vibration of the body of the instrument do not involve any 
longitudinal motion of the bridge, the effect of the longitudinal components of 
force may be ignored. In any case, these components are of the second order of 
smallness in magnitude and can be ignored if the amplitude of vibration of the 
string be sufficiently small. In special circumstances, however, they may attain 
some importance. The periodic part of the longitudinal force depending on the 
vibration of the string is of double its frequency, and if one of the frequencies of 
resonance of the instrument is of suitable value, the string may succeed in forcing 
an appreciable vibration of double its own frequency. As remarked in the 
preceding sub-section, the periodic variations of tension in the string vibrating 
with finite amplitude may also appreciably influence the frequency of its 
excitation by the bow and the magnitude of the force required to maintain the 
motion. 
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String 
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Plate I. Simultaneous vibration-curves of belly and G-strings of violoncello at the “wolf-note” pitch 

showing cyclical changes. 
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Plate II. Simultaneous vibration-curves of belly and G-string of violoncello at half the “wolf-note” 

pitch showing the resonance of the octave and cyclical changes. 
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Belly 

String 

Plate III. Simultaneous vibration-curves of belly and G-string of violoncello at 264 vibrations per 

second, showing cyclical changes. 
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Frequency of 

G-String bowed. 

3 of Wolf-note. 

i of „ „ 

Wolf-note. 

D-String bowed. 

\ of Wolf-note. 

Wolf-note. 

A-String bowed. 

Wolf-note. 

360 per sec. 

E-String bowed. 

Wolf-note. 

sec. 

99 

G-String bowed. 

\ of Wolf-note. 

100 per sec. 

Wolf-note. 

D-String bowed. 

184 per sec. 

296 per 

360 „ 

Plate IV. Resonance-curves of belly of violoncello. A. Without any load on the bridge: “Wolf-note” 
frequency 176 vibrations per second. B. With a load of 40-4 grammes fixed on top of bridge. “Wolf- 

note” frequency 137 vibrations per second. 



G-String Bowed. D-String Bowed. 

r 

Without load. 

With load of 17 

grammes fixed on 

top of bridge. 

Ditto; fixed on left 

foot of bridge. 

Ditto; fixed on right 

foot of bridge. 

Plate V. Simultaneous vibration-curves illustrating effect of loading the violin bridge on its 
horizontal motion transverse to the strings (observed at the G-string corner). 
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A-String Bowed. E-String Bowed. 

Without load. 

With load of 17 

grammes fixed on 

top of bridge. 

Ditto; fixed on left 

foot of bridge. 

Ditto; fixed on right 

foot of bridge. 

Plate VI. Simultaneous vibration-curves illustrating effect of loading the bridge on its horizontal 
motion transverse to the strings, (observed at the G-string corner). 
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Bowed and 

observed at 

L/3-26 

Low pressure. 

►' 

Higher pressure. 

L/3-52 

Low pressure. 

J Higher pressure. 

L/4-23 

with 

successive 

increments 

of pressure. 

t 

' L/3-73 

Low pressure. 

► 

Ditto. 

High Pressure. 

Plate VII. Modified two-step zig-zag vibration-curves at the bowed point, showing the practical 

constancy of the velocity of ascent with the bow, and the variability of the velocity of descent against 
the bow. 
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Bowed and 

observed at 

L/4-50 

Low pressure. 
> 

High pressure. 
) 

L/4-73 

High pressure. 

> 

Low pressure 

L/5-24 

with two 

> different 

pressures. 

' L/5-50 

with three 

, different 

pressures. 

L/5-74 

L/6.46 

Plate VIII. Modified two-step zig-zag vibration-curves at the bowed point, showing the practical 
constancy of the velocity of ascent with the bow, and the variability of the velocity of descent against 

the bow. 
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Bowed and 

observed at 

L/3-26 

L/4-23 

with three 

different 

pressures. 

L/4-15 

L/15 

with three 

different 

pressures. 

L/3-08 

L/3-08 

Plate IX. Modified four-, six-, and eight-step zig-zag vibration-curves at the bowed point, showing 

the practical constancy of the velocity of ascent with the bow, and the variability of the velocity of 

descent against the bow. 
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Bridge. 

D-String bowed, 

frequency 360 

vibrations per see. 

Bridge. 

D-String bowed, 

frequency 360 

vibrations per sec. 

Bridge. 

D-String bowed, 

frequency 240 

vibrations per sec. 

Bridge. 

D-String bowed, 

frequency 240 

vibrations per sec. 

Plate X. Simultaneous vibration-curves of the bridge and D-string of a violoncello, showing cyclical 

changes at frequencies other than that of the “wolf-note”. 



Observed at L/10. 
Bowed at 

L/2-00 

L/2-13 

L/2-26 

L/2-32 

L/2-39 

L/2-43 

L/2-50 or 2 L/5 

L/2-65 

L/2-74 

L/2-85 

L/2-91 

Plate XI. The first type of vibration: its rational and transitional modifications. 



Observed at L/10 

Bowed at 

L/400 

L/3-85 

L/3-71 

L/3-59 

L/3-5 or 2 L/7 

L/3-43 

L/3-37 

L/3-33 or 3 L/10 

L/3-20 

L/3-12 

L/300 

Plate XII. The first type of vibration: its rational and transitional modifications. 
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/ 

Observed at 
L/15; 

Observed at 
L/10 

Bowed at 

L/515 
> with 

different 
pressures. 

L/5-08 

L/5-00 

L/4-86 

L/4-78 

L/4-63 

L/4-50 or 2 L/9 

L/4-36 

L/4-23 
with 

y different 
pressures. 

L/4-12 

Plate XIII. The first type of vibration: its rational and transitional modifications. 



Observed at L/15. 

Bowed at 

L/5-22 

L/5-35 

with 

different 

pressures. 

L/5-49 

with 

different 

pressures. 

L/5-6I 

L/5-81 
^ with 

different 

pressures. 

L/600 

L/6-25 

L/6-50 
with 

different 

pressures. 

L/6 75 

L/7-00 

Plate XIV. The first type of vibration: its rational and transitional modifications. 
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Observed at L/15 

Bowed at 

L/2-11 

L/2 16 or 6 L/13 

L/2-19 

L/2-20 or 5 L/l 1 

L/2-23 

L/2-24 

L/2-25 or 4 L/9 

L/2-29 

L/2-30 

L/2-35 or 3 L/7 nearly. 

Plate XV. The second type of vibration: its rational and transitional modifications 



Observed at L/15 

Bowed at 

L/2-35 or 3L/7 

L/2-40 

L/2-45 

L/2-50 or 2 L/5 

L/2-62 

L/2-68 or 3 L/8 

L/2-77 

L/2-84 

L/3 00 

L/20 

with 

different 

pressures. 

Plate XVI. The second type of vibration: its rational and transitional modifications 



Observed al L/15 

Bowed at 

L/2-86 

L/2-81 

L/2-76 or 4 L/l 1 

L/2-72 

L/2-68 or 3 L/8 

L/2-64 

L/2-58 

L/2-51 or 2 L/5 nearly. 

L/2-40 

L/2-35 or 3 L/7 nearly. 

Plate XVII. The third (negative) type of vibration: its rational and transitional modifications 
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Observed at L/15. 

Bowed at 

L/3-15 

L/3-26 

L/3 33 or 3 L/10 

L/3-44 

L/3-54 or 2 L/7 nearly. 

L/3-65 

L/3-79 

L/400 

L/20 

Plate XVIII. The third (positive) type of vibration: its rational and transitional modifications 
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Observed at L/15. 

L/5-00 

L/4-69 

L/4-53 

L/4-48 or 2 L/9 nearly 

L/4-41 

L/4-27 

L/3-79 

L/3-74 

L/3-70 

L/3-62 

Plate XIX. The fourth type of vibration: its rational and transitional modifications 
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r 

With a two-step zig-zag 

motion at the bowed < 
point. 

With a four-step zig-zag 

motion at the bowed 
point. 

> 

Observed at L/15. 

Bowed at 

L/3-52 or 2 L/7 

L/3-40 

L/2-07 
with 

different 

pressures. 

L/2-13 

L/2-14 
with 

different 

pressures. 

L/2-20 or 5 L/ll 

L/2-25 or 4 L/9 

L/21 

Plate XX. The fourth type of vibration: its rational and transitional modifications. 
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Bowed at 

L/5-47 

L/4-77 

L/4-66 

2L/5-19 

2L/5T4 

2L/4-90 

2L/4-82 

L/6-55 or 

nearly 2L/13 

L/5-68 

2L/6-30 

2L/5-72 

3L/6-30 

The fifth type and 

its modifications. 

) nearly 5L/13 

nearly 5L/12 
) 
\ 

The sixth type of vibration 

with approximately two- 

> step zig-zag motion at 

bowed point. 

Ditto with a four-step 

) zig-zag motion at bowed 

point. 

Ditto with complicated 

motion at bowed point. 

Plate XXI 
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Observed at L/15. 

Bowed at 

L/7-45 

L/6-56 

2L/7-12 

2L/6-80 

3L/7-16 

3L/6-83 

2L/7-58 

with 
different 

pressures. 

2L/8-21 

with 
different 

pressures. 

The 
► seventh 

type. 

The eighth 

type with a 
► four-step zig-zag 

motion at the 

bowed point. 

Plate XXII. The seventh and eighth types: their rational and transitional modifications. 
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gplllllS 

■■■111 

- ,. •' ■ 

Slightly below 

‘Wolf-note’ 

pitch. 

At the 

‘Wolf-note’ 
pitch, showing 

alteration of 

free periods. 

Slightly above 

‘Wolf-note’ 

itch. 

Plate XXIII. Simultaneous vibration-curves of the bridge and G-string of a ‘cello (plucked). 
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Slightly below 

‘Wolf-note’ 

pitch. 

At the ‘Wolf-note’ 
pitch, showing the 
rapid dissipation of 

energy. 

Ditto, and the beats 

in the motion of the 

bridge. 

Plate XXIV. The simultaneous vibration-curves of the bridge and G-string of a ‘cello (plucked). 



Frequency 

148 vibrations 

per sec. 

Very small 

lag. 

156 vibrations 

per sec. 

Lag one-sixth 

of a cycle. 

162 vibrations 

per sec. 

Lag one-fifth 

of a cycle. 

Plate XXV. Cyclical vibrations of G-string and bridge of ‘cello near ‘wolf-note’ pitch, showing the 

differences in lag. 
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Frequency 

157 vibrations 

per second. 

Bowed near 

one end. 

Frequency 

165 vibrations 
per second 

Bowed at distance of 
two-fifths 
of length from 
one end. 

Plate XXVI. Cyclical vibrations of G-string and bridge of ‘cello near the ‘wolf-note’ pitch. 
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On the partial tones of bowed stringed 
instruments 

C V RAMAN, M.A. 
(Palit Professor of Physics in the Calcutta University)* 

1. Introduction 

One of the outstanding questions in the acoustics of the violin family of 
instruments which has not as yet been fully cleared up, is the manner in which the 
tones elicited by bowing depend on the position of the bowed “point” on the 
string. The problem is to some extent complicated by the existence of other 
variable factors influencing the character of the vibrations excited, e.g. the bowing 
pressure and speed, and the width of the region of contact between the bow and 
string. In a monograph of which the first part has been recently published,11 have 
attempted a systematic treatment of the mechanical theory of bowed stringed 
instruments, and have dealt with various problems relating to it. It is proposed in 
the present paper to apply some of the results contained in the monograph in 
order to discuss the variation of the amplitudes and phases of the partial 
vibrations with the position of the bowed point within the musical range of 
bowing. 

We may here assume that in the cases of musical interest, the steady vibrations 
of the string excited by the bow have approximately the character of the simple 
Helmholtzian type in which the vibration-curve of every point on the string is a 
perfect two-step zig-zag; and the problem is to find the nature and extent of the 
small deviations from this form of vibration depending on the position of the 
bowed point and other variable factors. If the vibrations were always exactly of 
the simplest Helmholtzian type irrespective of the position of the bowed point, it 
can readily be shown that for a given speed of the bow, the amplitudes of all the 
components of the vibration would be inversely proportional to the distance of 
the bowed point from the bridge, and would thus increase indefinitely according 
to a hyperbolic law as the bow is brought nearer the bridge; the ratios of the 
amplitudes, and the relative phases of the partials, would be independent of the 

* Communicated by the author. 

f Bull. Indian Assoc. Cultiv. Sci. No. 15, 1918, pp. 1—158. 
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position of the bowed point. In practice, however, we know that the foregoing 
statement does not correctly represent the facts. For, when the bow is applied at a 
point of aliquot division of the string, e.g. at a point distant 1/5 or 1/6 or 1/7 &c. of 
the length of the string from the bridge, the partials having a node at such point 
cannot be excited by the bow, and must thus be absent in the motion maintained 
by it. The graphs representing the relation between the amplitude of the partials 
and the position of the bowed “point” cannot thus be of the simple hyperbolic 
form mentioned above but must deviate from it, especially in the neighbourhood 
of the nodes of the respective partials. What, then, are the actual forms of these 
graphs? Then, again, in the simple Helmholtzian type, the phases of the partial 
vibrations are such that at two epochs in each vibration the displacements are 
everywhere zero. To what extent are these phase-relations modified in actual 
practice? It is proposed in the present paper to furnish an answer to these two 
queries. 

2. Kinematics of motion under the action of the bow 

It is not intended here to enter into any detailed discussion of the mechanical 
theory of the action of the bow and of the manner in which the pressure and speed 
of bowing influence the character of the motion. For this, I would refer the reader 
to my monograph. It is sufficient for our present purpose to remark that, in 
general, when the pressure of the bow is sufficiently large in relation to its speed, 
the speed of the bowed “point” in the forward motion attains equality with that of 
the bow. But in the backward motion, the speed of the bowed point is generally 
non-uniform. In certain special cases, however, that is when the bow is applied 
with sufficient pressure exactly at one of the nodes distant 1/5 or 1/6 or 1/7 &c. of 
the length of the string from one end, the speed in the backward motion closely 
approaches or attains uniformity, the partials having a node at such point 
completely dropping out. It is obvious that the bow has to be removed to some 
distance from a node, before the corresponding partials can be fully restored in the 
motion maintained by the bow, and in the intermediate cases the character of the 
motion at the bowed point becomes slightly modified. The speed in the forward 
motion remains equal to that of the bow, but the speed in the return motion is 
non-uniform. The kinematics of these intermediate or “transitional modes” of 
vibration have been fully discussed by graphical methods in my monograph. My 
object here is to show how the harmonic analysis of these transitional modes 
enables us to trace the variation in the amplitudes and the phases of the partial 
vibrations with the position of the bowed point. 

In the cases of musical interest, we are only concerned with relatively slight 
modifications of the principal (Helmholtzian) type; and the general character of 
the vibration is determined by the movement, to and fro, on the string, of one 
large discontinuous change of velocity, and of a number of minor discontinuous 
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fluctuations of velocity. The positions and magnitudes of these minor fluctu¬ 
ations must be such that in the vibration-curve at the bowed point, we have a 
uniform gradual rise followed by a steep and generally non-uniform fall, the ratio of 
the time-intervals occupied by the two stages being the same as in the simple 
Helmholtzian type. In my monograph I have shown by several examples, that the 
same dispositions give for the vibration-curve of a point close to the end of the 
string, a “fluttering” or irregular rise, followed by a steep and uniform fall. 

3. Analysis of the transitional modes 

The general expression for a discontinuous vibration is 

® . nnx 
y = Xsin-r 

where 

and 

n2n2T 

h =_L_ 
” n 2 2 

mn T 

. 2nnt 2nnt 
an sin ——- + bn cos —— 

, mzC1 , nnC2 0 
dj cos—-—1- d2cos— -1- &c. 

, . nnCx . nnC2 , D 
dx sin—--1- d2 sin—--(- &c. 

dl9 d2, &c. being the magnitudes of the discontinuous changes of velocity, and Cl9 

C2, &c. their positions measured from the origin at time t = 0. If a discontinuity is 
moving with the positive wave, its position is given by its x-coordinate; but if it is 
moving with the negative wave, its position is given by (21 —x). From this 
expression, the amplitudes (a2 + b2)112 and the phases tan ~1bn/an of the 
harmonics may be readily calculated, when the magnitudes and positions of the 
discontinuities are known. In finding the phases, it is convenient to choose the 
origin of time in such a manner that the phase angle of the fundamental 
component of the vibration is zero. 

When we have only one discontinuity, we may write d2 = d3 = d4 &c. = 0; and 
taking the origin of time such that the discontinuity dx is initially at the end of the 

string, Cx = l, we have 

(-ir1 
n2n2T 

. nnx . 2nnt 
sm-sin-. 

L T 

This is the simplest Helmholtzian type of vibration including the complete 
series of harmonics. When the bow is applied at one of the points of aliquot 
division, e.g. 1/5, or 1/6 &c., the subordinate series of harmonics having a node at 
that point drop out, and it can easily be shown that the resulting Helmholtzian 
type of motion is determined by one large positive discontinuity, and a number of 
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small equal negative discontinuities. For example, with the bow applied at 1/5, we 
have one large discontinuity equal to 4V, and four small discontinuities each 
equal to — V, where Fis the velocity of the bow. Similarly, with the bow at 1/6, we 
have one discontinuity equal to 5 V, and five discontinuities each equal to — K and 
so on. In the intermediate or “transitional modes” also, the motion is of a 
generally similar character; the positions and magnitudes of the discontinuities 
must be such that in the forward motion at the bowed point the speed is uniform 
and equal to that of the bow. The speed of the backward motion is necessarily 
non-uniform in greater or less degree except when the bow exactly coincides with 
one of the points of aliquot division. 

To illustrate the method of calculation of the amplitudes and phases of the 
harmonics from the formula given above, we may take a specific case in which the 
bow is applied at a point x = a, where 1/5 > a > 1/6. We have then six 
discontinuities of which five are necessarily equal and negative, and the other is 
larger and positive. The magnitude of the large discontinuity may be taken to be 
5V, and of the small discontinuities — V We have then the following scheme: 

di=d2 = d3 = — K d4 = 5K d5 = d6 = — K 

C1= 0, C2 — 2a, C3 = 4a, C4 = 2/ — 6a, 

C5 — 2l — 4a, C6 = 2/ — 2a. 

When a = 1/6, the initial position of the discontinuities is identical with that in 
the Helmholtzian type obtained by bowing at 1/6. It will also be seen that when 
a = 1/5, C3 and C4 become identical and the discontinuities d3 and d4 therefore 
merge into each other, reducing the number of discontinuities to five, and the 
magnitude of the large discontinuity of 4 V. Thus, both when a = 1/6 and when 
a = 1/5, the transitional modes become identical with the Helmholtzian types. 
The cases in which the bow is applied between l/l and 1/6, or between //8 and l/l, 
may be similarly worked out. 

4. Results 

The amplitudes and phases of the first eight partials excited by applying the bow 
at various points lying between 1/9 and 1/5 have been calculated and tabulated in 
the manner explained above. To illustrate the general character of the results 
obtained, the amplitudes and phases of the fourth, fifth, sixth, seventh and eighth 
partials within the range of bowing have been represented graphically and shown 
in figures 1 to 5. The first three partials do not show any specially noteworthy 
feature within this range, their amplitudes increasing gradually as the bow is 
brought nearer the bridge, and their phases remaining practically identical, and 
the same as in the simple Helmholtzian type. As regards the fourth and higher 
partials, the following are the principal features exhibited by the graphs, which 
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1/9 1/8 1/7 1/6 1/5 

Position of the bowed point 

Figure 5. Amplitudes and phases of the eighth harmonic. 

embody the results of the investigation: (1) At the points of aliquot division, that 
is, when the bow is applied at 1/5 or 1/6 or l/l &c., the graphs give the 
Helmholtzian values for the amplitudes. (2) Elsewhere, they show marked 
deviations from the Helmholtzian values, both in regard to amplitude and phase. 
(3) The deviations are greatest when the bow is applied not far from a node of the 
partial under consideration, and decrease as the bow is brought nearer and nearer 
the bridge, till ultimately the phase-differences vanish, and the amplitude increases 
regularly, instead of in a fluctuating manner, in inverse proportion to the distance 
of the bow from the bridge. (4) As the bowed point approaches the node of the 
partial under consideration, the amplitude of this partial at first rises above the 
value given by the Helmholtzian type, and then gradually falls to zero at the node 
itself. (5) In the same circumstances, the phase of the partial alters, being in 
advance or in rear of the Helmholtzian phase, according as the bowed point is one 
side, or the other of the node. The maximum alteration of phase is + n/2. As the 
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result of these alterations of phase, the transitional modes of oscillation are 
generally of an unsymmetrical character. This is perhaps the most novel and 
interesting result indicated by the investigation. 

It must be noted that the values of the amplitudes and phases shown in the 
graphs are valid only for the particular positions and magnitudes of the 
discontinuities assumed in working out the analysis, and are therefore to be 
regarded as only of a representative character. In actual practice, they may be 
appreciably modified to an extent depending on the pressure, speed, and other 
mechanical conditions of bowing. It is not proposed here to enter into a 
discussion of these details. 

I have to thank Mr Durgadas Banerji, M.Sc., for useful assistance in carrying 
out the numerical work. 

Calcutta 
2 May 1919 
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The kinematics of bowed strings 

C V RAMAN, M.A. 

1. Introduction 

It has long been known that if a string be bowed exactly at one of its points of 
aliquot division, the harmonics having a node at that point fail to be elicited, but 
that if the bow be moved to a point only slightly distant from the node and 
applied with suitable pressure, the same harmonics are elicited with great vigour, 
and in certain circumstances may even transcend the fundamental component of 
the vibration in their intensity. This fact attracted the attention of experimenters 
early in the history of the subject and naturally assumes prominence in any 
exposition of the theory of bowed strings. Among the more recent workers who 
have studied the phenomenon may be mentioned Krigar-Menzel and Raps,1 and 
also Davis2 who noticed a similar effect in the case of the longitudinal vibration of 
rubbed strings. Neither these experimenters nor later theorists such as Lippich3 
and Andrew Stephenson4 have however succeeded in clearing up the nature of 
the transition between the cases in which the partial vibrations fail to appear, and 
those in which they reassert themselves with great intensity. The question is of 
considerable interest in relation to the mechanical theory of the action of the bow, 
and has (along with various other problems) been discussed by me in the first part 
of a monograph on bowed stringed instruments which has recently been 
published.5 The treatment of the theory given in the monograph is largely of a 
graphical character, and though the formulae for the harmonic analysis of the 
motion were given, they were not fully discussed. It is thought that an exposition 
of the subject from a more strictly analytical point of view may be of advantage. 
This is given in the present paper. 

2. Analysis of discontinuous wave-motion 

It is useful to commence by deriving the formulae which give the amplitude and 
phase of the harmonics of a vibration involving only discontinuous changes of 

’Sitzungberichte of the Berlin Academy, 1891. 

2Proc. Am. Acad. Sci., 1906. 

3 Wien Berichte, 1914. 

4 Philos. Mag. January, 1911. 

5 Bull. Indian Assoc. Cultiv. Sci., Calcutta, 1918, No. 15. 
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velocity. The distribution of transverse velocity over the whole string at any 
epoch may be represented by a diagram (which we shall refer to as the velocity 
diagram) in much the same way as the configuration of the string at any instant 
may be represented by a displacement diagram. Since, by assumption, the 
vibration at every point on the string is determined solely by discontinuous 
changes of velocity, the velocity diagram of the string.must consist of a number of 
straight lines inclined to the x-axis at the same angle and separated by 
discontinuities which move to the right or the left according as they belong to the 
positive or the negative wave, and on reaching an end of the string suffer reflection 
and return. The transverse velocity of every point on the string remains unaltered 
except when a discontinuity passes over it in one direction or the other, when it 
suddenly alters by a quantity equal to the magnitude of the discontinuity. 

Let dx, d2, d3, etc. be the magnitudes of the discontinuities and let their 
positions on the string at time t be given by x = cu c2, c3 etc. If y be the transverse 
displacement at any point on the string, it is readily shown by applying the 
Fourier analysis to the velocity diagram that 

where 

£ , . nrtx 
2^„sin— 

2 , wrci , nnc2 
An=-d^os—-—bd2cos—7—betc. 

nn l l 

The quantities c1,c2, c3 etc. are not constant but vary with time. Accordingly, we 
may write cr = (cr + at), or 21 - (cr + at) according as the discontinuity dr belongs 
to the positive or the negative wave. On making the necessary substitutions, and 
separating the sine and cosine components, we get as the equation for the 

vibration 

. 2nnt 2nnt 
an sin-b bn cos- 

i t 

where 

00 nnx 
,V = Z sin , 

1 * 

an= ~ 
n2m 

, rare, . nnc2 
di cos—;—b d2cos—7—b etc. 

1 l l 

and 

bn 2 2 nnx 

rinci . . nnc2 
djSin—--bd2sin 

v * 

rb etC. 

It will be seen that, generally speaking, both sine and cosine functions of the time 
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are involved in the expression for the displacement, and that it is not possible to 
get rid of the cosine terms by merely changing the origin of time. In general, 
therefore, the string does not coincide with its position of equilibrium at any 
epoch of the vibration. The cosine terms will however vanish provided that the 
positive and negative waves are of identical form and coincide in position at the 
epoch chosen as the origin of time. This is readily verified from (2) above, as the 
coefficients bn all vanish, and in the resulting vibration, the string everywhere 
passes through the position of equilibrium at two epochs in each period of 

vibration. 
Reference may be made here to three papers recently contributed to the Philos. 

Mag. in which it has been shown how certain simple discontinuous types of 
vibration may be experimentally realised.6 

3. Vibrations with the complete series of partials 

In order that the oscillation should include the complete series of partials, it is 
necessary to assume that the bowed “point” divides the string in an irrational 
ratio. If the motion at this point is known, the entire vibration of the string is 
kinematically determinate. For the purpose of the discussion, it may first be 
assumed that the bowed point of the string moves to and fro, once or oftener in 
each period of vibration, with constant and uniform velocities. Mechanical 
theory indicates that this is the type which the motion at the bowed point 
approximates to, but does not necessarily attain in any particular case. The 
velocity of the bowed point when it moves with the bow may be denoted by vb and 
when it moves in the opposite direction, va. The velocity diagram of the string 
must be of such form that by the passage of the discontinuities over it, the velocity 
at the bowed point alternates between va and vb once or oftener in each period of 
vibration. It is obvious that if the magnitude of all the discontinuities in the 
velocity diagram is the same and equal to (va — vb), and that two or more 
discontinuities do not pass over the bowed point in succession in the same 

direction, the required type of motion at the bowed point would be secured. For, 
the initial velocity at the bowed point being taken to be vb the velocity changes to 
va when a discontinuity passes over it in one direction, and changes back to vb 

when the same or another discontinuity passes over it in the opposite direction. 
By pursuing the argument on these lines, it may be shown that if the bowed point 
divides the string in an irrational ratio, and its motion is strictly of the type 
contemplated, the magnitudes of the discontinuities in the velocity diagram of the 
string are necessarily all equal to (va — vb). We shall here assume this result. 

6On discontinuous wave motion, Philos. Mag. January 1916, February 1918 and April 1918. 



THE KINEMATICS OF BOWED STRINGS 401 

The magnitude of the discontinuities in the velocity-diagram being taken to be 

equal to (va — vb), the amplitudes and phases of the harmonics in the vibration 

may be readily calculated. The number of discontinuities in the velocity-diagram 

gives us a simple criterion for classification of the modes of vibration. 

Case of one discontinuity 

This is the simplest type of all. If the origin of time chosen be the epoch at which 

the discontinuity is at the end of the string, the cosine terms in the expression for 

the displacement vanish, and we get 

- (Va - Vb) 

nn2T 
sin 

mix . 
—r-sin 

2nnt 

x 

This is the well-known principal type of vibration of a bowed string discovered 

by Helmholtz in which the vibration-curve at every point on the string is a simple 

two-step zig-zag. The ratio vjvb is equal to the ratio in which the bowed point 

divides the string. 

Case of two equal discontinuities 

The kinematics of this case is readily worked out in detail. It is sufficient for our 

present purpose to give an analytical demonstration of two important features in 

regard to this type of vibration. If the origin of time chosen be the instant at which 

the two discontinuities coincide in position, the cosine terms vanish, and we get 

00 

>-=! 
2(va — vh) . mix nnc . 2nnt 

sin —— cos —r- sin 
n2n2T l l 

(4) 

where c is the distance from the end of the string of the point at which the two 

discontinuities cross. At the point x = c, we have 

00 

y=l- 
l 

(va — Du) . 2nnc . 2tint 
sin——sin- 

n2n2T l 
(5) 

which evidently expresses a motion of the simple two-step zig-zag type, the ratio 

vjvb being equal to the ratio in which the point x = c divides the half-length of the 

string. The motion at other points may be found by graphical methods. If c be 

nearly equal to //2, the amplitude of the second, fourth harmonics etc. becomes 

large in comparison with the amplitude of the other partials, and may even 

transcend that of the fundamental component of the vibration. This is clear from 

(4) above. 
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Case of three equal discontinuities 

In this case, the cosine components vanish only if at the instant at which two of 
the discontinuities pass each other, the third discontinuity is at the end of the 
string. This instant is taken as the origin of time. If the two discontinuities pass 
each other at the point x — l/3± 2b (where b < //6), it may be readily shown as in 
the preceding case that the motion at the point x = l/3 + b is of the simple two- 
step zig-zag type, the ratio vjvb being equal to the ratio in which that point 
divides the third of the length of the string. 

If b be sufficiently small, the amplitudes of the third, sixth harmonics etc. 
become large in comparison with that of the fundamental and other components. 

Cases of four, five or more equal discontinuities 

As regards these cases, it must suffice to mention the following kinematical result 
which emerges from a detailed discussion. If r, the number of discontinuities be a 
prime integer, e.g. 2, 3, 5, 7, 11 etc. it is always possible by suitably choosing the 
initial position of the discontinuities to secure that the motion at any specified 
point on the string (not lying near one end) is of the simple two-step zig-zag type. 
If the point specified lies near one of the points of section of the string into r equal 
parts, the rth, 2rth, 3rth harmonics etc. have relatively large amplitudes in the 
type of vibration thus set up. 

But the case is entirely different when r, the number of discontinuities is not a 
prime integer, e.g. 4, 6, 8, 9 or 10, and is therefore a multiple of some smaller 
number. It is then found that no disposition of the discontinuities can secure a 
simple two-step zig-zag type of motion at any point lying elsewhere than within 
certain limited sections of the string. A simple example will make this clear. With 
6 discontinuities on the velocity-diagram, it is kinematically possible to secure a 
two-step zig-zag type of motion at the bowed point if it lies in the vicinity of the 
node l/6 on either side and the 6th harmonic is then powerful, in the motion 

elicited. If it lies elsewhere, that is, in the vicinity of the nodes 1/3 or 1/2, the motion 
is necessarily of a more complicated type, a four-step zig-zag and a six-step zig¬ 
zag being respectively the types of vibration of minimum complexity admissible 
at the bowed point in the two cases. 

4. Vibrations with missing partials 

We may now easily pass to the cases in which owing to the coincidence of the 
bowed point with a point of rational division of the string, certain partials fail to 
be maintained. It is obvious that the falling out of these partials leaves the motion 
at the bowed point unaffected. The mode of vibration of the string in these cases, 
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can be very simply derived from the corresponding ‘irrational’ types by simple 
subtraction of the partials having a node at the bowed point. It will be shown here 
how this may be done in the most general case of discontinuous vibration. 
Assume that the bowed point coincides with a node of the sth harmonic which of 
course is also a node of the 2sth, 3sth harmonics etc. Taking the analysis of the 
velocity diagram given in (1) we have 
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2 
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dj cos—-—H d2 cos —-—b etc. 
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mi 

di rniCi 4- d2 rmC2 
— cos 1L +-cos —— + etc. 
s l/s s l/s 
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Now the summation of the series £” = i° Ansm(nnx/l) of which A1 sin(7rx/l) is 
the leading term gives us the original velocity diagram. From (6) and (7), it is 
evident that the subordinate series = J° Ans sin (nnx/(l/s)) of which As sin (snx/l) 

is the leading term is of analogous type and gives us a velocity diagram with 
discontinuities djs, -d2/s, etc. the ordinates of which have to be subtracted from 
the original diagram. The lines in the principal and subordinate diagrams are 
obviously inclined to the x-axis at the same angle, and the resulting figure in 
which the missing partials are excluded is therefore made up of straight lines 
parallel to the x-axis and separated by discontinuities. From this diagram, the 
nature of the vibration at any point of the string may be readily found by 
graphical methods. 

It is evident that the effect of the falling out of the partials having a node at the 
bowed point is to introduce into the velocity diagram of the string, a number of 
discontinuities which are smaller than the original discontinuities in the ratio l/s 
and of opposite sign. 

5. Vibrations with the missing partials partially restored 

A very complete graphical treatment of these cases is given in the monograph 
where they are referred to as ‘transitional modes of vibration.’ They are 
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intermediate in form between the various types of vibrations discussed in the 
third and fourth sections of this paper, and have the distinguishing characteristic 
that the speed of the bowed point in the forward motion is generally constant, but 
that in the backward motion is not uniform. Generally speaking, they are of an 
unsymmetrical type, that involve both sine and cosine functions of the time. 
From a musical point of view, they are of great importance, and a fuller discussion 
of their features is being published elsewhere. Here, it must suffice to remark that 
the general analytical formula for discontinuous vibration given in section 2 is 
sufficient to cover these cases as well. 

/ 
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On a mechanical violin-player for acoustical 
experiments 

C V RAMAN, M.A. 
(Palit Professor of Physics in the Calcutta University)* 

[Plate I] 

The accompanying illustration (plate I) and brief description of a 
mechanically-played violin which has been developed after considerable experi¬ 
mentation and used in a series of studies of the acoustics of bowed stringed 
instruments may be of interest to readers of the Philos. Mag. The apparatus has 
been designed to reproduce as closely as possible the conditions obtaining in 

Plate I. A mechanical violin-player for acoustical experiments. 

*Communicated by the author. 
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ordinary musical practice. A violin and a horse-hair bow of the ordinary type are 
used, and the object is to enable the strings to be bowed with accurately controlled 
and measurable pressures and speeds. Pressures ranging from one or two 
grammes weight up to a hundred grammes or more, and speeds ranging from one 
or two centimetres per second up to half a metre per second or more could be 
obtained and determined. 

The arrangement differs from the ordinary playing of the instrument in that the 
bow itself remains stationary and the violin is caused to move to and fro with 
uniform speed. The light wooden cradle on which the violin is mounted rests on a 
brass slide which moves noiselessly to and fro along a well-oiled cast-iron track. 
The necessary movement is obtained as shown in the plate by means of an endless 
chain which carries a pin working in a vertical slot attached to the brass slide. The 
chain is stretched taut between two free-wheels and is kept in movement by the 
rotation of one of the axles with fly-wheel and belt as shown in the plate. By using 
a conical driving pulley on which the belt runs, various speeds of movement can 
be obtained. Very little power is of course required to drive the apparatus, but in 
order to obtain steady and uniform speeds over long intervals of time, it is 
advisable to use a shunt-wound motor with an ample margin of power running 
on little or no load in order to drive the apparatus. No special speed regulation 
will then be necessary. 

The mounting of the bow demanded special attention in order that satisfactory 
results might be obtained. As can be seen in the plate, it is attached to the end of a 
long wooden lath which is carefully balanced on an axle fitted with ball-bearings 
in order to secure the necessary solidity and freedom of movement. A weight 
hanging freely at the shorter end of the lever balances the weight of the lath and 
the bow. An adjustment is provided by which the bow may be held obliquely so 
that fewer or more hairs may be made to touch the strings. A vertical adjustment 
of the axle is also possible by which it can be arranged that the hairs of the bow 
when at rest touching the strings should be exactly parallel to the cast-iron track 
on which the cradle of the violin slides. (This is very important for the successful 
working of the apparatus). The block carrying the axle can also be moved parallel 
to the strings of the violin with the aid of a screw, so that the distance between the 
bridge and the point at which the bow touches the string may be expeditiously 
altered. Finally, in order to check any movements of the lever carrying the bow 
which would result in fluctuations of its pressure, a damping arrangement is 
provided. A stout wire carrying a number of horizontal disks placed at intervals 
hangs freely from the shorter arm of the lever and dips in a beaker of water or light 
oil. This device ensures a very smooth and uniform bowing of the string, and is 
found to be quite successful in practice. A rider can be placed at any desired point 
on the graduated longer arm of the lever and provides the necessary means of 
adjustment of bowing pressure. The observations of the tone of the instrument 
are always made when the violin is at or near the middle point of its stroke, and 
quite definite values may be obtained of the minimum pressure necessary under 
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any given conditions in order to elicit a sustained tone with a strongly marked 
fundamental. 

A considerable variety of investigations can be carried out with the aid of the 
mechanical player described above. As examples may be mentioned the study of: 
(a) the relation between the bowing pressure and the position of the bowed point 
on the string; (b) the relation between bowing speed and bowing pressure; (c) the 
variation of bowing pressure with pitch, and the phenomena of the wolf-note; (d) 
the effect of using a “mute” on the bowing pressure; (e) the quantitative relation 
between tone-intensity and pitch for different types of instrument. A detailed 
description of the experimental results obtained on these points, and of the 
various other applications of the mechanical player, will be given in a 
forthcoming publication of the Indian Association for the Cultivation of Science. 

Calcutta 
17 November 1919 
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Experiments with mechanically-played violins 

c V RAMAN 

[Plate I] 
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Variation of bowing pressure with the position of the bowed region 
Relation between bowing speed and bowing pressure 
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Effect of muting on the bowing pressure 
Other applications of the mechanical player 
Synopsis 

Section I. Introduction 

In the first volume (recently published*) of my monograph on the theory of the 
violin family of instruments, I have discussed on mechanical principles, the 
relation between the forces exerted by the bow and the steady vibration 
maintained by it, and the conditions under which the bow is capable of eliciting a 
sustained musical tone from the instrument. An experimental test of the results 
indicated by the theory on these points would obviously be of interest. Especially 
is this the case, as the analysis shows that the yielding of the bridge and the 
communication of energy from the strings through their supports into the 
instrument and thence into the air, play a very large part in determining the 
magnitude of the forces required to be exerted by the bow. An experimental study 
of the mechanical conditions necessary for obtaining a steady musical tone could 
thus be expected not merely to throw light on the modus operandi of the bow but 
also to furnish valuable information regarding the instrument itself, its character¬ 
istics as a resonator and the emission of energy from it in various circumstances. 
Further, a study of the kind referred to could be expected also to furnish 

*Bull. Indian Assoc. Cultiv. Sci., 1918, No. 15, pages 1-158. 
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illustrations of the physical laws underlying the technique of the violinist and to 
put these laws on a precise quantitative basis. The experiments described in the 
present paper were undertaken with the objects referred to above, and the 
description of the results now given in these Proceedings is preliminary to a more 
exhaustive treatment of the subject which it is proposed to give in the second 
volume of my monograph under preparation for publication as a Bulletin of the 
Association. 

Section II. Description of mechanical player 

As the object of the work was to elucidate the theory of production of musical 
tone from instruments of the violin family, it was decided that the experimental 
conditions should approximate as closely as practicable to those obtaining in 
ordinary musical practice. The general principle accordingly held in view in 
designing the mechanical player was to imitate the technique of the violinist as 
closely as possible. There was also another reason for adopting this course. It is 
well known that the bowing of a stringed instrument so as to elicit a good musical 
tone is an art requiring much practice for its perfect accomplishment. The 
performance of the same task by purely mechanical appliances under such 
conditions as would permit of accurate measurements of the pressure and speed 
of bowing and the discrimination by ear of the effect of varying these factors 
obviously involves difficulties which it was thought would be best surmounted by 
imitating the violinist’s handling of the bow as closely as the mechanical 
conditions would permit. A mechanical player designed on this general idea 
which has fulfilled the requirements of the work is illustrated in plate I. 

As can be seen from the photograph, a violin and a horse-hair bow of the 
ordinary type were used in the mechanical player. Instead, however, of moving 
the bow to and fro, it was found a much simpler matter from the mechanical point 
of view to keep the bow fixed and to move the violin to and fro with uniform 
speed. This was arranged by holding the violin lightly fixed in a wooden cradle, 
the points of support being the neck and the tail piece of the violin as in the 
ordinary playing of the instrument. The cradle was mounted on a brass slide 
which moved to and fro noiselessly on a well-oiled cast-iron track. The slide 
received the necessary movement forward and backward from a pin carried by a 
moving endless chain and working in a vertical slot carried by the slide. The chain 
was kept in motion by the rotation of one of the two hubs between which it was 
stretched, this hub being fixed on the same axis as the driving wheel seen in the 
plate.* 

*The whole of the apparatus was improvised in the laboratory from such materials as were to hand. 

The slide and cast-iron track were parts of a disused optical bench. The chain and hubs were spare 
parts purchased from a cycle-dealer. The ball-bearing of the axle of the lever (referred to below) was 

also part of a cycle. The other fittings were made up in the workshop. 
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The apparatus was driven by a belt running over a conical pulley which in its 
turn was driven by a belt passing over the pulley of a shunt-wound electric motor 
controlled by a rheostat which was allowed to run without any load except the 
apparatus. Using the rheostat and a Weston Electrical Tachometer, a very 
constant speed could be maintained during the experiments. Different speeds of 
motion of the slide carrying the violin were obtained by putting the driving belt of 
the apparatus on to different parts of the conical pulley, or by adjusting the 
rheostat. 

The mounting of the bow required special attention in order to ensure 
satisfactory results. As is well known, the violinist in playing his instrument 
handles the bow in such manner that when it is applied with a light pressure, only 
a few hairs at the edge touch the string. The bow is held carefully balanced in the 
fingers of the right hand, the necessary increases or decreases in the pressure of 
bowing being brought about by increase or decrease of the leverage of the fingers. 
The suppleness of the wrist of the player and the flaccidity of the muscles of the 
forearm secures the necessary smoothness of touch. These features are carefully 
imitated in the mechanical player. The violin bow is held fixed at the end of a 
wooden lath, an adjustment being provided so that fewer or more hairs of the bow 
may be made to touch the string of the violin. The lath itself is balanced after the 
manner of a steelyard, the axis of the lever being mounted on ball-bearings so as 
to secure the necessary solidity combined with freedom of movement. The weight 
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of the bow is balanced by a load hung freely near the end of the shorter arm of the 
lever. The axis of the lever can be raised or lowered to the proper height above the 
violin such that when the hairs of the bow touch the string, they are perfectly 
parallel to the cast-iron track along which the violin slides. This is of great 
importance in order to obtain steady bowing, as otherwise the bow would swing 
up and down with the movement of the violin along the track, and its inertia 
would result in a variation of the pressure exerted by it. Any residual oscillations 
of the bow due to the elasticity of the lever or imperfection in the adjustment 
referred to above are checked by the damping arrangement shown in the plate. A 
wire with a number of horizontal disks attached to it at intervals is hung freely 
from the shorter arm of the lever and dips inside a beaker of water or light oil. This 
effectually prevents any rapid fluctuations in the pressure of the bow and ensures 
a smooth movement. The pressure exerted by the bow on the string can be varied 
by moving a rider along the longer arm of the lever which is graduated. An 
adjustment is provided by which the block carrying the axis of the lever can be 
moved by a screw perpendicular to the track, and the distance from the violin- 
bridge of the point at which the bow touches the string may thus be expeditiously 
altered. 

It will be noticed that with the arrangements described above, the pressure 
exerted by the bow on the string of the violin would not be absolutely constant 
throughout, but would vary somewhat as the violin moves along its track from 
the point nearest to the point farthest from the axis of the lever. This is not 
however a serious difficulty as the lever is fairly long and the variation of pressure 
is thus not excessive. Further, the observations of the character of the tone are 
always made for a particular position and direction of movement of the violin and 
no ambiguity or error due to the cause referred to above arises. 

The speed of bowing may be readily determined from the readings of the 
Electrical Tachometer or directly by noting on a stop-watch the time taken for a 
number of strokes to and fro of the violin on its track. 

Section III. Variation of bowing pressure with the position of 
the bowed region 

One of the well-known resources of the violinist is to bring the bow nearer to or to 
remove it further away from the bridge of the violin, the extreme variation in the 
position of the bow being from about |th to about ^th of the vibrating length of 
the string from the bridge. In a recent paper on “The Partial Tones of Bowed 
Stringed Instruments” published in the Philos. Mag. (November 1919), I have 
discussed in some detail the changes in the amplitudes and phases of the various 
partials brought about by these changes in the position of the bowed region. In all 
the cases of musical interest within these limits, the mode of vibration of the string 
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is practically the same as in the principal Helmholtzian type* in regard to the first 

three partial components, but differs from it in respect of the higher components 
to an extent depending on the removal of the bow from the bridge. The ratios of 
the amplitudes and the relative phases of the first three partials remain practically 
the same throughout the range, the actual amplitudes for a given speed of the bow 
varying inversely as the distance of the bowed point from the bridge. The 
amplitudes of the fourth, fifth and higher partials vary in a similar way with the 
position of the bowed point provided this is not too far from the bridge, but 
deviate from this law more and more as the bow is removed further and further 
from the bridge. The net effect of bringing the bow nearer the bridge (its speed 
remaining constant) is greatly to increase the intensity of the tone of the 
instrument, and to make it somewhat more brilliant in character, as is of course 
well known. Simultaneously with these changes, the pressure with which the bow 
is applied has to be increased. The mechanical player described above may be 
used to find experimentally the relation between the bowing pressure and the 
position of the bow under these conditions. 

The graphs in figure 1 (thin lines) represent the results obtained with the player 
on the D-string of the violin. A few words of explanation are here necessary. As a 
finite region of the bow is in contact with the string, it is not possible to specify the 
position of the bow by a single constant. Accordingly, the positions of the inner 
and outer edges of the region of contact were noted in the observations. The 
graph therefore shows two curves connecting the positions of the two edges of the 
bowed region with the magnitude of the bowing pressure. The ordinates of the 
graphs represent the values of the minimum bowing pressure found necessary to 
elicit a full steady tone with pronounced fundamental. [For bowing pressures 
smaller than this minimum, the fundamental falls off in intensity, and the 
prominent partial becomes its octave or twelfth. In certain cases, as for example 
near the wolf-note pitch, we get ‘cyclical’ or ‘beating tones.]. It will be noticed 
from the graphs that the bowing pressure necessary increases with great rapidity 
when the bow is brought near the bridge. 

The curve in figure 1 (heavily drawn) lying between the experimental graphs is a 
representation of the algebraic curve x2y = constant. (The constant was, of 
course, suitably chosen). It will be noticed that the graph follows the trend of the 
experimental values quite closely. In other words, we may say that in the cases 
studied, the bowing pressure necessary varies practically in inverse proportion to 
the square of the distance of the bow from the bridge. It may be readily shown that 
this is the result to be expected from theory. In my monograph,* I have shown 

*The principal Helmholtzian type is the mode of vibration in which the time displacement graph of 
every point on the string is a simple two-step zig-zag. 

bulletin No. 15, pages 73 to 75. 
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that the minimum bowing pressure P is given by the formula 

P = 
Pa- ~ P, 

Pa 

where PA> is the maximum value at any epoch of the series 

n = oo 

I knB„ 
n= 1 

. (2nnt 
sml -y~ + en + en 

nnx, 
sin 

and PA is the value of the series at the epoch at which the bowed region of the 
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string slips past the bow. p is the statical coefficient of friction, and pA is the 
dynamical coefficient of friction during the epoch of slipping. B{, B2, etc. are the 
amplitudes of the partial vibrations of the string, kl9 k2, etc. are numerical 
constants for the respective partials depending on the instrument, the mass, 
length and tension of the string, and x0 is the distance of the bowed point from the 

end of the string. We have already seen that amplitudes Bn of the first few partials 
for a given speed of bowing vary in inverse proportion to the distance of the bow 
from the bridge, and their relative phases remain unaltered. In respect of these 
partials, the factor 

1/sin 
nnx0 

L 

also varies practically in inverse proportion to x0, so long it is a small fraction of /. 
To effect a simplification, we may proceed by ignoring the influence of all the 

partial vibrations except the first few, an assumption which is justifiable in the 
case under consideration, as by far the greater proportion of the energy of violin- 
tone is confined to the first few partials. Further, we may for simplicity, treat the 
difference (p — pA) between the statical and dynamical coefficients of friction as 
practically a constant quantity. This will not introduce serious error, provided 
the speed of the bow is not very small. For, if the slipping speed be fairly large, any 
changes in it due to change of the position of the bowed point would not seriously 
alter the dynamical coefficient of friction. On these simplifying assumptions, it 
will be seen from the formulae given above that, within the limits considered, the 
minimum bowing pressure should vary in inverse proportion to the square of the 
distance of the bow from the bridge, exactly as found in experiment. This relation 
would, of course, cease to be valid when the bowed point is removed too far from 
the bridge or when the speed of the bow is very small. 

Section IV. Relation between bowing speed and bowing 
pressure 

The changing of the speed of the bow is another of the well known resources of the 
violinist. The principal effect of this is to alter the intensity of tone. Pari passu with 
the change of speed of the bow, other things remaining the same, the violinist has 
to alter the pressure of the bow. The relation between these may be readily 
investigated with the mechanical player. The experimental results for the D-string 
and for a particular position of the bowed point are shown in figure 2. 

The graph shows the following features: (1) for very small bowing speeds, the 
bowing pressure tends to a finite minimum value; (2) the increase of bowing 
pressure with speed is at first rather slow; (3) later, it is more rapid, the pressure 
necessary increasing roughly in proportion to speed, and for large amplitudes of 
vibration possibly even more than in proportion to the speed of the bow. 
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Figure 2 

The foregoing results are, broadly speaking, in agreement with what might be 
expected on theoretical grounds.* This can be seen from the formula for the 
bowing pressure referred to in section III. With increasing speed of the bow, the 
amplitudes Bn of the partial vibrations increase in proportion, so that if the 
difference n~ Va between the statical and dynamical coefficients of friction be 
regarded as a constant, the bowing pressure necessary should vary directly as the 
speed of the bow. For very small speeds of the bow, however, it is not correct to 
take fj, — fiA as constant, and it would be nearer the mark for such speeds to take 
Li — iiA as proportional to the velocity of slip, that is, as proportional to the speed 
of the bow. Thus, for very small speeds of the bow, the pressure necessary should 
be nearly independent of the speed, that is, should converge to a finite minimum 
speed. For larger speeds of the bow, it would be correct to take // — \iA as constant 
and the bowing pressure should then vary proportionately with the speed. For 
very large speeds, the theory of small oscillations would no longer be applicable, 

♦Bulletin No. 15, pages 151-153. 
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and the quantities kl9 k2, /c3, etc. might increase with the speed of the bow. For 
such large speeds, the bowing pressure necessary might increase more than in 

proportion to the speed of the bow. 
A more precise discussion of the experimental results would be possible on the 

basis of quantitative data as to the manner in which the coefficient of friction 
between rosined horse-hair and catgut varies with the velocity of slip at different 

pressures. 

Section V. Variation of bowing pressure with pitch 

The pitch of violin tone depends on (1) the linear density of the bowed string, (2) its 
length, and (3) its tension, and may be varied by varying any one or other of these 
factors. In practice, the violinist varies the pitch by (1) altering the vibrating 
length by “stopping” down the string on the fingerboard, or (2) by passing from 
one string to another. The mechanical player may be used to investigate the 
dependence of bowing pressure upon pitch when the latter is varied in any of the 
ways that may be suggested. Obviously, the sequence of phenomena observed 
would not be exactly the same for the four strings of the violin as these are of 
different densities and tension, communicate their vibrations to the body of the 
instrument at different points of the bridge and also vibrate in considerably 
different planes relatively to the bridge and belly when excited by the bow in the 
usual way. In the experimental work now to be described, a particular string of 
the violin, e.g. the 4th or G-string, was used, and the pitch was varied as in the 
ordinary playing of the instrument by ‘stopping’ the string at different points. 
This was arranged by clamping the string down to the fingerboard, with a light 
but strong brass clamp shaped like an arch which could be put across the 
fingerboard, passed down upon it and then lightly fixed to it by two set-screws at 
the two ends. The inner face of the clamp was lined with leather to imitate the ball 
of the fingers of the violinist and to prevent damage to the strings. 

A few remarks are here necessary. In actual practice, when the violinist stops 
down the string so as to elicit a note of higher pitch, he generally takes the bow up 
rather nearer the bridge so as to preserve the relationship between the vibrating 
length of the string and the distance of the bow from the bridge. Strictly speaking, 
this should also have been done in the present investigation. But as it would have 
been somewhat troublesome and involved the risk of errors in the adjustment of 
the position of the bow, it was decided to keep the bow in a fixed position 
somewhat close to the bridge and to find the relationship between the bowing 
pressure and the pitch of the string under these conditions. We have already seen 
that when the bow is fairly close to the bridge, the bowing pressure necessary 
varies practically in inverse proportion to the square of the distance of the bow 
from the bridge. Accordingly, the effect of keeping the bow in a fixed position 
when the pitch is altered, instead of it bringing it nearer the bridge at each stage, is 
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to decrease the bowing pressure necessary in a progressive and calculable ratio. 
This effect does not accordingly interfere with our observation of the character¬ 
istic changes of bowing pressure with pitch, which are connected with the changes 
in the forced vibration of the bridge and belly of the violin brought about by the 
change in the frequency of excitation. 

The graph in figure 3 represents the relationship between bowing pressure and 
pitch within a part of the range of tone of the violin which includes the first three 
of the natural frequencies of vibration of the body of the instrument. The 
particular violin used was of German make, marked copy of Antonius 

Figure 3. Relation between bowing pressure and pitch (without mute). 

Straduarius, the bridge being of the usual Straduarius model. The experiments 
were made on the 4th or G-string, stopped down to various pitches. It will be 
noticed that the graph for the bowing pressure shows pronounced maxima and 
minima. There is a strong maximum at 270, another maximum between 470 and 
520, and a distinct hump between 520 and 570. These maxima pretty nearly 
coincide in pitch with the first three maxima of intensity of the fundamental in the 
tone of the violin as estimated by ear, in other words with the frequencies of 
maximum resonance of the instrument to the gravest component of the force 
exerted on it by the vibrating string. The maximum lying between 470 and 520 is 
specially interesting as this region exhibits the well-known phenomenon of the 
‘wolf-note’. In the ascending part of this portion of the graph, and especially at 
and near the peak of the curve, it is found that when the pressure of the bow is less 
than the minimum required to elicit a steady tone with a well-sustained 
fundamental component, we get ‘cyclical’ or beating tones of the kind described 
and illustrated by me in previous papers.* The rapidity of the beats depends on 

*Bulletin No. 15, also Philos. Mag. October 1916. 
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the pitch of the tone which it is attempted to elicit and also on the pressure and 
speed of the bow. A similar tendency to production of a ‘wolf-note’ though not so 
striking, is also manifested in the part of the graph between 520 and 570. The 
maximum in the region of 250 to 285 does not show a similar tendency, at any rate 
to any appreciable extent. It would appear that the gravest resonance of the violin 
chiefly involves a vigorous oscillation of the air within the belly of the instrument, 
but not so vigorous an oscillation of the bridge and belly as in the second and 
third natural modes of vibration which show the wolf-note phenomenon. Further 
evidence on this point is furnished by experiments on the effect of putting a load 
or mute on the bridge of the violin as will be referred to in the following section. 

The formula for the bowing pressure quoted on page 413 enables the variation 
of bowing pressure shown in figure 3 to be explained. In the series 

sm 

of which the graph practically determines the bowing pressure required, the Bn's 
stand for the amplitudes of the different partial vibrations of the string, and the 
K„ s are quantities which are practically proportional to the corresponding partial 
components of the forced vibration of the bridge transverse to the string at its 
extremity. In the case of a string bowed near the end, BJsin (nnx0i/L) varies nearly 
as 1/n3 and thus decreases rapidly as n increases. Further, in the part of the range 
of violin-tone covered by the graph in figure 3, the fundamental component of the 
vibration of the bridge should obviously be well marked, and Kl would therefore 
be of the same order of quantities as K2,K3, etc. or even larger. Hence the value of 
the series given above would be principally determined by its leading term 
proportional to Klf and the variation of bowing pressure with pitch would 
practically follow the fluctuations of in other words would follow the 

variations in the amplitude of the fundamental component in the forced 
vibrations of the bridge and pass through a series of maximum values at the 
successive frequencies of resonance of the instrument. This is practically what is 
shown by the experimental results for the bowing pressure appearing in figure 3, 
and the graph gives us an idea of the sharpness of the resonance of the instrument 
at each of the frequencies referred to. It must be remembered, however, that the 
bowing pressure required is also influenced by the terms proportional to K2, X3, 
etc. that is by the resonance of the instrument to the second, third and higher 
partial components of the vibration, and some evidence of this also appears in the 
graph in figure 3. For instance, though the first resonance of the instrument was 
actually found to be at a pitch of 284, the peak of the curve for the bowing pressure 
is at about 270 as can be seen from figure 3. This appears to be a consequence of 
the fact that the course of the curve is to some extent modified by the resonance of 
the octave. It is obvious that corresponding to the resonance of the instrument to 
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the fundamental tone in the range of pitch from 470 to 570, the octave should be 
strongly reinforced when the pitch lies within the range 235 to 285; hence the peak 
of the curve for the bowing pressure instead of being at 284 is actually shifted 
towards a lower frequency (270) as is seen from figure 3. 

Obviously, the experiments described in this section may be extended in 
various directions. The curves for the three other strings of the violin, and 
especially over the whole of the possible range of pitch of the tone of the 
instrument, and the differences between the curves obtained with the different 
strings would deserve investigation. The differences between different violins 
could obviously be studied by this method, and the constants Ku K2, etc. for any 
particular violin and string and for various pitches may be found experimentally 
by study of the free and forced oscillations of the bridge, and used for a theoretical 
calculation and comparison with experiment of the bowing pressure required for 
exciting the tone of the instrument. 

Section VI. Effect of muting on bowing pressure 

Perhaps the best illustration of the close relation existing between the forces 
required to be exerted by the bow and the communication of vibrations from the 
string to the bridge and belly of the instrument and thence to the air, is furnished 
by the effect of putting a mute on the bridge on the bowing pressure required for 
eliciting a musical tone. Very striking results on this point may be obtained with 
the aid of the mechanical player. Figure 4 illustrates the relation between bowing 

Figure 4. Relation between bowing pressure and pitch (with mute). 
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pitch and bowing pressure observed experimentally, the G-string of the violin 

being used as in figure 3, and the results shown in figure 3 and figure 4 being 
obtained under the same conditions except that in the latter case, a brass mute 
weighing 12*4 grammes was clamped to the bridge, while in the former case, the 
bridge was unmuted. The great difference between the two cases is obvious, and 
the change in the form of the graph for the bowing pressure shows a very close 
analogy with the change in the character of the forced vibration of the instrument 
and the intensity of the tone of the violin over the whole range of pitch produced 
by application of the mute. 

In view of the discussion of the graph for the bowing pressure contained in the 
preceding section, and the theoretical treatment of the effect of muting already 
given by me in previous papers* it is perhaps not necessary to enter here into a 
detailed examination of the subject, and it may suffice briefly to draw attention to 
some of the features appearing in the graph in figure 4. It will be noticed that there 
is a peak in the curve at a frequency of about 280. This is the pitch of the first 
resonance of the instrument, the fundamental component of the vibration being 
reinforced, and in this case, the position of the peak in the curve for the bowing 
pressure is not appreciably influenced by the resonance of the octave as in figure 3. 
It is clear that the pitch of the first resonance of the instrument is hardly 
influenced at all by the application of a load of 12-4 grammes to the bridge, and 
the bowing pressure required at the first peak of the curve is nearly the same as in 
figure 3. The first natural mode of vibration of the violin does not therefore 
appear to involve any very large vibration of the bridge. Following the peak at 
280, we have in figure 4 a very high peak near 330 which is the pitch of the ‘wolf- 
note’ as lowered by the mute of 12*4 grammes. The great lowering of pitch (from 
490 to 330) shows that the second mode of vibration of the body of the violin 
involves a very large vibration of the bridge, and the enormous increase of bowing 
pressure at the peak of the curve is also noteworthy. This can no doubt be 
explained on dynamical principles as due to the very greatly increased amplitude 
of the forced vibration of the bridge due to the loading. At higher pitches, the 
bowing pressure necessary falls off very rapidly, though one or two minor 
maxima (due to the resonance of the instrument in its higher modes as altered by 
the loading) are also obtained. The tone of the instrument in the higher ranges of 
pitch when muted is extremely feeble. 

Further investigations which are worthy of being carried out would be the 
study of the effect of gradually increasing the mass of the mute on the graph for 

the bowing pressure, and also of putting the mute at different places on the bridge. 
In view of what has been stated above, it is clear that we may expect the changes in 

* Philos. Mag. October 1916, Nature (London) October 1917, Philos. Mag. June 1918, and Bulletin 
No. 15, pages 143-151. 
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the form of the graph to follow closely the changes in the pitch of resonance of the 
instrument in its various modes produced by the loading. 

Section VII. Other applications of the mechanical player 

The investigations described in the preceding sections may be extended in various 
directions. Some indications have already been given on these points, and it will 
suffice here to suggest some of the other possible applications of the mechanical 
player. As the instrument affords a means of bowing the violin at precisely 
measurable speeds and pressures, it furnishes a means by which the intensity of 
violin-tone and its variations with pitch may be quantitatively determined and 
compared with the indications of mathematical theory. Various questions, such 
as for instance the effect of heavier or lighter stringing, the effect of varying the 
pressure, speed, and the width of the region of contact of the bow, and the position 
of the bowed region on the tone-quality of the violin may be quantitatively 
studied with a degree of accuracy that cannot be approached in manual playing 
with its undetermined conditions. Further, the study of the tone-intensity, of the 
bowing pressure curves, and of the vibration-curves of bridge and belly of the 
instrument under quantitative conditions made possible by mechanical playing 
may be expected speedily to clear up various structural problems relating to the 
construction of the violin, e.g. the effect of the peculiar form of the Stradinarius 
bridge, the influence of its position, the function of the sound-post and base-bar, 
the shape of the air-holes, the thickness, curvature and shape of the elastic plates 
composing the violin, and the influence of various kinds of varnish. The 
dynamical specification of the constants determining the tone-quality of any 
violin over the whole range of pitch may be regarded as one of the aims towards 
which these investigations are directed. 

Section VIII. Synopsis 

The paper describes the construction of a mechanical violin-player intended for 
study of the acoustics of the instrument, and some of the investigations in which it 
has been applied. The principal feature in the player which is worthy of notice is 
that the conditions obtaining in ordinary musical practice are imitated with all 
the fidelity possible in mechanical playing, and the results obtained with it may 
therefore be confidently regarded as applicable under the ordinary conditions of 
manual playing. The following is a summary of the results obtained in the four 
investigations described in the present paper: (1) Effect of the position of the bowed 

region on the bowing pressure: it is shown that provided the speed of the bow is not 
too small, the bowing pressure necessary within the ordinary musical range of 

bowing varies inversely as the square of the distance of the bow from the bridge. 
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(2) Relation between bowing speed and bowing pressure: it is shown that for very 
small bowing speeds, the bowing pressure necessary tends to a finite minimum 
value, and the increase of bowing pressure with speed is at first rather slow, but 
later becomes more rapid. (3) Variation of bowing pressure with pitch: the graph 
for the bowing pressure for different frequencies shows a series of maxima which 
approximately coincide in position with the frequencies of resonance of the 
instrument. (4) Effect of muting on bowing pressure: it is found that the mute 
produces profound alterations in the form of the graph. The bowing pressure 
necessary is increased in the lower parts of the scale and decreased in the higher 
parts of the scale. The peaks in the graph shift towards the lower frequencies in 
consequence of the alteration in the natural frequencies of resonance of the violin 
produced by the loading, and the change in the form of the graph is closely 
analogous to the change of the intensity of the fundamental tone of the 
instrument produced by the muting. 

Some further possible applications of the mechanical player are also indicated 
in the paper. 
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The theory of the cyclical vibrations of a bowed string 

c V RAMAN 

Introduction 

Ordinarily, the motion of every part of a stringed instrument excited by bowing is 
a periodic vibration capable of being represented by a simple Fourier series. The 
motion of the string and that of the bridge, belly and air, are all strictly periodic. 
Recently, in investigating a phenomenon the ’cello known as the “wolf-note”, 
which is observed when the G-string or D-string is bowed at a pitch equal or 
nearly equal to that of the strongest resonance of the instrument, G W White* 
found that the motion of the belly was of large amplitude and, instead of being 
periodic, was cyclical in character. White considered the phenomenon to be due 
to the beats which arise when the pitch impressed on the system approaches the 
natural pitch of the resonator. This view, though it seems a plausible one at first 
sight, is open to objection, and on careful examination is found to be inconsistent 
with the observed facts. Perhaps the most effective criticism of the suggestion put 
forward by White is to be found in the fact first noticed by me that cyclical 
changes in the vibration of the belly can be obtained by bowing the G-string or 
D-string of a ’cello, rather near the bridge and with a suitable pressure, at any pitch 
lying between, say, 210 and 370 vibrations per second. (The pitch of the wolf-note 
is about 176 vibrations per second, and there is another fairly strong point of 
resonance at 360 vibrations per second). This fact alone is sufficient to dispose of 
any suggestion that the cyclical changes require for their production any close 
approximation between the natural frequency of the resonator and the impressed 
frequency of vibration. 

From fundamental dynamical principles, it is evident that, if in any particular 
case the motion of the string is strictly periodic, the maintained vibration of every 
other part of the instrument must also be strictly periodic. It may be inferred, 
therefore, that when the motion of the belly is not simply periodic but is of a 
cyclical character, the vibrations of the string must also be of a cyclical character, 
and that the changes in the latter must precede (not follow) the corresponding 
changes in the former. This indication of theory can easily be verified 
experimentally, as shown in the communication by me published in Nature 

*G W White, Proc. Combridge Philos. Soc., June 1915. 
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(London)* As mentioned above, such cyclical changes occur not only at the wolf- 
note pitch, but also, under suitable conditions, at other frequencies of vibration, 
and any theory of the phenomenon must be capable of explaining this fact. 

Modus operandi of the bow 

It is in the mode of action of the bow that we must look for an explanation of the 
cyclical changes in the character of vibration of the string that occur under certain 
conditions. The system on which the bow acts consists of a stretched cord, one 
end of which is practically fixed, and the other end of which passes over the 
bridge, and is therefore capable of yielding under the periodic transverse and 
longitudinal components of the tension. Since the free periods of the string are 
modified by the yielding of the bridge, the problem of finding the motion 
maintained by the bow is by no means a simple one. As a preliminary to the 
discussion of the cyclical cases, we shall first briefly consider the general theory of 
the much more simple cases in which the vibration is of a periodic character. 

The dissipation of energy through the communication of vibrations to the 
atmosphere as sound-waves is evidently the central feature of the problem. The 
maintenance of a steady, stable form of vibration of the string is only possible if 

there is an exact balance between these energy losses and the energy drawn from 
the bow, and if this balance is also not liable to be upset by any slight alteration in 
the pressure of the bow. If we assume that the pressure with which the bow is 
applied is sufficiently large, such energy-balance is only possible when the bowed 
point is carried forward by the bow with its own velocity for a considerable 
fraction of the period, and during the other part or parts of the period of 
vibration, slides down with a velocity which is not necessarily uniform or 
constant. For, if the relative velocity at the bowed point did not thus become zero 
during a considerable part of the period, the maintaining forces (due to the 
difference in the friction acting on the bowed point in the forward and backward 
motions) would be far in excess of those required to maintain the motion; 
whereas, by the relative velocity actually becoming zero, the frictional force in 
such stages falls below the maximum statical value and can thus automatically 
adjust itself so as to secure the requisite balance of energy supply and loss. 
Mathematically expressed, the relation may be written as 

n— oo 

F(P, v - vB) = P0 + V k„B„ 

. (2nnt 
in —— V T 

+ 

n= 1 . nnx0 
sin—-— 

i 

*“On the wolf-note of the violin and cello,” Nature (London) 29th June 1916, page 362-363. A fuller 

discussion of the phenomena observed at the wolf-note pitch will shortly appear in the Philos. Mag. 
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where P is the pressure of the bow, vB its velocity, v the velocity of the bowed point, 
and F(P, v — vB) is the frictional force which is a function of the pressure and 
relative velocity. On the right-hand side, P0 is a constant, Bn sin(2nnt/T + e„) 

represents the nth harmonic component in the vibration of the string, x0 is the 
distance of the bowed point from the fixed end, and /c„, e'n are also constants. One 
sid6 of the equation thus represents the force exerted by the bow, and the other 
side, the resultant of the forces required to maintain the vibration in the presence 
of dissipative forces. 

From this result indicating the general nature of the motion at the bowed point, 
the next step is to deduce kinematical analysis, the characteristics of the various 
possible modes of vibration, and then, by summation of the series for the 
maintaining force, to find which of the types indicated by the kinematical analysis 
is dynamically possible for any given pressure or velocity of bowing. In two notes 
already published in this Bulletin,* I have already indicated the most convenient 
method of kinematical analysis. For our present purpose, it will be sufficient to 
remark that when the bow is applied at any point considerably removed from an 
end of the string, a considerable variety of possible modes of vibration is 
indicated. When however, the bow is applied near an end of the string, the range 
of possibilities becomes greatly restricted. In this case, if the motion at the bowed 
point be approximately representable by a two-step zig-zag vibration curve, the 
motion of every other point on the string is also approximately of a similar kind, 
as found by Helmholtz,+ and the motion is uniquely determined, the only 
alternatives being types in which the vibration-curve at the bowed point is a four- 
step or a six-step zig-zag etc. 

Conditions under which the motion is cyclical 

The mechanical theory of the periodic types of vibration thus indicates that when 
the bow is applied close to an end of the string, and its pressure is insufficient to 
maintain the well known simple type of vibration described by Helmholtz, the 
motion at the bowed point must alter to a type in which it is a four-step zig-zag or 
a six-step zig-zag, etc. the fundamental becoming feeble and even falling out 
altogether. The case is quite different if the bow be applied at a point sufficiently 
removed from the end; the motion at the bowed point may then alter to a very 
considerable extent so as to adjust itself to a change in the pressure of the bow, 
and yet remain approximately a two-step zig-zag. In view of this, it is a significant 
experimental fact that cyclical changes of vibration-form occur only when the 

*IV pages 1-4 and V pages 5-8. 

+See also the paper by myself and another on ‘Discontinuous wave motion’ Philos. Mag. January 

1916. 
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bow is applied with suitable pressure and velocity near an end of the string, and 
not when it is applied at a point sufficiently removed therefrom. We may 

reasonably infer that cyclical changes occur only when the pressure of bowing 
and other conditions are such that no one steady, stable form of vibration can be 
maintained. 

In order to fix our ideas, we may consider a specific case in which the quantity 
/ct is very large, in comparison with /c2, /c3, etc. Since /cA relates to the fundamental 
component, it is evident from the expression given above, that the pressure of the 
bow must be very considerable in order that the ordinary type of vibration in 
which the fundamental is dominant might be maintained. The critical value of the 
pressure necessary is evidently — sin e\)/sm(nx0/l)(n — fiA\ where \i and 
HA are the coefficients of statical and dynamical friction, respectively. When the 
pressure is smaller than this critical value, the mode of vibration in which the 
fundamental is dominant becomes impossible. The various alternatives which 
then arise are, (a) the fundamental may fall out altogether, in which case the string 
would vibrate in two segments in the usual Helmholtzian mode: or (b), 

intermediate forms may arise. The contingency in (a) may arise, and generally 
does arise, if the pressure of the bow be reduced to a value not much in excess of 
the critical pressure for the type of vibration in two segments. The string would 
then settle down to a steady state of vibration. The intermediate forms of 
vibration referred to in (b), would only be possible when the pressure of the bow is 
less than the minimum necessary to ensure a steady vibration with dominant 
fundamental, but still much in excess of that required for the contingency in (a). It 
now remains to be seen why, in the conditions which exist when cyclical forms of 
vibration are set up, no steady state of vibration is possible. 

The kinematical theory of the intermediate forms referred to in the preceding 
para is readily worked out, at any rate to a close approximation. They may be 
represented sufficiently closely by a mode of vibration in which two disconti¬ 
nuous changes of velocity travel along a string whose velocity-diagram consists 
of parallel straight lines. The discontinuous changes are, in general, unequal. The 
vibration-curve at the bowed point would, in general, be a four-step zig-zag in 
which the two ascending lines are straight and parallel, and the two descending 
lines are straight but not necessarily parallel to one another. In order that a steady 
vibration in such a mode might be possible, it is necessary that the force necessary 
to maintain it should be less than the statical friction in the two stages of ascent, 
and exactly equal to the values of the dynamical friction in the two stages of 
descent. As we assumed that kl is much larger than k2, /c3, etc., the force required 
to maintain the fundamental is far in excess of those required to maintain the 
second, third harmonics, etc. Since a large value of kx is generally the result of the 
fundamental being strongly reinforced by the resonance of the instrument, the 
phase constant e\ would also be considerably different from the phase constants 
e'2, e3 etc. It is readily shown that the resultant obtained by superposing these 
forces would not, in general, even approximately satisfy the condition for steady 
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maintenance stated above; even if it did approximately satisfy the condition for 
some particular value of the bowing pressure, it would not do so for other values 
of the pressure, and the motion would not therefore be stable. It is thus found that 
for the values of the bowing pressure contemplated, none of the intermediate 
forms of vibration is capable of being steadily maintained. Since a finite interval 
of time is required for any change in the amplitude or form of vibration, either of 
the string or of the rest of the instrument, we see that the conditions of the case 
discussed are favourable for the production of cyclical forms of vibration. 

Similarly when both kx and k2 are very large compared with k3, /c4, etc. or when 
k2 by itself is large compared with the constants ku k2, etc. and the bow is applied 
near an end of the string, cyclical forms of vibration are possible. 

The cases in which k2 or /c4, etc. are large compared with k1,k2, etc. are not of 
special interest. For, the amplitudes of the third and higher harmonics are small 
compared with that of the fundamental in the motion ordinarily maintained by 
bowing near an end of the string, and their influence is therefore too small to affect 
the possibility of a steady state of vibration. 

Nature of the cyclical process 

The main interest of the problem is in finding the character of the motion of the 
string at successive stages of the cycle, its relation to the corresponding changes 
in the vibration of the bridge and belly, the factors that determine these changes, 
and the number of periods of vibration comprised in each cycle. A rigorous 
mathematical formulation of all the conditions, though not impossible, would 
evidently be too complicated to be practically useful. The main results may 
however, be arrived at from broad theoretical considerations. 

In the initial stage, when the bow acts upon the string with a moderate pressure, 
it would evidently be capable of setting up a form of vibration which, later on, 
would fail to be maintained on account of the insufficient pressure of the bow 
when the belly attains its maximum vibration. The change in the form of 
vibration of the string thus caused would, in its turn, result in a falling off of the 
vibration of the belly, but on account of the inertia of the belly, this change would 
naturally lag behind that of the string to a considerable extent. By the time the 
belly vibration reaches its minimum, the string would have already attained a 
form of vibration which, with the reduced amplitude of the bridge-vibrations, 
takes up considerably less energy than the bow is capable of yielding. As a result, 
the string commences to regain its original form of vibration, and this is 
subsequently followed by a revival of the vibrations of the belly. The cycle then 
repeats itself indefinitely. 

While the description of the cyclical process given above holds good generally, 
individual cases differ very considerably in detail. If k{ is large, the largest changes 
in amplitude occur in the fundamental component of the vibration of the string, 
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and the vibration-curve of a point near an end of it passes by successive stages 
from the simple two-step to a four-step zig-zag (in which the fundamental is more 
or less feeble), and then back again to a two-step zig-zag. When k2 is large, the 
principal changes are in the amplitude of the second harmonic, and the case is 

therefore somewhat more complicated than the first. When both k1 and k2 are 
large, we may have more than one kind of cyclical change possible. 

As remarked above, the changes in the vibration of the belly lag behind those of 
the string by a considerable interval. Experiment shows this interval in a good 
many cases to be approximately quarter of a cycle. The total number of periods 
comprised in each cycle is evidently determined by the pressure of the bow, the 
frictional constants and the quantities ku /c2, etc. When k1 or k2 is large, the period 
of the cycle is practically a function of kx or k2 as the case may be. It is then 
approximately twice the interval of time in which the vibrations of the belly 
would decrease from the largest to the smallest amplitude actually observed in 
the cycle, if the belly were first excited by steadily bowing the string and the bow 
were then suddenly removed. 

Some experimental results 

That the dissipation of energy is the controlling factor in determining the 
phenomena discussed in this paper, may be very prettily illustrated by loading the 
bridge of a ’cello with a brass clamp weighing about 44 grammes. Instead of 
getting two resonance-frequencies at 176 and 360 vibrations per sec. as is the case 
when there is no load on the bridge, we then get four resonance-points, whose 
frequencies are 100, 137, 184 and 233. 

At the first and third of these frequencies, a very considerable vibration of the 
bridge and belly may be set up by bowing the string, but on removing the bow the 
vibration dies away quite slowly, showing that the rate of dissipation of energy is 
quite small at these frequencies. Cyclical effects are hardly noticeable at these 
frequencies, even with carefully-adjusted bowing pressure. At the two frequencies 
136 and 237, however, the damping is much more marked, (though it is still 
considerably less than at the two corresponding frequencies 176 and 360 when 
there is no load on the bridge), and cyclical effects are obtained fairly easily. 
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The subjective analysis of musical tones 

Every one who has attempted to analyse a musical sound by the unaided ear and 
has acquired some experience at such work will recognise the peculiar nature of 
the difficulties met with. The first stage is, of course, to learn to concentrate 
attention on the particular partial sound sought to be recognised, and this is 
greatly assisted by previously sounding a note of the same pitch and firmly fixing 
it in the memory, as recommended by Helmholtz in his Sensations of Tone. But 
even after one has acquired this habit of attention and has had years of practice 
and experience in acoustical work, the difficulty is only diminished and is not 
removed, as is shown by the fact that one may fail in some cases to distinguish a 
partial even if it be present, and that the use of a resonator is always a great 
advantage. 

Helmholtz, in a chapter on the subject in his Sensations of Tone, has 
discussed the difficulties experienced in the subjective analysis of sound at great 
length, and considers them to be the result of a natural tendency to fix attention 
on the synthetic rather than on the analytic characters of a compound sensation. 
This explanation is psychological rather than physical. That it does not go to the 
root of the matter is shown by a fact which Helmholtz himself mentions, namely, 
that it is easier to hear the unevenly numbered partials than the evenly numbered 
ones; this suggests that we should seek for a physical and mechanical explanation 
rather than a psychological one. Further, it is possible to work under conditions 
which eliminate any explanation of the difficulty of subjective analysis as due to 
lack of attention! When the observer has carefully prepared himself, as indicated 
above, immediately before an observation is made and his faculty of attention is at 
its highest level, he succeeds in observing the partial only in certain cases and not 
in others. From this, one may reasonably infer that the power of discrimination is 
limited chiefly by circumstances depending on the physical character of the sound 
and of the auditory mechanism of the ear, rather than by factors dependent on 
nervous perception. 

Some observations recently made by me indicate that the difficulty felt in the 
subjective analysis of musical tone arises mainly, if not entirely, from the 
phenomenon of the masking of pure tones of higher pitch by those of lower pitch 
discovered by A M Mayer (Philos. Mag., 2, 500, 1876), whose results have more 
recently been confirmed and extended by R L Wegel and C E Lane (Phys. Rev., 

23, 266, 1924). Mayer discovered that sounds which are of considerable intensity 
when heard by themselves are liable to be weakened and even completely 
obliterated by graver sounds of sufficient force. The surprising character of this 
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phenomenon must be experienced to be fully appreciated. That the auditory 
masking of pure tones of high pitch by those of lower pitch is the explanation of 
the difficulty felt in the subjective analysis of musical tone may be shown by 
simple experiments with a monochord. The observer selects a particular partial, 
say the 5th, for examination. By gently touching a node of this partial with one 
finger, and plucking the string repeatedly with another finger, the attention of the 
ear is fixed on the pitch of this partial. The damping finger is then removed, and 
the string is plucked sharply at a point not far from the end to elicit the full series 
of partials. The observer listens carefully for the 5th partial for a second or so, and 
then touches the string exactly at its node so as to damp out all the partials lower 
than the 5th. The 5th partial then sings out, and though theoretically its intensity 
should have been the same, actually a large apparent increase of intensity is 
usually perceived. The sound of the 5th partial, previously masked by the sound 
of the graver partials, asserts itself with vehemence when they are removed. 

A further confirmation of these ideas is furnished by studies of the manner in 
which the audibility of the upper partials alters when the absolute intensity of the 
sound or its quality is varied. These details are reserved for consideration in a 
forthcoming paper. 

C V RAMAN 

210 Bowbazaar Street 
Calcutta, India 
27 January 
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1. Introduction 

The theory of the vibrations of the pianoforte string put forward by Kaufmann in 
a well-known paper* ** has figured prominently in recent discussions on the 
acoustics of this instrument.1 It proceeds on lines radically different from those 
adopted by Helmholtz in his classical treatment of the subject.1 While recognising 
that the elasticity of the pianoforte hammer is not a negligible factor, Kaufmann 
set out to simplify the mathematical analysis by ignoring its effect altogether, and 
treating the hammer as a particle possessing only inertia without spring. The 
motion of the string following the impact of the hammer is found from the initial 
conditions and from the functional solutions of the equation of wave- 
propagation on the string. On this basis he gave a rigorous treatment of two cases: 
(1) a particle impinging on a stretched string of infinite length, and (2) a particle 
impinging on the centre of a finite string, neither of which cases is of much interest 
from an acoustical point of view. The case of practical importance treated by him 
is that in which a particle impinges on the string near one end. For this case, he 
gave only an approximate theory from which the duration of contact, the motion 
of the point struck, and the form of the vibration-curves for various points of the 
string could be found. 

There can be no doubt of the importance of Kaufmann’s work, and it naturally 

*Ann. Phys., 54 (1895). 
fProc. Phys. Soc. London, February 1913; Nature (London), 1913 and 1914, and Proc. Royal 

Institution, 1914 (Prof. G H Bryan). See also D C Miller, Science of Musical Sounds, Macmillan & Co., 
p. 207 (1915). 
** Sensations of Tone, English Translation by Ellis, p. 76, and Appendix V. 
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becomes necessary to extend and revise his theory in various directions. In several 
respects, the theory awaits fuller development, especially as regards the harmonic 
analysis of the modes of vibration set up by impact, and the detailed discussion of 

the influence of the elasticity of the hammer and of varying velocities of impact. 
Apart from these points, the question arises whether the approximate method 
used by Kaufmann is sufficiently accurate for practical purposes, and whether it 
may be regarded as applicable when, as in the pianoforte, the point struck is 
distant one-eighth or one-ninth of the length of the string from one end. 
Kaufmann’s treatment is practically based on the assumption that the part of the 
string between the end and the point struck remains straight as long as the hammer 
and string remain in contact. Prima facie, it is clear that this assumption would 
introduce error when the part of the string under reference is an appreciable 

fraction of the whole. For the effect of the impact would obviously be to excite the 
vibrations of this portion of the string, which continue so long as the hammer is in 
contact, and would aslo influence the mode of vibration of the string as a whole 
when the hammer loses contact. A mathematical theory which is not subject to 
this error, and which is applicable for any position of the striking point, thus 
seems called for. 

In the present communication, it will be shown how the general case of an 
inelastic particle impinging at any specified point on the string may be dealt with 
rigorously, and the magnitudes of the forces exerted during impact and the 
duration of contact may be calculated. To illustrate the method, a number of 
actual cases have been worked out numerically, and an attempt is made to 
compare the indications of theory with the results found in experiment. 

2. Analytical theory 

Two possible methods for dealing with the problem under consideration 
suggest themselves. The first is the rigorous application of the functional 
solutions of the equation of wave propagation after the manner of Kaufmann 
taking into account the multiple reflections that occur at the particle and at the 
two extremities of the string. As different expressions have to be used for the 
motion on the two sides of the striking point, it is obvious that such a treatment 
would be extremely cumbrous, and indeed of impracticable length. The other 
method that suggests itself is that of expressing the motion that ensues on impact 
as the resultant of the inharmonic vibrations of the string having a load attached 
to it at the striking point so long as the hammer is in contact with it, and thereafter 
as a free periodic vibration of the usual kind. Here also a difficulty arises. For the 
inharmonic trigonometrical series expressing the force exerted by the particle on 
the string is not uniformly convergent in the neighbourhood of the discontinuities 
in the function expressing its sum, and it is thus not practicable directly to carry 
out an accurate summation of its terms to enable the duration of contact 
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between particle and string to be found. By a judicious combination of the two 
methods indicated above, however, a fairly simple and straightforward process 
may be evolved for finding the graph of the force exerted by the hammer on the 
string for any position of the striking point, and thus determining the duration of 
contact. 

In the following analysis p is the linear density of the string, /, a, b represent 
respectively the length of the whole string and of the two parts into which the 
striking point divides it, and m is the mass of the impinging particle. 

The free periods of the loaded string are determined by the values Xu X2, X3, etc. 
satisfying the equation* 

psinXyl = mXysmXyasinXyb. (1) 

The displacement f at any point of the loaded string is expressed by the infinite 
series, 

C= X </>ysin c^yt 
y= i 

sin Xyx sin Ayb 

sin Xya sinXy(l — x)’ 

where c is the velocity of transverse waves on the string, and the alternative 
expressions refer to the two parts of the string. 

The constants (j>l9 </>2, etc. in (2) have to be found from the initial conditions. 
The system is initially without velocities or displacements except in regard to the 
particle of mass m, which has a velocity v. Using the notation adopted in article 
101 of Lord Rayleigh’s Theory of Sound, 1, we find that the displacement f 0 of the 
point struck at any instant during the impact is given by the expression 

y = oo ^ . , mv sin2 Xya sin2 Xyb 
fo= L sin cXyt- (3) 

y = i 
cL pUy dx 

where 

r 
pUydx = m sin2 Xya sin2 Xyb 

*1 

+ p sin2 Xyx sin2 Xybdx + sin2 Xya sin2 Xy(l — x)dx 
_ V 0 «, a _ 

(4) 

Integrating (4) and simplifying by the aid of the relation given in (1), we obtain 

r y = °° 2t?sin clytjcXy 

*=0 — 1 2 2 „ , Ul^n2 (5) 
y= x x + p/m{a/sin2 Xya + b/sin2 Ayb) 

The force — m(d2C0/dt2) exerted by the particle on the string is therefore given 

*Lord Rayleigh’s Theory of Sound, article 136. 
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by the equation 

y — oo 
d2Co v 

— ftl- = / 
y=i 1 + n/m(a/sin2 la + b/sin2 lyb)' 

2mvcly sin clyt 

d V 

Equation (6) expresses the force exerted by the particle on the string as the sum 
of an infinite series of simple circular functions of the time, whose frequencies are 
the same as that of the vibrations of the loaded string, and whose relative 
magnitudes depend only on the ratio of the mass of the hammer to the mass of the 
string, and the ratio in which the striking point divides the string. As remarked 
above, a difficulty arises in attempting to carry out a numerical summation of the 
series for all values of f, owing to the discontinuous nature of the function which 
the sum represents. This difficulty may, however, be evaded, and the work of 
numerical computation greatly simplified, by finding the magnitudes of the 
discontinuities in the function and the instants of time at which they occur 
directly from the principles of wave-propagation. This may be done in the 
following way. 

At time t — 0 the particle impinges on the wire, and two discontinuous changes 
of velocity, each equal to v (the initial velocity of the particle), travel out, one on 
each side of the string, reach the ends of the string in due course, are reflected, and 
return again, much in the same way as in the theory of the Helmholtzian 
vibrations of a bowed string. When a discontinuity reaches the particle it is 
reflected out again without alteration of magnitude. This follows from the fact 
that the particle constitutes in effect a region of infinite density on the string. 
Thus, at intervals of time 2a/c, 4a/c, etc. and again at intervals 2b/c, 4b/c, 6h/c, etc. 
counting from the commencement of the impact, we have discontinuous changes 
of velocity reaching and being reflected from the particle. At these instants the 
acceleration of the particle suffers corresponding discontinuous changes. At the 
commencement of the impact the pressure exerted by the particle on the string is 
equal to 2^icv, as can be shown directly from the principle of the conservation of 
momentum. Accordingly, at the instants t = 2a/c, 4a/c, etc. and also at the 
instants t = 2b/c, 4b/c, etc. the pressure exerted suffers discontinuous increases of 
2ncv. (If in any case the reflected waves from the two ends arrive simultaneously at 
the striking point, the pressure would increase by 4p,cv) In the intervals between 
the arrival of the reflected waves the pressure exerted by the particle would 
decrease in a continuous manner defined by equation (6) above. 

Now the question is, what would the series in (6) represent at the points of 
discontinuity, that is, when t is put equal to 2a/c, 4a/c, or 2b/c, 4b/c, etc.? It is clear 
that by taking a sufficient number of terms, we should obtain a sum which 
converges to the mean value of the function at these points, and for this purpose a 
much smaller number of terms (say 10 or 12) would suffice than would be 
necessary if we attempted to compute the form of the function itself in the 
neighbourhood of the discontinuities. Having ascertained the mean value of the 
function at a point of discontinuity, its two actual limiting values follow at once 
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by adding and subtracting half the magnitude of the discontinuity, that is, pcv. (If 
two reflections arrive simultaneously at the striking point in any case, we have 
respectively to add and subtract 2pcv) The graph of the continuous part of the 
function may be then filled in in free hand by joining up the alternate ends of 
successive discontinuities by smooth curves. 

3. Numerical computation of the force exerted by the hammer 

To illustrate the application of the foregoing theory to actual cases, the authors 
have carried out a numerical computation of the magnitudes and frequencies of 
the components of force exerted by the impinging particle on the string for a 
particular ratio of their masses (m/pl — 1-684), and for 27 different positions of the 
striking point situated at intervals along the string between its end and the centre. 
In the light of the practical experience gained, it may be useful to indicate briefly 
how the work may be arranged, so as to secure sufficient accuracy with the 
minimum of labour.* 

The first step is the determination of the values of Ay, which satisfy equation (1). 
If the mass m of the hammer be zero, these values are n/l, 2n/l, 3n/l, etc. On the 
other hand, if m be very large, Al tends to zero, and the higher roots fall into two 
groups which tend to the limits n/a, 2n/a, 3n/a, etc. and n/b, 2n/b, 3n/b, etc. 
respectively. For any actual value of m, the lowest root k1 of equation (1) has to 
be found by trial. The work may be lightened when it has to be done for a large 
number of positions of the striking point, by first finding Ax by trial for three or 
four positions of the striking point at wide intervals on the string, and then finding 
it for the other points by graphical interpolation and testing the values thus 
obtained by actual substitution in the equation (1). The calculation of the higher 
roots of this equation is a simpler task. For, to a first approximation, Ay is equal to 
either pn/a or qn/b, where p and q are integers. To a second approximation, Ay is 
equal to pn/a or qn/b, plus a correction which is either p/mnp or p/mnq. (In special 
cases, where pn/a = qn/b, the correction to the value of Ay is p(p + q)/(mnpq)). The 
values of k4, ks, A6, etc. thus obtained are generally sufficiently accurate, but the 
values of A2, A3 may require further improvement by actual test against equation 
(1), especially when the striking point is close to the end of the string. 

The second step is the determination of the magnitudes of the components of 
force from equation (6). The fact that sin Aya and sin Ayb appear both in 
equations (1) and in (6), helps to save some labour. Except when y = 1, one of these 
quantities, that is either sin Aya or sin Ayb, is generally small in comparison with 
the other, and the magnitude of the component of force in (6) is practically 

*The authors wish here to acknowledge the assistance they have received from Mr Durgadas Banerji, 

M.Sc., in carrying out part of the numerical work. 
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determined by the smaller of the two quantities, which alone requires to be 
determined with accuracy. This may be found from (1), so as exactly to satisfy this 
equation, the approximate value of Xy (ascertained as indicated in the preceding 
paragraph) being used for the computation of the other quantities in the 
equation. The results thus obtained may be substituted in the denominator of (6), 
and enable the force-components to be accurately determined. 

It is of interest to notice the manner in which the computed magnitudes and 
frequencies of the components of force are found to depend on the position of the 
striking point. Since the frequencies of the components are those of a string 
carrying a load at the point of impact, they form a series of which the terms (in 
accordance with a well-known principle) are separated by the natural frequencies 
of the unloaded string. The frequency of the rth component of force is thus 
intermediate between that of the rth and (r — l)th harmonics of the string, and is a 
maximum when the striking point is at a node of the rth harmonic and a 
minimum when at a node of the (r — l)th harmonic. 

The magnitudes of the components of force similarly fluctuate, but to a much 
larger extent than their frequencies, and in the opposite direction. Thus the rth 
component of force is zero when the striking point is at a node of the rth 
harmonic, and is a maximum when it is a node of the (r — l)th harmonic, being 
largest when the node is that nearest the end of the string. For example, the ninth 
component of force which is zero when the striking point is at 1/9, rises rapidly to a 
large maximum when it is shifted to //8, and falls quickly again to a small fraction 
of this value when it is further shifted to l/l or 1/6 or 1/5. It shows similar 
fluctuations when the striking point is moved still nearer the centre of the string, 
becoming zero when the stiking point is at 2//9 or 3//9, and reaching large values 
when it is at 21/S, 31/S, or 41/S, but these maxima are not so great as the first. The 
manner in which the frequencies and magnitudes of the components of force 
change when the striking point approaches very near one end of the string is 
sepecially worthy of notice. Here the first component (which elsewhere is 
generally much larger than the rest) falls off rapidly in magnitude, and as the 
striking point is brought nearer and nearer the end, the second, third, and higher 
components increase, and become in succession the largest in magnitude, and 
each turn then falls off, giving precedence, as if were, to the next component in 
the series. The maximum value of each component is reached when its frequency 
falls to the minimum value and begins again to rise steeply. 

4. Graphical determination of the duration of contact 

Using the computed values of the magnitudes and frequencies of the components 
of force, the graph representing the discontinuous fluctuations with time of the 
force exerted by the impinging particle on the string may be plotted in the manner 
explained in a previous section. The point at which the graph cuts the axis of time 
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Time 

Figure 1 

gives at once the duration of contact. Figures 1 and 2 represent the force-time 
graphs for the two cases in which the striking point is at //40 and at 1/9 

respectively. These diagrams are given to illustrate the manner in which the form 
of the graphs and the duration of contact alter as the striking point is removed 
further and further from the end. In both of these cases, the hammer loses contact 
with the string long before the wave started by the impact has had time to reach 
the farther end of the string and to return after reflection to the striking point. The 
discontinuities appearing in the graphs accordingly represent the successive 
reflections of the waves between the striking point and the nearer end of the string. 
It will be noticed that in figure 1 12 discontinuities appear which are close 
together, and in figure 2 there are only six which are further apart. The effect of 
removing the striking point further from the end of the string is to increase the 
duration of contact in a continuous manner, so long as the number of 
discontinuities in the graph remains unaltered. At the successive stages, however, 
at which the number of discontinuities in the graph decreases by unity, the 
duration of contact decreases by a finite amount in a discontinuous manner, these 
jumps being the greater and further apart, the more distant the striking point is 
from the end. 
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Time 

Figure 2 

Figure 3 

It is thus clear that the duration of contact is a discontinuous function of the 
position of the striking point. 

When the striking point is so far removed from the end of the string that 
reflections from both ends of the string have to be taken into account, then either 
a decrease or an increase in the duration of contact may take place in a 
discontinuous manner: the former when the number of discontinuities in the 
graph goes up by unity with the change in the position of the striking point, and 
the latter when it goes down by the same amount. The whole course of values for 
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the duration of contact for 27 different positions of the striking point between the 
end and centre of the string is shown in figure 3. The duration of contact found by 
this method agrees exactly with that found from Kaufmann’s treatment for the 
case in which the striking point is at the centre of the string. There is also sensible 
agreement of the duration of contact with that found by the approximate method 
of Kaufmann when the striking point is sufficiently close to the end of the string; 
say at 1/40 or 1/20. Elsewhere, Kaufmann’s approximate treatment fails. 

Figures 1 and 2 also illustrate another feature which is worthy of notice. The 
dotted lines in the two diagrams represent the graphs of the force exerted by the 
impinging particle on the string, if the more rapid periodic fluctuations which 
may be regarded as due to the vibrations of the shorter segment of the string are 
neglected. It is seen that the two dotted curves are distinctly unsymmetrical in 
shape and follow in fact the outline of a damped harmonic curve. This is in 
agreement with the approximate theory given by Kaufmann. 

5. Some experimental results 

The result indicated by the foregoing theory that the duration of contact is a 
discontinuous function of the position of the striking point appeared worthy of an 
experimental test. This was attempted in the following way. A steel wire 150 cm 
long, was nickeled and silver-plated so as to ensure its surface giving good electric 
contact, and stretched over the bridges of a sonometer. The linear density of the 
wire was 0.095 g per centimetre. A small solid brass cylinder was mounted at the 
end of a light pivoted shaft, and could be caused to impinge transversely on the 
wire. Immediately on impact, the cylinder and shaft of the hammer completed an 
electric circuit through the wire and a sensitive Leeds and Northrup ballistic 
galvanometer. Three or four readings of the throw of the galvanometer were 
taken for each of a large number of positions of the striking point, and the average 
struck. To secure that the variable electric resistance at the point of contact 
should not influence the results, a non-inductive resistance of half a megohm was 
included in the circuit. The results for two different masses of the impinging 
cylinder have been plotted in figure 4. 

It is obvious from the experimental curves that the duration of contact does not 
continuously increase as the striking point is removed further and further from 
the end of the string, but that it is subject to rapid fluctuations, the magnitude of 
which increases as the striking point is moved away from the end. Of the two 
curves shown in figure 4, the upper relates to the case of an impinging cylinder 
having a mass of 24 g, and the second of a cylinder having a mass of 16 g, the 
figures in each case including a correction for the inertia of the shaft calculated 
after the manner of Kaufmann. The ratio of the mass of the hammer to the mass of 
the string for the upper of the two curves in figure 4 is the same as that for which 
the theoretical computations have been carried out and plotted in figure 3, and 
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Figure 4 

the general resemblance between the computed and observed curves is obvious. 
Why there is not a much closer agreement is an open question. 

It must be remembered that, in many respects, the experimental arrangements 
do not strictly reproduce the conditions assumed in the theoretical calculations. 
The finite size of the cylinder and elastic flexure of the shaft, the stiffness of the 
wire and its yielding at the ends, and the effect of gravity on the motion of the 
impinging cylinder, are factors which probably influence the results in an 
appreciable degree. There is no doubt, however, that the experimental results 
shown in figure 4, broadly speaking, confirm the correctness of the theoretical 
results, and the suitability of the method of calculation set out in the paper. 

From an acoustical point of view, a further development that would be of 
interest is the theoretical determination (and comparison with experiment) of the 
manner in which the amplitudes of the fundamental and higher harmonic 
components of the vibration of the string excited by impact depend on the mass of 
the hammer and the position of its striking point over the entire possible range.* 
It may be remarked that equations (2) and (5) of the paper determine the motion 
at every point of the string during the continuance of the impact. The motion, after 
the hammer has left the string, would have to be separately determined. This 
could no doubt be found from the known displacements and velocities at various 

♦The choice of the position of the striking point actually adopted in the pianoforte is no doubt determined 

by its influence on the useful effect produced by the impact of the hammer. See G H Berry, Philos. Mag., 

April, 1910. 
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points of the string at the instant the hammer leaves it. One way of doing this is by 
a geometrical method similar to that used by Kaufmann. A better method, 
however, would be to express the motion resulting from impact in terms of the 
forces exerted by the impinging particle and the duration of contact.* The graphs 
from which the duration of contact is determined would be very useful in this 
connection, as the necessary integrations could be carried out mechanically with 
the aid of these curves. 

6. Summary and conclusion 

The present paper is chiefly concerned with a revision and extension of the theory 
of the impact of the pianoforte hammer developed by Kaufmann. It is pointed out 
that the approximate method used by Kaufmann, in which he assumes that the 
part of the string between the striking point and the nearer end remains straight 
so long as the hammer is in contact is unsatisfactory, and cannot be ragarded as 
applicable when this part of the string forms an appreciable fraction of the whole. 
It is shown how this assumption may be dispensed with, and the general case, in 
which an inelastic particle impinges at any point on the string, may be dealt with 
rigorously and subjected to numerical computation. The manner in which the 
force exerted by the impinging particle varies is determined, partly from the 
functional solutions of the equations of wave-propagation, and partly from the 
theory of normal vibrations. Numerical computations have been carried out of 
the components of force for a particular ratio of the masses of the string, and of 
the impinging particle, and for 27 different positions of the striking point, and the 
duration of contact is deduced by a graphical method. An interesting result 
obtained is that the duration of contact does not continually increase as the 
striking point is removed away from the end of the string, but is subject to 
discontinuous fluctuations. Experimental work, broadly speaking, confirms this 
indication of theory. 

The present paper is preliminary to a more complete investigation, in which the 
authors hope to develop fully various points in the theory of the pianoforte, 
especially (1) the manner in which the amplitudes of the component partial 
vibrations of the string depend on the position of the striking point; (2) the effect of 
the mass and elasticity of the hammer; (3) the characteristics of the coupled 
vibrations of the string and soundboard of the pianoforte; (4) the manner in which 
these vibrations decay by communication of energy to the atmosphere; and (5) the 
theoretical determination of the quality of pianoforte tone. Further work on these 
points, and experimental tests on an actual pianoforte, are now in progress. 

In conclusion, the authors wish to thank Dr Gilbert Walker, F.R.S. who has 
taken a lively interest in their work, for his kindness in bringing it before the 
Royal Society. 

* Articles 128 and 130, Rayleigh’s Theory of Sound, 1. 
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The “Ectara” 

C V RAMAN, M.A. 
(Currency Officer, Rangoon) 

1. Lord Rayleigh has described an experiment in which a tuning-fork of 
frequency 256 say, is mounted upon a resonance-box corresponding to a 
frequency 512, and when strongly bowed, causes the latter to emit a tone of 
frequency 512, the primary tone of frequency 256 being partly or entirely 
suppressed. The effect is attributed to the curvature of the paths of points on the 
tuning-fork. Instances, in Acoustics of vibrating systems emitting tones of 
frequency higher than their own, on account of some such peculiarity inherent in 
them, not being common, I was induced to investigate for others. 

2. In the theory of the small oscillations of a stretched string, it is assumed as a 
working hypothesis, that the tension of the string is constant thoroughout the 
oscillation. When metallic wires are employed, it is obvious that, since these have a 

high Young’s Modulus, the amplitude of the oscillation should be very small 
indeed, if this assumption is to be valid. With larger amplitudes, such as can be 
obtained by plucking or bowing, we should expect a periodical fluctuation of 
tension, since, if its extremities are kept fixed, the length of the wire cannot be 
constant throughout an oscillation. With proper arrangements, the periodic 
fluctuation of tension can be rendered evident. 

3. A thin board (figure 1) has its four corners screwed into a rigid frame, leaving 
the central part capable of vibration. A metallic wire is attached perpendicularly 
to the centre of the board by a screw, nut, and washer. The wire, which is 
horizontal, passes over a hook, also attached to the rigid frame, and is weighted at 
the end. On plucking or bowing the wire, so that it vibrates in one loop, a loud 
note is emitted by the sounding board. It is easily shown in the following way, 
that the pitch-number of this note is not the same as the frequency of vibration of 
the wire; being much higher, in fact exactly the octave of it. An exactly similar wire 
of the same length is stretched on a Sonometer and its tension adjusted so that its 
note is in unison with the note emitted by the sounding board in the first case. It is 
then seen that its tension is much greater than that of the first. On equalising the 
tensions, it is found that the Sonometer note is an octave below the other. 

4. It is obvious that in the arrangement shown in figure 1 the wire being 
perpendicular to the sounding board, the oscillations of the former cannot excite 
the latter in the ordinary way. The vibration of the sounding board is therefore 
caused entirely by the periodic variation of tension above referred to. 

442 
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5. Strange as it may seem, there is in actual use in India, a musical instrument, a 
rather crude one, it is true, the working arrangements of which are, in essential, 
the same as those shown in figure 1. It is styled the ‘Gopijantra’ or oftener the 
‘Ectara,’ and is chiefly used, I find, by vocalists—those of the poorer sort—for 
striking key notes and marking time. The users of the instrument are apparently 
totally unaware of its unusual characteristics. I have had one of these instruments 
constructed for me, a diagramatic representation of which is given in figure 2. 

Figure 2 
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A is the thick shell of a gourd that has been cut across in two places. Over the 
lower section is stretched a membrane M. A metallic wire is attached per¬ 
pendicularly to the membrane at its centre, passes through the upper section of 
the gourd and is kept stretched by a key. The pieces of wood that attach the key 
and its block to the gourd, are flexible. On pressing these flexible pieces of wood 
inward, the tension of the string is relaxed: if they are pulled outwards, the tension 
is increased. 

6. The periodic variation of tension can easily be calculated in the case when 
the vibrating wire has both its ends fixed. The length of the arc of the sine curve 

y = a sin (nx/l) from node to node, is 

n 
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If T be the tension of the wire in the zero position and H be the modulus of 
extension of the wire, then the tension of the wire at any instant is 

T + H 
n2b2 n2b2 

-gp-cos2 Pt 

From this, it is obvious that the average tension depends to some extent on the 
amplitude of the oscillation and that the periodic element is of double the 
frequency of the vibrations of the wire. Of course, what is effective in forcing the 
oscillation of the sounder, is not the tension of the wire but the component normal 
to the plane of sounder, which if 6 be the angle between the normal and the wire at 
its extremity, may be written as 

n2b2 
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Since cos 0 is nearly equal to unity and the second term is small: that is as 
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the fourth term is obviously the well known ‘pressure of the incident and reflected 
waves’. The third is its periodic complement which, it may be noticed, is of double 
frequency. Since T is small compared with H, the last two terms may be neglected 
in comparison to the second. We revert therefore to the original expression. 
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7. Experiments with the ‘Ectara,’ of the kind described in para 3 conclusively 
proved that the pitch of the note emitted by it, was twice the frequency of the 

oscillations of the wire. With the use of a resonator it was however possible to hear 
a faint note of the same frequency as the oscillation of the wire along with the bulk 
of the note which was of twice that frequency.* 

It now remains to consider the dynamical theory of the instrument in detail. 
The ideal ‘Ectara’ would be constructed on the following lines: The vibrating wire 
would be perfectly inextensible and be fixed at one end and would be attached at 
the other end to the centre of a perfectly rigid massless plane sheet constrained to 
move in a direction parallel to the wire. This sheet would be backed by an inertia¬ 
less system (such as a long, excessively fine spring) keeping the tension of the 
vibrating wire absolutely constant. Under the circumstances, the oscillations of 
the wire, if in sine loops and even when of considerable amplitude, would be of 
normal character and the plane sheet would be constrained to execute in a 
direction perpendicular to itself, normal oscillations of double the frequency. If 
the oscillations of the wire be represented by y = b sin (nx/l) sin pt, the oscillations 
of the sheet would be given by X = — (n2b2/%l) cos 2pt. If the oscillations of the 
wire be compound and be represented by br sin (nx/l) sin (pt + ex) 
+ b2 sin (27rx/7) sin (2pt + e2) + etc- it may be shown by integration that the 
oscillation of the sheet would be given by 

X = — 
n2b\ 

~Sl 
cos (2 pt + 2ex) + 

4n2b22 

8/ 
cos (4 pt + 2 g2) + etc. 

8. The complications that may occur in practice, can be classified as (a) the 
wire may be extensible, (b) the sounding surface and its system have inertia, (c) the 
forces acting on the sounder apart from the tension of the vibrating wire, which in 
practice are due to its own flexure or deformation, may be variable and (d) the 
vibrations of the sounder are damped on account of the emission of energy. These 
may all be considered together. The sounding board or membrane may, as an 
approximation, be considered equivalent to a mass M with a spring q. These two 
quantities may conceivably vary with the frequency of the oscillations forcing the 
sounding board or membrane. Let T and / be the tension and length respectively 
of the wire, when the apparatus is at rest. The force exerted on the representative 
mass M and therefore also its fraction, is equal to T. Let Xl be the displacement at 
any instant during the oscillation, of M from its equilibrium position. The force 
exerted during M by its spring is T + qXv 

The wire at any instant is / + Cl — Cl cos 2pt — Xl where C — (n2b2/^l2). The 

*The tone having the same frequency as that of the oscillation of the wire was heard much more 

strongly when the wire executed its vibrations in the plane on the flexible rods, (figure 2), than when 
these took place in a perpendicular plane. In fact, in the first case there was very often an uncertainty of 

a whole octave in the pitch of the note heard by the unassisted ear. 
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tension of the wire at any instant, is therefore 

T + CH — CH cos 2 pt — 

The equation of motion of mass M is therefore 

H 

/ * 

[ MD2 4-kD + [q + 
l 

X j = CH — CH cos 2pt 

k being the damping factor. Putting X — Xx — (CH)/[q 4- (////)] the equation 
becomes 

where 
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that is, when the free period (without damping) of the system, sounding board— 
extensible wire, for oscillations parallel to the length of the wire, is half that of the 
transverse oscillation of the wire. 

9. The expression for the phase of the oscillation of the sounding board was 
verified experimentally for the case in which H/l was very large compared with 
4Mp2 or with q. In this case s = 0, and X = — C cos 2pt, which is also the result 

in the case of the ideal Ectara considered above. A brass wire was stretched 
between one side of a frame and the centre of a stout piece of twine stretched 
across the frame and kept deflected by the tension of the wire. The oscillation of 
the wire executed in the plane of the frame. A piece of paper pinned to the centre of 
the twine emitted a note the frequency of which was obviously twice that of the 
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oscillations of the wire. Any point on the wire had two movements, one transverse 
to the wire, and the other twice the frequency parallel to it, the latter being zero at 
the fixed end and maximum at the end attached to the twine. 

It was observed that the paths described, in the plane of the frame by points 
near this end were parabolas with their concavity directed, way from the movable 
end of the wire. It may easily be shown that the path of the compound motion 
X——C cos 2pt, y — b sin pt is a parabola. 

PS. The experiments described above bear upon the existence of variations of 
tensions in the free oscillations of a wire, if these are not of small amplitude. The 
results obtained have no direct connection with the case in which the oscillation 
of a wire is maintained by periodically varying its tension. 
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Oscillations of stretched strings 

C V RAMAN, M.A. 

A point in the theory of the forced oscillations of stretched strings-Experimental 

study of this point,-Localised change of phase at nodes.-Stroboscopic study of the 

small motion at nodes. 

Donkin falls into a curious error in his treatment of the problem of the forced 

oscillations of stretched strings (Acoustics, 2nd Edn., pp. 121-124). The question is 
‘to find the motion of a string when a given point on it is subjected to a given 
obligatory vibration, dissipation of energy being taken into account’—this last 
being necessary to make the theoretical treatment represent the facts truly. The 
problem is worked out by Lord Rayleigh (Theory of Sound, I, pp. 197-199) and 
by Donkin on the assumption that each element of the string is retarded by a force 
proportional to its velocity. Donkin, having obtained a rigorous and rather 
complicated expression giving the motion at any point, proceeds to simplify and 
discuss the result. His approximation, while giving correctly the amplitude of the 
motion at points not near a node, makes out the phase quite wrong. 

Starting with the assumption that the obligatory motion at the point x = b, is 
p sin nt + q cos nt his final approximate result for points not near a node is 
sin 6(p sin nt + q cos nt)/(sin2 </> + Sq cos2 </>)1/2 [for the meaning of the symbols, I 
refer the reader to the original]. Since in the above given expression sin 6 and the 
denominator do not involve the time, it follows that the phase of the oscillation 
for points for which sin 6 is positive, is the same as that of the obligatory motion. 
This is very different from what a study of the general theory of resonance and a 
consideration of the question of supply of energy to the vibrating string lead us to 
expect. The exact step in his approximation which introduces the error is putting 
tan O = q/p where 

tan $ = (qo0 sin (p + pS0 cos (p)/(p(J0 sin </> — qS0 cos </)). 

To make the error clear, we may, without loss of generality put q = 0. Then 
tan = S0 cot = f(p cot <p = c(p cot cp/2n. Though the damping factor c is 
very small, we cannot, as Donkin does, put it equal to zero. For, the coefficient of 
the term cot </> is very large and when 0) = in at the exact stage of resonance, 
becomes infinite. At this stage tan 0 becomes oo and = n/2, whereas Donkin 
would have tan $ = 0 and therefore 0) = 0. 

A general idea of the correct facts of the case can be had from very simple 
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considerations. Since the energy requisite for the maintenance of the vibration is 
supplied at one point of the string and is communicated to the different sections of 
the string through the nodes, these are not points of absolute rest but have a small 
motion. Since on opposite sides of a node, at some distances from it, the velocities 
and displacements are in opposite directions, i.e. in opposite phases, the small 
motions at and near the node must necessarily be in intermediate phases.* But the 
point at which the obligatory motion is imposed is when the tension is adjusted so 
that resonance occurs, itself situated at or near a node. It follows therefore that 
the imposed obligatory motion and the resultant vibration of the greater part of 
the string are in general in very different phases. 

Experimental study of this point 

I have devised some experimental methods of investigating the phase relations 
between the obligatory motion imposed at one point of the string and the 
resultant general vibration of the string. In this note only the two best will be 
mentioned. 

Direct method: The obligatory motion at one point is secured by the ordinary 
arrangement of attaching the extremity of a stretched string to the prong of a 
transversely-vibrating tuning fork. A short length of the string is brightly 
illuminated and by the aid of a lens an image of it is formed in the field of view of a 
stroboscopic disc. A steel mirror attached to a prong of the tuning fork serves to 
reflect the light issuing from a horizontally-held illuminated slit, and a second 
lens focusses the reflected light into a linear image in the field of view. The two 
lines of light are then brought into juxtaposition; on starting the tuning fork 
which is electrically maintained, they spread themselves into bands of light. These 
again resolve themselves into slowly-moving lines of light when the stroboscopic 
disc is set rotating at a suitable speed. It can then, generally speaking, be seen at 
once that they are not in the same phase. As the tension of the string is gradually 
raised from some value below that necessary for resonance to one above it, a 
continuous and complete reversal of phase in the motion of the string can be 
observed. At or about the point of maximum resonance one of the lines is a 
quarter of an oscillation in advance of the other. 

Method of Lissajous figures: As the vibration of the tuning fork is parallel to 
that of the string, a special device has been employed in Order to adapt this 
method to the case in hand. 

*It cannot be predicated from a priori considerations what exactly the phase of the vibration is at a 

point half way between the loops, i.e. a node. This must be left for dynamical investigation to decide. 

But if it can be assumed that the phase change is symmetrical, it follows that the vibration at the nodes 

differs in phase from the vibration at a loop by a quarter of an oscillation. This point will be 

investigated in the Fifth section of this paper. 
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A small mirror, M is fixed vertically (figure 1) to the end of a light brass lever L. 
This lever is pivoted upon a vertical axis and is actuated by a stout thread which 
with one end attached to a prong of the tuning fork, T passes under a pulley and 
then being fixed at the other extremity to the lever, keeps the latter tightly pressed 
against a spring S. When the tuning fork (which is a massive one) is maintained in 
oscillation, the mirror M executes oscillations in a plane perpendicular to the 
excursions of the prongs of the tuning fork, the phases of the former and the latter 
being identical—this is secured by the inextensibility of the connecting thread. 
One point A on the string maintained in vibration is brightly illuminated 
throughout its excursion by means of a cylindrical lens, and the luminous line 
produced thereby is viewed by reflection, first at the fixed mirror RR and then at 
the oscillating mirror M. From the Lissajous figure (circle, ellipse or straight line) 
seen under these circumstances, the phase relation between the vibration of the 
tuning fork and that of the string (over the major part of it) can at once be inferred. 
In particular, the phase difference is found to be a quarter of an oscillation when 
resonance was about a maximum. 

Localised change of phase at the nodes 

We now proceed to the mathematical discussion of the problem in hand. The 
expression for the displacement at every point of the string maintained in 
vibration, as obtained by Lord Rayleigh in his investigation (Theory of Sound, I, 
pp. 197 to 199) is y(Rx/Rb) cos (pt + Ex — Eb) where tan £, = exp (/?x) —exp 
(-/to)/exp(/to) + exp(-/to)cotax corresponding to an obligatory motion y 
cos pt at the point x = b. For the meaning of the other symbols, I refer the reader 
to the original. Since /? is small Ex - Eb = tan "1 (/to cot ax) - tan ~1 (0b cot xb) 
and this may be put equal to zero except when cot ax or cot ab is very large. 

Two cases arise: (a) If ab is nearly equal to in, where i is any integer, the string 
between x = 0 and x-b is thrown into strong vibration, and the value of Ex — Eb 
is in general not negligible. In the special case a/? = in, Ex — Eb = n/2, except at the 
points on the string where ax is nearly equal to any multiple of n, (these points 
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being the nodes of the forced oscillation). We have already in the previous section 
considered experimental methods of verifying this result. 

(b) If ax is nearly equal to mn, m being any integer, this relation giving the 
positions of the nodes, (Ex — Eb) would again be not negligible. Its value in this 
case would of course depend on whether ab does or does not nearly satisfy the 
relation ocb = in. In order however to trace the changes of Ex — Eb with the change 
in the value of x we may simply assume b to be constant. It then appears that for 
points for which ax = in, its value differs by n/2 from that at points at 
considerable distances from these. In other words, the small residual vibration at 
the nodes differs in phase by n/2 from the vibration of practically all the rest of the 
string; if the point observed is not quite a node but slightly to one side of it, the 
difference of phase between its vibration and the general vibration of the string is 
smaller but still not negligible. 

Stroboscopic study of the small motion at nodes 

We now proceed to consider experimental methods of verifying the result (b) of 
the last section. It will be seen that in the second section of the present paper we 
have already discussed such methods for the particular case in which the node 
under observation is the one at or near which the obligatory motion is imposed. It 
therefore remains to deal with the other cases. 

Taking Lord Rayleigh’s result for the displacement at every point 
given in the last section, y(Rx/Rb) cos (pt + Ex — Eb\ we can, since R2 = 
sin2 ax + (k2x2/4a2)cos2 ax, and tan Ex = — (kx/2a)cot ax, write it as 
(y/Rfc)[sin ax cos (pt — Eb) + (kx/2a) cos ax sin (pt — Eb)Y; or, changing the origin 
of time, as (y/Rb)(sin ax cos pT + (/cx/2a) cos ax sin pT). Since k is small, the 
second term is negligible except at or near the nodes, these being the points where 
the first term is zero. The two terms differ in phase by a quarter of an oscillation. 
Taking this expression for the displacement at every point on the string, I have 
plotted (figure 2) the positions of the string at and near a node (other than the one 
at a = 0 i.e. the fixed extremity) at successive intervals of one eighth of an 
oscillation. The string is supposed to be parallel to the foot of the page. 

The string is maintained in a vibration in two loops, and the central node is 
observed, preferably through a magnifying glass, under intermittent illumination, 
the source of which is the spark of an induction coil worked with a tuning fork as 
an interrupter. The frequency of this tuning fork is approximately twice that of 
the tuning fork maintaining the oscillation of the string and it is maintained 
independently of the latter by passing through its electromagnet a part or the 
whole of the current running through the primary of the induction coil. It is 
observed that the frequency of this tuning fork, and therefore also the frequency 
of its beats with the other, can be varied somewhat by varying the pressure of the 
platinum wire and the contact breaker. Under the periodic illumination secured 
by this arrangement, the string is seen simultaneously in two slowly moving 
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positions. It is then observed that the point of intersection of these two lines, in 
other words, the fictitious node, instead of being stationary, executes a periodic 
movement of large amplitude parallel to the string. The characteristics of this 
movement can be best understood by reference to figure 2. The two positions of 
the string seen under the periodic illumination represent two stages of the 
oscillation in opposite phases. At T = 0 the positions intersect at O, this being the 
point half way between the loops, in other words, the real node of the oscillation. 
An eighth of an oscillation later, the point of intersection has moved towards the 
left to the point A. Then at T = {n/2p) the point of intersection is completely off 
the field; theoretically it should have moved off to the position of the loop, in other 
words, by a quarter of the total length of the string. It now reappears on the right 
and in another eighth of an oscillation moves up to B.AtT — (2n/p) the lines are 
again in their first positions. 

That the phase of the small motion at the node differs by n/2 from the motion at 
the loops of the string can be proved in the following way. If this be not true, 
the expression for the displacement, instead of being equal to (y/Rb) (sin ax 
cos pT + (/cx/2a)cos ax sin pT will be of the type {y/Rb)(s\n ax cos pT 
+ (kx/2a) cos olx cos pT — E) where E is not equal to tt/2. On plotting this 
expression in the manner of figure 2, it is found that in this case, as in the former, 
the point of intersection of the two positions of the string in opposite phases 
executes periodic movements of large range parallel to the string. But the 
important difference is that in this case the motion of the point is unsymmetrical, 
its velocity when at a given distance from O on one side and approaching it, being 
very much greater than its velocity when at the same distance from O on the other 
side and receding from it. Now, so far as can be seen, there is no effect of this kind 
in the actual experiment, the motion observed being symmetrical and of the type 
plotted in figure 2. 

It can therefore be regarded as definitely proved by experiment that the 
expression for the displacement at any point on the string is of the type 
(y/Rb){sin ax cos pT + (kx/2a) cos ax sin pT) the two terms differing in phase by a 
quarter of an oscillation. 
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Musical drums with harmonic overtones 

It is well known that percussion instruments as a class give inharmonic overtones, 
and are thus musically defective. We find on investigation that a special type of 
musical drum which has long been known and used in India forms a very 
remarkable exception to the foregoing rule, as it gives harmonic overtones having 
the same relation of pitch to the fundamental tone as in stringed instruments. Five 
such harmonics (inclusive of the fundamental tone) can be elicited from the 

Figure 1. Drumhead giving harmonic overtones. 
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drumhead in this type of instrument, the first, second, and third harmonics being 
specially well sustained in intensity and giving a fine musical effect. The special 
method of construction of the drumhead which secures this result will be 
understood from the accompanying illustration (figure 1). It will be noticed (1) 
that the drumhead carries a symmetrical distributed load, decreasing in 
superficial density from the centre outwards (this appears as a dark circle in the 
middle of the membrane, the load consisting of a firmly adherent but flexible 
composition, in which the principal constituent is finely divided metallic iron); 
and (2) that a second membrane in the form of a ring is superimposed on the 
circular membrane round its margin. 

The character of the vibrations of this heterogeneous membrane which give 
rise to its remarkable acoustic properties have been investigated by us. It is found, 
as might have been expected, that the fundamental pitch and the octave are 
derived respectively from the modes of vibration of the membrane without any 
nodal lines and with one nodal diameter. The third harmonic, we find, owes its 
origin to the fact that the next two higher modes of vibration of the drumhead 
(those with two nodal diameters and with one nodal circle respectively) have 
identical pitch, this being a twelfth above the fundamental. There is reason to 
believe that the fourth and fifth harmonics similarly arise from some of the 
numerous more complex modes of vibration of the drumhead becoming unified 
in pitch in consequence of the distributed load at the centre and round the 
periphery of the membrane. The central load also improves the musical effect by 
increasing the energy of vibration, and thus prolonging the duration of the tones. 

C V RAMAN 
SIVAKALI KUMAR 

210 Bowbazaar Street, Calcutta, India 
10 December 
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The Indian musical drums 

SIR C V RAMAN, Kt„ F.R.S., N.L. 
(Department of Physics, Indian Institute of Science, Bangalore) 

(Received 30 September 1934) 

1. Introduction 

Many years ago,1 I drew attention to the remarkable acoustic properties of the 
musical drums which are used as accompaniments to vocal or instrumental music 
and are extremely popular in India even at the present time. My investigations 
showed clearly that these instruments contained the solution in a practical form 
of the acoustical problem of transforming a circular drum-head giving in¬ 
harmonic overtones into a harmonic musical instrument. In its classical form, the 
instrument is known as the Mridanga, and is referred to in ancient Sanskrit works 
and is also pictured in the paintings on the walls of the Ajanta caves. It is thus 
clearly a very ancient invention, and its acoustical perfection must be considered 
a remarkable testimony to the inventiveness and musical taste of its progenitors. 
The physical study of the Mridanga, however, possesses more than a merely 
archaeological interest. As was pointed out in my earliest note on the subject and 
somewhat more fully in my article2 on musical instruments in Handb. Phys., the 
successful conversion of an inharmonic sequence of tones into a harmonic one 
has been effected in a very interesting manner. The drum has the special property 
of vibrating freely in different forms but with identical frequencies which can be 
superposed on each other. Some of the superposition forms have a striking 
simplicity, and indicate an analogy between the musical drum and the harmonic 
vibrations of a uniform stretched string. In view of the extreme brevity of the 
accounts previously published, it appeared desirable to set out more fully the 
results obtained. The subject is, however, far from being exhausted by the present 
report, and it is hoped that the paper is only the precursor of a complete treatise 
on the musical drums of India. 

*C V Raman, Nature (London), 500, 104, 1920. 
2Handb. Phys. Akustik, 8, 414, 1927. 
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2. Description of the instruments 

An immense variety of drums of various forms and shapes are to be found in use 
in different parts of the country. The musical drum, however, stands apart in a 
class by itself, and is used exclusively for high class chamber music where the noise 
of an ordinary percussion instrument would be intolerable. The classical form of 
the instrument known as the Mridanga is a two-sided drum which is played with 
both hands. Its shape resembles that of two truncated cones or flower-pots placed 
together end to end with the narrow ends outwards. The construction usually 
takes the form of a hollow wooden shell of the shape mentioned with both ends 
open over which the drum-skins are stretched. To enable the drum-skins to be 
tightened to any desired tension, and at the same time ensure a uniform tension in 
all directions, the following device is adopted. The drum-heads are firmly 
attached to circular hoops by interlaced thongs of leather. The hoops are then put 
over the ends of the drum. A long band of leather repeatedly passes through both 
the hoops and to and fro over the full length of the drum, in all exactly sixteen 
times at equal intervals along its circumference. The ends of the leather band are 
then tied together. The tuning of the drum is roughly effected by lightening up 
the leather cord by adjusting the position of 8 movable cylindrical blocks of wood 
over which it passes. The final adjustment is made by the strokes of a hammer 
which force down the hoop over which the drum-head is stretched to the extent 
desired. The arrangement enables the drum-head to be accurately adjusted to any 
desired tension, and, what is equally important, enables the tensions in different 
directions to be equalised with meticulous precision. One can travel from one end 
of India to the other and seek in vain for a Mridanga which has either more or less 
than sixteen tightening straps. It is clear, therefore, that the inventors of the drum 
not only realised the importance of equalising the tensions, but laid stress on 
having exactly the right number of tension equalisers, namely, sixteen. 

Apart from the details mentioned above, the special feature of the Mridanga 
consists in the construction of the drum-head played with the right hand. As 
originally put on, the drum-head is not a single piece of leather, but consists of 
three layers of drum-skin superposed on each other. In the final stages of 
construction, all the layers except one are taken out leaving only rings round the 
margin to reinforce one drum-skin which is left intact and is capable of vibration. 
Externally one such ring of leather is visible over the drum-head. The latter is then 
loaded symmetrically with a firmly adherent composition which is said to consist 
of finally divided iron-oxide mixed with charcoal, starch and gum. The laying on 
of this composition and making it firmly adherent are elaborate processes which 
take a great deal of time. Actually, the composition is put on layer by layer and 
pressed down by rubbing with a smooth piece of stone or metal. The thickness of 
the layer is greatest in the centre and shades down towards the margin. In some 
cases, it is found that the thickness is stepped down by three, five or seven stages 
towards the margin. Watching the process of putting it on, it is found that the 
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thickness and distribution are determined by testing the tone of the drum 
continuously as the work proceeds. 

The left-hand drum-head of the Mridanga is usually larger in size than the 
right-hand one. It is constructed in a similar manner to that described above, but 
without the central loading. In playing the instrument, however, the left-hand 
drum-skin is loaded with a piece of dough (kneaded wheat-flour) which is 
moistened and put on in sufficient quantity towards the centre to bring the pitch 
down to the desired value. 

A modern variant of the Mridanga is known as the Thabla. This really consists 
of two drums placed simultaneously with the right-hand and left-hand respec¬ 
tively. Both consist of wooden or metal shells open at one end only and covered 
with drum-skins. The drum-head of the Thabla played with the right-hand is very 

Normal modes of uniform membrane. 
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similar to that of the Mridanga. The drum played with the left-hand has a firmly 
adherent composition which is, however, unsymmetrically placed on the 
membrane. The purpose of such unsymmetrical loading is quite different from 
that of the symmetrical loading used in the right-hand drum, with which alone we 
are concerned in the present paper. The tension arrangements in the Thabla are 
similar to those in the Mridanga, with the difference that the tightening cords 
simply pass round the closed end of the Thabla. The number of tightening straps 
is exactly 16 as in the Mridanga. In some very recent forms of Thabla, the 
tightening is effected by 16 iron rods placed at equal intervals round the drums, 
each having a hook which goes over the circular hoop of the drum-skin and is 
provided with a tightening nut and bolt at the lower end. With this arrangement 
again it is possible to adjust the tensions very accurately to equality in all 
directions. 

The description of the Mridanga and of the Thabla given above is sufficiently 
comprehensive to cover all cases met with in practice. It must not be imagined, 
however, that all instruments going by these names are exact copies of each other. 
This is far from being the case. The individual examples differ notably in the size 
and shape of the wooden shell used, as also in the nature of the wood itself and the 
thickness of the shell. Notable differences also occur in the thickness of the leather 
used for the drum-skin, in the exact area and distribution of the central load, and 
specially also in the width of the marginal ring of the leather which is left 
superposed on the vibrating drum-head. In some forms of Mridanga or Thabla, 
the marginal ring is left very wide. In others, it is cut down to the barest minimum. 

3. Its acoustic characters 

The most striking feature which distinguishes the Mridanga and the Thabla 
from other forms of drum is the sustained character of the tones. This is evidently 
the result of two features in the construction, namely, the heavy wooden shell on 
which the drum-head is stretched and the symmetrical loading of the latter by a 
firmly adherent composition. A drum-head which is stretched on a frame of small 
mass is obviously incapable of prolonged vibration, owing to the rapid 
communication of movement to the supporting frame. The heavy rigid shell in 
the Mridanga or Thabla, on the other hand, is favourable to the sustained 
vibration of the drum-head. The loading of the drum-head greatly increases the 
energy of vibration and is therefore a factor which favours the emission of a 
sustained tone. The presence of the enclosed air within the shell is probably also a 
factor tending in the same direction. 

It is empirically observed that the width of the marginal ring of leather 
superposed on the drum-head has a notable influence on the duration of tone. 
The ring in fact acts as a kind of damper, and its width is adjusted to obtain the 
desired kind of tone. With a broad ring, we obtain a muffled tone of short 
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duration in which few overtones are present, while with a narrow ring, the tone is 
prolonged and is also brighter, containing more overtones. From these obser¬ 
vations, it is to be inferred that the purpose served by the marginal ring is 
mainly to suppress high tones which are not desired. The mechanism of such 
suppression is not difficult to understand. It is well known that in the case of a 
circular drum-head, the amplitude of vibration is relatively greatest towards the 
centre in the case of lower tones, but increases relatively towards the margin in the 
case of the higher overtones having several nodal diameters. The leather ring, 
therefore, acts as a damper for these high overtones without sensibly influencing 
the lower tones. Too broad a ring, however, carries the suppression to an 
undesirable extent, cutting out even the tones of lower pitch. As will be seen later 
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in the paper, the construction of the drum-head seeks to arrange the first nine 
normal modes of the membrane into a harmonic sequence of five tones. The 
existence of normal modes of still higher pitch can only serve to injure the final 
result, and their elimination may therefore be described as the purpose of the 
marginal ring. The latter cannot greatly affect the pitch of the graver tones 
inasmuch as the amplitude of vibration is rather small for such tones towards the 
margin, and the effect of the marginal ring considered as a load must therefore be 
unimportant. The contact between the ring and the drum-head is probably 
imperfect, and this should tend to make the ring act as a damper rather than as a 
load influencing the pitch. 

It should be mentioned that the Mridanga and Thabla, though they have much 
in common, are by no means identical in their acoustic properties. In the playing 
of the Mridanga, the flat of the hand is used more frequently, while with the 
Thabla, the finger tips are usually employed. 

4. The five tones of the drum 

The sustained character of the vibrations of the drum makes it possible to excite 
and observe them very readily. Indeed, one of the most striking properties of the 
harmonic drum is that any desired mode of vibration may be excited by simple 
percussion quite as easily as a stretched string may be caused to vibrate in one or 
other of its harmonic modes by touching it at a nodal point and plucking it 
suitably. The analogy is indeed very close as will be presently made clear. 

The gravest mode of vibration of the drum-head is, of course, that without any 
interior nodal lines. This is best excited by bringing down the flat of the palm of 
the hand smartly on the centre of the drum-head and then quickly removing it. 
Produced in this way, the deep hum-tone obtained is quite free from overtones, 
whereas the tone obtained by striking the drum with the finger tips contains 
overtones. 

The second tone of the drum-head is that having one nodal diameter. The 
professional drummer excites this by smartly striking the membrane with the 
edge of his palm laying his little finger along a diameter so as to bring it to rest, 
while the edge strikes the membrane and rapidly recoils from it. A clear sustained 
tone is obtained in this way. That the membrane thus excited vibrates with one 
nodal diameter at rest is readily demonstrated by strewing a little fine sand on it 
either before or immediately after the stroke. The sand gathers itself into a clear- 
cut straight line along a nodal diameter coinciding with the position of the little 
finger in striking. For the success of this experiment, one has, of course, to 
cultivate the professional touch in the manner of striking the drum. It is also very 
important to adjust the tensions of the membrane in different directions to 
equality with great care. If this is not done, the experiment succeeds only if the 
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drum is struck along the nodal diameter having the greatest or the least tension. 
When struck along a diameter with an intermediate tension, beats are heard, and 
the nodal diameter as indicated by the sand rotates to and fro about the centre 
periodically. If the beats are very fast, the sand is visible only as a little pile at the 
centre of the drum-head. 

There is another method of exciting the mode of vibration with one nodal 
diameter which is very simple and does not need any professional skill. This is 
merely to touch the membrane gently with one finger of the left-hand laid along a 
diameter near the margin, and to strike the membrane smartly with a finger of the 
right-hand at a suitable point on the perpendicular diameter. The finger touching 
the drum determines the position of the nodal diameter which is indicated by the 
sand forming a line across the drum-head (see figure 4). 

For exciting the third tone of the drum by itself, the simplest method is to touch 
the membrane gently with the fingers at two points near each other on the edge of 
the black central load and then strike the drum smartly with the finger at a point 
removed 90° away; a clear ringing tone is obtained, and if the two points touched 
are at a suitable distance apart, two parallel nodal lines stretching across the 
drum are formed by the sand (figure 5). The significance of this form relatively to 
the usual modes of vibrations of a circular drum-head will be considered later. 

The fourth tone of the drum is similarly excited by touching the edge of the 
loaded area lightly at three points, and striking the drum near its outer edge 
smartly with the finger at a point 90° away from the middle of the three points 
touched. If the three points touched are at suitable equal distances apart, the 
drum-head vibrates with three parallel nodal lines stretching across it, the 
position of which is indicated by the lines of the sand (figure 6). A clear ringing 
tone is heard at the same time. 

The fifth tone may similarly be excited by touching the edge of the loaded area 
at four points, and striking the drum smartly at a point some distance away on the 
marginal ring of leather. Except in large and specially well-made instruments, the 
duration of this tone is rather small, and it is not quite so easy to obtain its sand 
figures by percussion as in the case of the graver tones. 

The harmonic relationship between the five tones of the drum is readily 
appreciated when they are excited one after another in the manner described 
above. It will be noticed that the fundamental corresponds to the drum-head 
vibrating as a whole. The second harmonic corresponds to the drum-head 
vibrating in two equal parts separated by a nodal diameter. The third harmonic 
corresponds to a mode of vibration in which the drum-head divides into three 
parts separated by two parallel nodal lines. The fourth harmonic corresponds to a 
mode in which the drum-head divides into four parts separated by three parallel 
nodal lines. The fifth harmonic similarly corresponds to a case in which the drum¬ 
head vibrates in five parts separated by four nodal lines. The analogy with the 
simple case of a vibrating stretched string is thus remarkably close. 
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5. Superposition figures of the third harmonic 

We have now to consider the relationship between the normal modes of vibration 
of the drum-head and the series of harmonic tones given by it. As regards the first 
and second harmonics, no special remarks are necessary as the modes of 
vibration are unique in each case. The third harmonic, on the other hand, is 
produced by a combination, in any desired ratio of amplitudes, of the modes of 
vibration of the drum-head with one nodal circle, and the mode with two nodal 
diameters. The proof of this statement is very easy and is illustrated in figures 7 to 
12. It depends on the fact that by touching the drum-head gently at suitable 
points and exciting it by percussion, the mode of vibration with one nodal circle, 
and the mode with two nodal diameters may be excited, either each by itself, or 
together in any desired ratio of amplitude. In either case, the pitch of the tone 
obtained is identical, but the superposition gives rise to nodal diagrams which are 
observed as sand figures and assume varying shapes. 

The mode of vibration with one nodal circle is most readily obtained by 
touching the drum-head at some little distance from its centre with the tip of a 
pencil, and tapping the centre with a light hammer. If the point of damping has 
been suitably chosen, a nodal circle is obtained. If it is too near or too far from the 
centre, an elliptic sand figure is found. To obtain a very elongated ellipse, we 
touch two points which are very close to each other on the edge of the loaded area 
and strike the drum with the finger at a point removed from them by 90°. On 
increasing the distance between the two points touched, the ellipse straightens 
out and we obtain two parallel nodal lines running across the drum-head, and 
dividing it into three parts of which the middle has a smaller area than two outer 
ones. On further increasing the distance between the two points touched, the 
nodal lines curve outwards and assume the form of hyperbolae. Finally, when two 
points 90° apart on the edge of the loaded area are damped with the fingers and 
the drum is struck at the mid-point of the adjacent quadrant, we get two nodal 
diameters passing through the centre. 

6. Superposition figures of the fourth harmonic 

The fourth harmonic is given by the drum-head vibrating in one or other of two 
forms: (a) a mode with one nodal diameter and one nodal circle, (b) a mode with 
three nodal diameters, or by superposition of both these forms. This is 
demonstrated by the sand figures reproduced as figures 13-18. Most of the figures 
for the fourth harmonic are obtained by touching three points on the edge of the 
loaded area and tapping the drum with the finger just on the inner edge of the 
marginal ring of leather. If the three points touched are exactly 60° apart from 
each other, we get the mode of vibration with three nodal diameters. If they are 
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closer together but at equal distances the diagram takes the form of three lines, 
one of which is a diameter running across the drum-head and the other two are 
hyperbolae curved outwards. As a special case, we have the figure consisting of 
three parallel straight lines running across the drum. All these figures are 
evidently obtained by the superposition of the normal two modes mentioned 
above. To obtain by itself the mode with one nodal diameter and a nodal circle, 
the device is adopted of touching the loaded area at two points 90° apart, one at 
the edge of the loaded area and the other on the nodal circle itself and of tapping 
the drum-head near its edge. 

A specially interesting case is that shown in figure 18 where we have a nodal 
figure consisting of three lines, two of them running perpendicular to the third 
which is a diameter. This is really the same case as that of three parallel lines 
running across the drum-head and may be derived from it by reversing the 
relative phase of the two superposed modes of vibration. It is obtained by 
touching the edge of the loaded area at three points, one of which is removed by 90° 
from the mid-point of the other two. In general, when the three points touched are 
unequally spaced, we get curious curved nodal lines of which figure 17 is an 
example. These are clearly due to superposition of the two normal modes with the 
nodal diameters not coincident but inclined to each other. 

7. Superposition figures of the fifth harmonic 

From the fact that the fifth harmonic is obtained when four points on the drum¬ 
head are damped, it may be inferred that it arises from a superposition of at least 
two modes, namely, (a) one with four nodal diameters only, (b) one with two nodal 
diameters and a nodal circle. Experiments made at Calcutta in 1919 with a fine 
large Mridanga showed that in reality we have also a third mode superposed on 
the above, namely, the mode with two nodal circles only. By touching the drum at 
suitable points, it was found possible to excite any of the foregoing three modes by 
itself, and obtain the relative sand figures, the pitch of the modes being the same in 
all the three cases. If it is possible to excite the drum in sustained vibrations of this 
frequency, a great variety of superposition figures should evidently be capable of 
being obtained. 

8. Summary 

The paper gives a detailed description of the results obtained by the author in the 
year 1919 which showed that in the Indian musical drums we have a circular 
drum-head which is loaded and damped in such a manner that all the overtones 
above the ninth are suppressed and these nine are grouped in such a manner as to 
give a succession of five tones in harmonic sequence. The vibrations of the drum- 
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head present a striking analogy to the case of a stretched string giving one or the 
other of its first five harmonics; the drum-head divides up into 1, 2, 3, 4 or 5 
sections giving the respective harmonics. The third, fourth and fifth harmonics 
are obtained by superposition of 2, 2 and 3 respectively of the normal modes of 
vibration. The corresponding superposed forms of vibration are readily obtained 
and demonstrated by means of sand figures. Numerous figures illustrate the 
paper. 

Figure 1. A group of Thablas. 

Figure 2. The Mridanga. 
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Figure 5 Figure 6 
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Figures 7-12 
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Figures 13-18 
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1. Introduction 

A fascinating field for research offers itself in the scientific study of the numerous 
kinds of musical instruments to be found in India. Some of these instruments of 
indigenous origin are of undoubted antiquity and disclose a remarkable 
appreciation of acoustic principles. An investigation of their special features in 
comparison with those of instruments of other countries may be expected to yield 
results of great interest. An instance of the fruitfulness of the line of work here 
suggested is to be found in the present author’s research on the Indian Musical 
Drums, which have been found to embody in a practical form the solution of the 
problem of loading a circular drumhead in such a manner as to make it give a 

harmonic succession of overtones in the same way as a stringed instrument.* In 
the present paper it is proposed to offer a preliminary note on the results of the 
author’s study of some Indian stringed instruments. 

*See Nature (London) 8 February 1920. A fuller account of the work on these musical drums is shortly 
to be published as a Bulletin of this Association. 

468 



ON SOME INDIAN STRINGED INSTRUMENTS 469 

2. The form of the bridge in the “Tanpura” and the “Veena” 

The “Tanpura” and the “Veena” are two of the most highly valued indigenous 
stringed instruments intended to be excited by plucking. Plate I, figure 1 
illustrates the form of the “Tanpura”. This instrument has no frets and is intended 

Figure 1. Tanpura. Figure 2. Veena. 

Plate I 

merely to be used as a drone in accompaniment with vocal or other music. It has 
four metal “strings” which are stretched over a large resonant body and can be 
accurately tuned up to the right pitch by a simple device for continuous 
adjustment of tension. The remarkable feature of the “Tanpura” to which I wish to 
draw attention is the special form of bridge fixed to the resonant body over which 
the strings pass. The strings do not come clear off the edge of a sharp bridge as in 
European stringed instruments, but pass over a curved wooden surface fixed to 
the body which forms the bridge. The exact length of the string which actually 
touches the upper surface of the bridge is adjusted by slipping in a woollen or 
silken thread of suitable thickness between each string and the bridge below it 
and adjusting its position by trial. Generally the thread is moved forwards or 
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backwards to such a position that the metal “string” just grazes the surface of the 
bridge. The description will be clearer on a reference to figure 3 above where the 
bridge and the string passing over it are indicated diagrammatically. 

The “Veena” on the other hand is a fretted instrument intended for use in 
playing melodies (figure 2 in plate I). The form of the bridge adopted in it differs 
from that of the “Tanpura” in two respects. The upper curved surface of the 
bridge in the “Veena” is of metal, and the special mode of adjustment of contact 
by means of a thread used in the “Tanpura” is dispensed with, and the string 
merely comes off the curved upper surface of the bridge at a tangent, as indicated 
diagrammatically in figure 4. (No attempt is made in this figure to indicate the 
exact form of the lower part of the bridge). 

The bridge of the “Veena” is also much higher above the body of the instrument 
than in the “Tanpura”. Even when the strings are pressed down on the frets when 
the instrument is being played, the curvature of the upper surface of the bridge 
ensures the string always leaving the bridge at a tangent to it as shown. 

3. The failure of the Young-Helmholtz law 

The special form of bridge illustrated above has a very remarkable influence on 
the tone-quality. This can be most readily demonstrated in the “Tanpura”. When 
the adjustment of contact of string and bridge is made carefully by trial, the 
instrument is highly sonorous, giving a tone of fine musical quality. If on the other 
hand the grazing contact of string and bridge is rendered inoperative (as for 
instance by inserting a small piece of metal between the string and the surface of 
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the bridge) the tone becomes dull and insipid. A similar remark applies also to 
the case of the “Veena,” though the difference is less striking in the latter case. 

In attempting to find an explanation for the difference in tone-quality 
produced by the special form of bridge, the author made a surprising observation, 
namely, that in the tone of the “Tanpura” or the “Veena,” overtones may be heard 
powerfully which according to known acoustical principles should have been 
entirely absent. According to the law enunciated by Young and Helmholtz, if the 
string is plucked at a point of aliquot division, the harmonics having a node at the 
point of excitation should be entirely absent. This law may be readily verified on 
an ordinary sonometer with the usual form of bridge. For this purpose, the 
position of the node should first be found exactly by trial by putting the finger in 
contact with the string and plucking elsewhere so as to elicit the overtones 
desired. Having found the position of the node, the string should be plucked 
exactly at that point and then again touched with the finger at the same point. On 
an ordinary sonometer, this results in the sound being immediately quenched 
inasmuch as the finger damps out all the partials except those having a node at the 
point touched, and the latter are not excited in the first instance in accordance 
with the Young-Helmholtz law. On trying the same experiment with the “Veena” 
or the “Tanpura”, it will be found that the overtone having a node at the plucked 
point sings out powerfully. In fact the position of the plucked point hardly 
appears to make a difference in regard to the intensity of the overtones in the 
“Tanpura”. This remarkable result is not due to any indefiniteness in the position 
of the node point, as the latter is found to be quite well defined as is shown by the 
fact that in order to demonstrate the effect successfully, the string must be plucked 
and then touched exactly at that right point, otherwise the sound is quenched. We 
are thus forced to the conclusion that the effect of the special form of bridge is 
completely to set aside the validity of the Young-Helmholtz law and actually to 
manufacture a powerful sequence of overtones including those which ought not 
to have been elicited according to that law. 

4. Outline of a mechanical theory 

Some photographs of the vibration-curves of a “Tanpura” string were made at 
the suggestion of the author by Mr Ahmed Shah Bukhari at the Government 
College, Lahore, last November. They showed that in consequence of the grazing 
contact at the bridge, the vibration of the string decreased in amplitude and 
altered its form at a much more rapid rate than when the grazing contact was 
rendered ineffective. A more complete investigation is obviously desirable. From 
first principles, however, it is obvious that in the ‘Tanpura’ the forces exerted by 
the vibrating string on the bridge must be very different from what they would be 
for a bridge of ordinary form. It seems probable that by far the greater portion of 
the communication of energy to the bridge occurs at or near the point of grazing 
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contact. The forces exerted by the string on the bridge near this point are 
probably in the nature of impulses occurring once in each vibration of the string. 
This would explain the powerful retinue of overtones including even those absent 
initially in the vibration of the string. At a slightly later stage, the reaction of the 
bridge on the string would result in a modification of the vibration form of the 
latter and bring into existence partials absent initially in it. There would in fact be 
a continual transformation of the energy of vibration of the fundamental 
vibration into the overtones. 

The foregoing explanation of the character of the tones of the “Tanpura” would 
not be fully applicable to the “Veena” as the forces exerted by the string on the 
bridge in this case would not be purely of an impulsive character. There is 
however a certain portion of the bridge over which the string comes into 
intermittent contact during the vibration, and it seems very probable that the 
theory for this case is intermediate in character between that for the ‘Tanpura’ 
and those for stringed instruments with bridges of the ordinary type. Further 
experimental work is needed in support of this view. 

5. Summary 

The present paper deals with the remarkable acoustic properties of the 
“Tanpura” and the “Veena” which are two of the most highly reputed among 
Indian stringed instruments. The form of the bridge used in these instruments is 
quite different from that usually found in European stringed instruments. In the 
‘Tanpura’ the string passes over the wooden upper surface of the bridge which is 
curved to shape, and by insertion of a thread of wool or silk, a finely adjustable 
grazing contact of string and bridge is secured. In the ‘Veena’ the upper surface of 
the bridge is of curved metal and the string leaves it at a tangent. The tones of 
these instruments show a remarkable, powerful series of overtones which gives 
them a bright and pleasing quality. Experiment with these instruments shows 
that the validity of the Young-Helmholtz law according to which partials having 
a node at the plucked point should not be excited is completely set aside. A 
possible mechanical explanation of this result is suggested. 
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The acoustical knowledge of the ancient Hindus 

C V RAMAN, M.A. 

(Sir Taraknath Palit Professor of Physics, University of Calcutta) 

1. Introduction 

Music, both vocal and instrumental, undoubtedly played an important part in 
the cultural life of ancient India. Sanskrit literature, both secular and religious, 
makes numerous references to instruments of various kinds, and it is, I believe, 
generally held by archaeologists that some of the earliest mentions of such 
instruments to be found anywhere are those contained in the ancient Sanskrit 
works. Certain it is that at a very early period in the history of the country, the 
Hindus were acquainted with the use of stringed instruments excited by plucking 
or bowing, with the transverse form of flute, with wind and reed instruments of 
different types and with percussion instruments. It is by no means improbable 
that India played an important part in the progressive evolution and improve¬ 
ment of these instruments and might have served as a source from which their 
knowledge spread both eastwards and westwards. It would form a fascinating 
chapter of history to try and trace the gradual development of musical 
instruments and musical knowledge, from the rhythmic chanting of the Rigveda 
in the ancient home of the Aryan race to the Indian music of the present day. But 
the materials available for the writing of this history seem to be all too meagre. 
Much of the long period over which the gradual evolution must have spread lies 
in the dim and remote past of which but the vaguest glimpses can be obtained 
from such records as exist. Something more definite regarding the acoustical 
developments in Ancient India might perhaps be gleaned from a study of the 
musical instruments, the models of which have been handed down as heirlooms 
for untold generations. Several of the Indian stringed instruments, for example, 
disclose in their design, even on a superficial examination, a quite remarkable 
appreciation of the principles of sound-production and of resonance. A fuller 
study seemed likely to lead to results of considerable interest. It was this hope that 
induced me some two years ago to commence a systematic examination by 
modern scientific methods of the ancient Indian musical instruments. The objects 
I set before myself were to investigate the traditional designs according to which 
these Indian instruments are constructed and the variations of these designs that 
exist in the different parts of the country, to discover the raison d’etre of the 
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methods of construction employed and to find the special tone-characters which 
were held in esteem by the designers. It seemed that such an examination might 
also prove useful from the practical stand-point by disclosing the best designs and 
indicating the directions in which any improvements might be possible. Various 
circumstances have delayed the complete carrying out of the projected work, and 
it is probable that little progress might have been made with it up to date, but for 
the fact that my attention was recently drawn somewhat forcibly to the musical 
qualities of the ancient Indian instruments of percussion. Through the kindness of 
an enthusiastic fellow-worker, Mr Sivakali Kumar, some good specimens of the 
Indian percussion instruments were put at my disposal and I have been enabled 
to carry out a scientific examination of their acoustical properties. The results 
obtained are very remarkable and significant and are being described in detail in 
a monograph “On Musical Drums” which will be published by the Indian Assoc. 

Cultiv. Sci. I propose in this short essay to indicate the main results of this 
investigation and to show how far they throw light on the state of acoustical 
knowledge in ancient and medieval India. 

2. Acoustics of percussion instruments 

By way of preface, I shall first refer to a few facts regarding the vibrations of 
stretched membranes which are familiar to students of physics and which it is 
useful here to recall. As is well known, the vibrations of a circular stretched 
membrane or drum-head excited by impact are generally of an extremely 
complex character. Besides the gravest or fundamental tone of the membrane, we 
have a large retinue of overtones which stand to each other in no sort of musical 
relation. These overtones are always excited in greater or less degree and produce 
a discordant effect. All the instruments of percussion known to European 
physicists in which a circular drum-head is employed have therefore to be 
regarded more as noise producers introduced for marking the rhythm than as 
musical instruments. This is true even of the kettle-drum which is tuned to a 
definite pitch and occasionally used in European orchestral music. As has been 
shown by the late Lord Rayleigh in a paper published some time ago, the air 
enclosed in the shell of the kettle-drum does not produce any advantageous 
alterations of the pitch relations of the overtones. All the instruments of 
percussion known to European science are thus essentially non-musical and can 
only be tolerated in open air music or in large orchestras where a little noise more 
or less makes no difference. Indian musical instruments of percussion however 
stand in an entirely different category. Times without number we have heard the 
best singers or performers on the flute or violin accompanied by the well known 
indigenous musical drums, and the effect with a good instrument is always 
excellent. It was this, in fact, that conveyed to me the hint that the Indian 
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instruments of percussion possess interesting acoustic properties, and stimulated 
the research. 

3. The Indian musical drums 

The number of different types of percussion instruments known and used in India 
is almost legion. They represent a very wide variety of stages of development and 
variations of form to suit different purposes. It does not fall within the scope of 
this short essay even to attempt a discussion of the different forms. Those who are 
curious to see these types of drums can no doubt find specimens in the various 
provincial museums of India. A specially good collection is to be found in the 
anthropological section of the Indian Museum at Calcutta, and some of them are 
described with illustrations in the catalogue of the exhibits available in the 
Museum. The instrument to the remarkable acoustical properties of which I wish 
especially to direct attention is the musical or concert drum which is most highly 
esteemed by Indians and which figures largely in the Sanskrit literature, namely 
the Mridanga. The essential feature of this instrument at the present day is, first, a 
massive hollow wooden body in the form of two truncated cones put end to end, 
one of which is longer than the other. Over the two ends of this body are stretched 
the two drumskins, which are each provided with a tightening ring of leather and 
are kept in a state of tension by a leather rope which passes through apertures in 
the rings at 16 equidistant points around the circumference. Eight cylindrical 
tuning blocks of wood inserted at regular intervals under the tension-rope 
provide the means for a rough adjustment of tension. The fine adjustment of 
tension of the smaller drumhead to equality in the 8 octants of the circumference 
is carried out by pulling up or pushing down the tightening ring by stroking it 
with a small mallet. The large drumhead gives the base note, and its pitch and 
tone-equality are adjusted by spreading a temporary load of wetted ata or wheaten 
flour over it. The most remarkable feature of the drum is the manner in which the 
second or smaller drumhead is constructed. This membrane as first put on in the 
construction of the drumhead is double, the layers being of specially chosen 
leather of uniform thickness and connected to the tightening ring so as to be in a 
state of tension. The upper layer is then cut away in the middle exposing a circular 
area of the lower membrane, and leaving an annular ring of the outer membrane 
round the margin, of which the width is regulated according to the requirements 
of the tone-quality. The centre of the exposed circle of the inner membrane thus 
formed is loaded concentrically in several successive layers of gradually 
decreasing radii and of graduated thickness with a dark coloured composition 
which is put on at first in the form of a paste and is then rubbed in till it becomes 
dry and permanently adherent to the membrane. The composition of this 
material is finely powdered iron filings, charcoal and starch, and when put on the 
membrane it is flexible in a noteworthy degree. The putting on of the load is 
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carried out in stages, the sound of the drumhead being continuously tested during 
the progress of construction. Its final adjustment and regulation of thickness is an 
art which is handed down from generation to generation as traditional 
knowledge, and acquired by long training and experience. 

4. The acoustic characters of the Mridanga 

A physicist trained in acoustical research noticing the drumhead of the Mridanga 
naturally wishes to know exactly what acoustical purpose is intended to be served 
by the peculiar method of construction described above. This is a question which 
can only be answered by a physical examination of the vibrations of the drum¬ 
head and of the tones to which it gives rise. Such an examination has been carried 
out by me and has led to extremely remarkable results. It was stated above that a 
percussion instrument generally gives rise to inharmonic overtones. The 
examination of the Mridanga shows that it forms an exception to this rule, and 
gives rise to harmonic or musical overtones in the same manner as a stringed 
instrument. I find in fact that the physical behaviour of the drumhead is in many 
respects unlike that of an ordinarily circular stretched membrane, and appro¬ 
aches that of a stretched string. In the same manner as a stretched string, the 
loaded membrane of the Mridanga can divide up and vibrate in 1,2,3,4, or 5 parts 
which are separated by rectilinear nodal lines perpendicular to any chosen 
diameter of the membrane and give the respective overtones standing in the 
harmonic relation of pitch. The duration of these harmonic overtones is in 
descending order of magnitude, being quite considerable for the first, second and 
third harmonics which accordingly give a fine musical effect. Tones of higher 
pitch than the fifth harmonic are either not excited at all in the usual manner of 
playing, or if excited are of too short a duration and too small in intensity to be 
perceptible as musical tones. In my monograph, I am giving a full discussion of 
the acoustical properties of the instrument together with illustrations of its mode 
of vibration which explain the manner in which the loading increases the 
duration of the tones and gives rise to the harmonic properties of the overtones. It 
appears in fact that the loading results in modifying the pitch of the numerous 
overtones which an ordinary circular drumhead is capable of giving rise to and of 
bringing them together in groups standing to each other in harmonic relations. 
The success of the arrangement depends entirely on the extent and distribution of 
the loading adopted and upon the arrangement provided by which the tensions of 
the membrane in 8 different octants may be exactly equalized. It is in fact made 
abundantly evident by the investigation that the acoustic properties of the 
instrument are not the results of mere chance but bear the evidence of the most 
painstaking care and skill shown in the design and construction of the 
instrument. 
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5. The technique of playing the Mridanga 

If the instrument is in itself a noteworthy piece of acoustic workmanship, still 
more remarkable is the manner in which its acoustic characters are utilized in 
actual musical practice. The drumhead is played with the hand and fingers and 
possesses a highly developed and finished technique. A very fair amount of 
practice is required even for acquiring a rudimentary knowledge of the 
instrument, but the finest technique can be mastered only by years of training and 
experience. The physical basis of the technique lies in the manner of striking the 
drumhead and upon the tone-quality, intensity and duration of the sounds 
elicited thereby. The strokes involve the exact regulation of the region of contact, 
the softness or hardness of the blow, its duration and force, and provide for 
touching the membrane with some of the fingers either during or after the blow so 
as to damp out certain harmonics and bring out certain others. Some of the 
recognised strokes provide for bringing out either the first or the second or the 
third harmonic practically by itself, or in combination with one or more of the five 
available tones. The strokes on the drumhead may be either by themselves or may 
be simultaneous with strokes on the base side of the drum which is tuned to one 
octave below the pitch of the first drumhead. Over and above this is the fact that 
the drumming is practically continuous and proceeds on a complex and varied 
metre and rhythm of its own depending on the accompaniment. All this may serve 
to give some idea of the extraordinary degree of development which the 
construction and use of percussion instruments has attained in India. 

6. Conclusion 

The study of the Indian musical drum and of the manner in which out of the most 
unpromising materials has been built up a genuine musical instrument which 
satisfies the most stringent acoustical tests and which even now stands on a 
pedestal high above the types of percussion instruments known to European 
Music, leaves very little doubt in one’s mind as to the highly-developed artistic 
tastes and acoustic knowledge of the ancient Hindus. The high esteem in which 
the instrument itself has always been held in India and the existence of many 
treatises in the original Sanskrit dealing elaborately with its construction and 
technique is not without significance. Indeed, from the references that appear in 
certain of these treatises, it is clear that the general nature of the acoustic results 
obtained with this instrument had long been known, and that the pitch and 
duration of the different tones obtained by striking the drumhead at different 
points had been fully studied. The Hindus were well aware that sounding bodies 
generally give rise to many different tones simultaneously, and the evidence 
available points irresistably to the conclusion that the development of the Indian 
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musical drum was the result of deliberate and probably prolonged efforts to 
improve the tone quality of percussion-instruments by bringing the overtones 
into musical relation with each other. The success of the results obtained remains 
a striking testimony to the acoustic knowledge and skill that must have inspired 
those efforts. 
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Handb. Phys., 8, 354-424 (1927) 

Musical instruments and their tones 

c V RAMAN 

A. Physical characteristics of musical tones 

1. Characteristic of musical tones 

The physical study of musical instruments as tone generators necessarily involves 
an investigation of the characteristic features of musical notes. The vast majority 
of orchestral instruments produce sustained notes of extended duration, which 
we call as musical notes. Some tones are certainly musical even though they are 
not sustained, and they are best studied with reference to the individual 
instruments which produce them. In our general analysis, we shall not deal with 
the noise which occasionally accompanies musical tones. 

Musical notes as perceived by the ear have certain characteristic features, 
namely pitch, timbre and loudness. The objective features corresponding to the 
first two are the frequency and waveform of the vibration in air. The loudness 
depends upon many factors; for notes of a given pitch and timbre, it is determined 
by the amplitude of the vibrations in air. The physical study of musical notes is 
concerned with the qualitative and quantitative estimation of these characteristic 
properties. 

2. Perception of the pitch 

The sensation of pitch is not exclusive to musical notes. Pure noise can have a 
roughly defined pitch, for e.g. that generated during the sudden reversal of a solid 
body moving through air, as when the two colliding billiard balls rebound1. 
However, the recurrent periodicity of vibration which is peculiar to musical notes 
gives an extraordinarily clear sensation of pitch, as long as the vibration remains 
within certain limits of frequency and intensity. The upper and lower bounds 
within which the frequency of vibration must remain so that the ear can perceive a 
musical note have been studied by many physicists in the nineteenth century. The 
first immediate conclusion is that these upper and lower bounds of frequency are 

*S K Bannerji, 1916 Philos. Mag. 32 p. 96. 
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determined only when the intensity of the vibration is specified. As the upper or 
the lower limit of pitch perception is approached, the sensitivity of the ear 
decreases very rapidly. When the intensity of the note does not exceed a certain 
minimum or threshold value, the ear hears nothing at all. Moreover, these limits 
vary considerably from person to person and also with the age of the individual. 
When studying musical instruments, it is usually sufficient to study frequencies 
which lie between 30 and 10,000 vibrations per second, although, under 
favourable conditions, even notes down to 16 vibrations per second at one 
extreme and up to nearly 20,000 vibrations per second at the other extreme can be 
heard. 

The capacity to distinguish slight differences in pitch when two notes fall on the 
ear successively, varies considerably with the frequency of vibration and the 
intensity of the note. The smallest perceptible difference in frequency, expressed as 
a fraction of the frequency, amounts to nearly 1% for deep notes, then becomes 
smaller and reaches a somewhat constant value of 0-3% between 400 and 4000 
vibrations per second, and finally increases at higher frequencies. It is rather large 
(1% and more) for intensities which lie a little above the threshold value. It then 
becomes smaller, and, for intensities which are greater than 104 times the 
threshold intensity, remains quite constant. Exhaustive numerical data and 
diagrams as well as a list of earlier studies can be found in the article by V O 
Knudsen2. In the article “Hearing”, section 23 (this volume, chapter 11) these 
problems are treated in detail. 

A trained musical ear not only can perceive slight differences in pitch, but also 
estimate the purity or otherwise of musical intervals up to an octave or quinte 
(fifth), when both the notes are heard successively. 

3. Measuring the pitch of a note 

The determination of frequency comes under physical measurement. We need not 
go into the details which are described in the article “Methods of acoustic 
measurement” sections 9 and 10 (Handb. Phys. 8 Chap. 13 (1927)). We restrict our 
attention to the problem of estimating the pitch of a musical tone. The best way is 

comparison with a series of carefully calibrated tuning forks. The comparison is 
most simply carried out subjectively, by counting the beats per second between 
the tone and that of the tuning fork nearest to it; the beat frequency is added to or 
substracted from the frequency of the tuning fork. 

The frequencies of musical notes can also be determined by means of 
oscillographic methods; the vibrations are brought out on a photographic film 
together with chronographic time signals. The latter are light flashes, which pass 

2V O Knudsen, 1923 Phys. Rev. 21 p. 84. 
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through two narrow slits fixed to the prongs of a vibrating tuning fork. The 
signals appear on the film as sharply defined lines. By determining the number of 
vibrations executed within a given time, the frequency can be determined with 
great accuracy3. 

Stroboscopic methods can be employed to determine the pitch of a musical 
note. For instance, a manometric flame can be excited by a tone and in this 
periodic illumination, a rotating stroboscopic disc can be observed. Neither on 
the grounds of convenience nor on the grounds of simplicity can these methods 
compete with the subjective method of counting the beats. 

4. Timbre 

As already indicated above, the timbre corresponds to an objective property, viz. 
the wave form of the vibrations in air. This form can be expressed graphically by a 
curve showing the changes in pressure (in the sound wave) with time. Many 
experimental methods have been given thanks to which such oscillograms of 
notes can be obtained, at least approximately. On the other hand, the form of 
vibration can also be represented in terms of the numerical values of the 
amplitudes and phases of Fourier components into which the periodic changes in 
pressure can be resolved. This mode of representation has the advantage of being 
quantitative; if the amplitudes of the Fourier components are squared, the 
resulting numbers are proportional to the energies of the partial vibrations into 
which the overall vibration is split up by means of Fourier analysis. The 
estimation of the relative partial vibration energies is termed the analysis of 
musical notes. It has not only purely mathematical significance but according to 
Ohm’s law, the partial vibrations corresponds to the simple tones of which the 
musical note is made up and which can be perceived by the ear separately under 
favourable conditions. The timbre of a musical note, according to this law, is 
determined by the intensities of the partial tones of which it is composed, and is 
nothing but the synthesised effect of their presence. 

5. Subjective perception of the timbre 

What is the mechanism by which the ear becomes conscious of the various forms 
of vibrations in air and even splits them into simpler sensations in certain cases? 
We cannot take up this extraordinarily important and interesting question here, 
because we are concerned only with the physical properties of musical notes. It is 
sufficient to mention the essential observations on how timbre is perceived. The 

3D C Miller, 1916 Science of musical sounds; E A Eackhardt 1922 J. Franklin Inst. 194 p. 49. 
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investigation of musical notes from instruments and those produced by the 
human voice shows very clearly the wide variety of acoustic vibrations met with 
in various cases. It also reveals their connection with the timbre as perceived by 
the ear which can be qualitatively described as rich or poor, soft or sharp, etc. A 
simple cyclic vibration of air is obtained when a tuning fork is lightly struck and 
kept over a bottle mouth or when lightly blowing through the opening of a 
resonance column. The ear perceives a soft, simple tone without timbre. 
Vibrations in air which are not so simple are heard as notes of a particular timbre. 
Experience teaches us that the subjective characteristic of timbre which is 
determined by the shape of the vibrations in air, also varies considerably when the 
intensity is raised from the threshold value to large values. 

What is of greater importance to the study of notes is that, under favourable 
conditions, the ear can detect the presence of partial tones of simpler type in 
musical notes and can even gauge their pitch relative to the over-all tone. The 
hearing of partial overtones in compound musical tones is substantially 
facilitated, as Helmholtz remarked, when a tone of the same pitch as the partial 
overtone to be studied is first produced so that the ear is made especially receptive 
to it. In this manner, sometimes even overtones of higher order can be detected. 
We shall term this method of observation the subjective analysis of notes. It is not 
always successful in discovering the partial overtones present, especially when 
deeper (lower) partial overtones of greater intensity are present in the note. The 
difficulties we run into during the subjective analysis of notes are explained by 
Helmholtz as follows. The observer endeavours to orient this receptivity more to* 
the synthetic than to the analytic impression of a complete sensation. He has 
described experiments in support of this view. Another situation also mentioned 
by Helmholtz, namely the ease with which the.odd overtones are recognised in 
contrast with the even overtones, shows that more investigations should be 
carried out in this field. In this context the observations of A M Mayer are highly 
significant. He discovered that higher tones get attenuated and become extinct 
when lower tones of sufficient intensity are present. Mayer’s original observ¬ 
ations4 have been briefly confirmed and further extended by Wegel and Lane5. 
We thus have good reasons to assume that when the lower partial tones of a note 
are of sufficient intensity, the upper partial tones get attenuated or even become 
inaudible and the former alone are heard6. The present author found that this can 
be demonstrated on the usual monochord, when plucked close to the end and 
then struck on a node of one of the higher partial overtones. The initially 
inaudible or only feebly audible partial overtone in the overall note appears to 
gain energy when the lower tone is suppressed. 

4 A M Mayer, 1876 Philos. Mag. 11 p. 500. 

5R L Wegel and C E Lane, 1924 Phys. Rev. 23 p. 266. 

6Compare the article “Hearing”, section 24 (Handh. Phys. 8, chapter 11). 
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6. Qualitative analysis of the note 

We forsake the field of purely subjective perception of tone when we make use of a 
vibrating volume of air (as Helmholtz has done), in the investigation of musical 
notes. The resonator can have any suitable shape such as sphere or a cylinder. 
Even better is a cylinder attached to a hemisphere. It is advantageous to assemble 
it from two parts, one of which is cylindrical and can slide into the other, so that 
the volume of air enclosed can be varied. The front side of the resonator has a 
circular aperture through which it is connected to the external atmosphere. On 
the other side, it has a funnel-shaped attachment with a small opening against 
which the observer presses his ear. The resonator is tuned to the pitch of the 
partial overtone we are looking for. When it is present in the note under study, it is 
heard above the other tones with substantially enhanced intensity. When the 
amplification is produced by the resonator, it is a clear indication for the objective 
presence of the tones under question. 

The presence of partial overtones in musical notes can also be detected purely 
objectively. For this purpose, it is necessary to render the response of a resonator 
visible; for instance a Rayleigh disc can be suspended at the opening of the 
resonator and its rotation indicated optically on a screen. 

The method of manometric flame devised by R Konig can be used for a 
qualitative presentation of the complex character of musical notes. As is well 
known, in this method, the sound wave incident on a membrane alters the 
pressure in a capsule in which a luminous gas flame is housed. The motions of the 
latter are made visible through a rotating mirror. Nichols and Merrit7 and 
Brown8 have further improved upon the method in that the wave-form appears 
clearer and can be photographed. 

Experiments have also been undertaken to follow the motions of air when a 
sound wave passes through it by observing fine smoke9 or dust particles10 or 
smaller drops of liquid11 which are suspended in air or fall through the air. 
However, the method in any form is applicable only to relatively loud notes. 
Further, when extremely fine particles are not used, their inertia hinders them 
from following the higher frequency components of the vibration of air. On the 
other hand Brownian motion sets a limit to the use of very fine particles. 

7E L Nichols and E Merrit, 1898 Phys. Rev. 7 p. 93. 

8J G Brown, 1911 Phys. Rev. 33 p.442. 

9Mach Optical-acoustical experiments. 

10E P Lewis and L P Farris, 1915 Phys. Rev. 6 p. 491. 

nK Gehohoff, 1920 Z. Phys. 3 p.330. 
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7. Quantitative analysis of the notes12 

The methods used for quantitative study in this field can be divided into three 
groups. The methods of the first group are purely acoustic in nature. The sound 
waves are received by a series of resonators which can be selectively tuned to the 
particular vibrations of the note. The vibrations of resonators are measured 
quantitatively by means of special devices. In case of oscillographic methods, the 
sound is received in an apparatus in which by mechanical or optical conversion 
the sound waves are graphically plotted; these diagrams are then broken down 
into their Fourier components by direct measurement analysis with the help of an 
integrating machine. In the third group comprising electrical methods, the sound 
vibrations are converted into a fluctuating electric current, whose harmonic 
components can be estimated either by oscillographic analysis or by purely 
galvanometric methods. 

As an example of a purely acoustic method, the work of Edwards13 must be 
mentioned in which a series of adjustable resonators tuned to the partial tones of 
the note under investigation are used. The response of the resonator is measured 
using Rayleigh’s disc—the method is described in detail and illustrated in the 
section on acoustic measuring methods. The Helmholtz formula for the 
multiplying (or amplification) factor of a resonator is 

dp/dP = ^2R*/n2S 

where dp is the change in the pressure of the external air, dP that in the resonator, 
R the radius of the aperture and S is the volume of the resonator. This formula is 
combined with the expression given by Konig14 for the moment of the pair of 
forces (couple) acting on the suspended disc M = fpa3 W2 sin 26, where p is the 
density of air, W2 is the mean square velocity of air, a is the radius of the disc and 6 

is the angle made by the normal to the disc with the direction of the 
unperturbed flow. From the magnitude of the deflection and the torsional 
constant of the suspension, the absolute energies of the partial vibrations can be 
calculated in ergs per cm3. The greatest difficulty is presented by the reflection of 
the sound at the walls of the room. It is reduced as far as possible by hanging 
absorbing materials in front of the walls. Instead of Rayleigh’s disc, other 
indicators can be used such as those in Webster’s Phonometer15. In this 
instrument the response of the resonator is indicated by the vibrations of a tuned 
system suspended close to the aperture and the amplitude of these vibrations is 
read off with the usual mirror, lamp and scale arrangement. 

12 Compare especially the article “Acoustic measuring methods” (Handb. Phys. 8, chapter 13) section 
1-3 and 15. 

13 P H Edwards, 1911 Phys. Rev. 32 p. 23. 

14W Konig, 1891 Wied. Ann. 43 p. 51. 

15 A G Webster, 1922 Nature (London) 110 p. 42. 
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Naturally, the instrument must be tuned properly to the partial vibration 
under study and with the help of a pure tone, standardized to the same pitch. 

In the case of lower frequencies the change in the resistance of a hot wire fixed 
before the aperture of the resonator is a measure of its response. This is the 
principle of the hot wire microphone described by Tucker16. 

These methods of note analysis are naturally applicable only to tones of 
constant pitch and intensity. Tuning the resonators to the pitch under study is 
inconvenient and can be eliminated by means of an arrangement in which the 
pitch of the resonator varies continuously over a considerable range and at the 
same time its response is automatically followed by an experimental arrange¬ 
ment. S Garten17 has photographed sound spectra in this manner. 

8. Oscillographic investigation of notes18 

With the exception of an optical interference method described later (which Raps 
used to obtain acoustic oscillograms) all the other methods use a membrane as 
the sensitive receiver for sound. This is a thin small plate, usually circular and 
fixed rigidly along the external rim. Under the effect of the periodic pressure 
fluctuations of the sound wave it executes forced vibrations which can be made 
visible in many different ways. The form of the forced vibrations depends upon 
the type of displacement of the incident waves and upon the interaction of the 
natural vibrations of the membrane with the incident waves. It is clear that the 
moving membrane follows very accurately the pressure variations produced by 
the sound waves when its natural frequency is infinitely high. But in this case it is 
also the most insensitive. 

From time to time different set-ups have been used to image the motion of the 
membrane (usually amplified by a sound filter placed before it). The phonauto- 
graph of Scott and Konig, in which the motion is mechanically traced by a pen on 
a paper coated with soot is principally of interest as the pace-setter for the 
invention of Edison’s phonograph. After this invention, magnification of the trace 
on the phonograph or gramophone record was the favoured mode of investig¬ 
ation in analysis of sound wave patterns and has been abundantly used by 
Hermann, Bevier and others. Among the newer arrangements for carrying out 
such magnifications, those of McKendrick19, Scripture20 and Lioret21 deserve to 

16A Tucker, 1921 Phil. Trans. R. Soc. London 221 p.389. 

17S Garten, 1921 Abhandleng. Sachs. Acad. 

18See the footonote in No. 7. 
19J G McKendrick, 1909 Nature (London) 80 p. 188. 

20E W Scripture, 1906 Experimental phonetics, Washington. 

21Lioret, 1910 Compt. Rend. 150 p. 1440. 
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be mentioned. Generally the plate or the cylinder of the phonograph is very 
slowly rotated while a needle moves gently along the grooves and the image of the 
note is traced. The lateral movements of the needle are amplified by a compound 
lever arrangement, and traced out on a moving strip of paper coated with soot; 
instead of that, an optical lever and photographic recording can also be used. 

The next step in the development of acoustic oscillographs is the elimination of 
the intermediate stage. The movements of the membrane induced by the sound 
wave are directly amplified by using fine mechanical or optical lever arrange¬ 
ments and can be imaged on a moving photographic film to be analysed later. 
D C Miller’s “Phonodeik” is an improvement upon the earlier apparatus of this 
type, and is used for extended studies on the timbre of musical tones.22 The 
phonodeik is described and a picture of it is shown in the article “Acoustic 
measuring methods”, section 15 (Handb. Phys. 8 Chap. 13 (1927)). A simpler 
phonodeik of the same type is described by Raman and Dey23. In this as in the 
picture shown in chapter 13 section 15, the motion of a steel wire fixed in the 
middle of the membrane rocks a fine needle at rest on two supports. This carries a 
small mirror and the vibrations are optically recorded. For more details the work 
of Twyman and Dowell24 and of Anderson25 may be consulted. An oscillograph 
with a small soap film carrying extremely fine iron particles has been described by 
S Garten26. 

The basic difficulty encountered in all these devices is that the curves plotted do 
not describe the actual sound wave but the sympathetic vibration of the 
oscillograph, as is the case in the resonance of the sound filter and of the 
membrane. D C Miller has attempted to overcome this difficulty by calibrating 
his apparatus for different pitches. He uses a series of covered organ pipes, which 
are carefully tuned and brought up to the same tonal strength. The method is 
beyond doubt somewhat arbitrary. See the article “Acoustic measuring methods” 
section 16 (this volume, chapter 13) for the calibration of sound receivers. 

9. Harmonic analysis using electrical techniques27 

The vibrations of a membrane executed under the action of sound waves can be 
used to produce periodic electric currents which can then be analysed. In a few 
studies based on this principle the usual telephone or microphone is used and the 
periodic currents produced are amplified and displayed by oscillographs. The 

22D C Miller, 1916 Science of musical sounds. 

23C V Raman and A Dey, 1920 Philos. Mag. 39 p. 145. 

24L Twyman and T H Dowell, 1923 Jour. Scient. Instrum. 1 p. 12. 

25S A Anderson, 1925 J. Opt. Soc. Am. 11 p. 31. 

26S Garten, 1915 Ann. d. Phys. (iv) 48 p.273. 

27See the footnote in No. 7. 
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results are naturally vitiated by distortions due to the mechanical and electrical 
constants of the apparatus. An arrangement with a microphone based on the 
condensor principle gives better results28. The periodic currents excited by sound 
waves with this arrangement can be amplified using electronic valves and can be 
displayed by oscillographs or by the modern and very useful cathode ray 
oscillographs with heated electrodes. Instead of using an oscillograph, the 
periodic currents can also be measured by purely electrical methods and 
analysed. 

In the study by Keene and Barlow29 a transformer is excited by the 
microphone current which is produced in an auxilliary circuit by the sound wave. 
The secondary current from the transformer is rectified by a mechanical 
interruptor which can rotate with different well known speeds. The current 
produced is measured with a simple galvanometer. The method has various 
defects but is rather useful for measuring the harmonic components of the 
microphone current for low and moderate frequencies. 

The method of Wegel and Moore30 is more elegant and generally applicable. 
In this the sound to be analysed is received by a microphone which changes the 
sound wave into an electrical image. This electrical image of the sound wave is 
then amplified and fed into an electrical harmonic analyser. The analyser 
essentially consists of a resonant circuit whose natural frequency can be varied 
from 80 to 6000 in steps of very small units. The currents flowing in the circuit for 
each value of the resonance frequency are photographically recorded. The entire 
operation is automatic, so that the camera can produce a complete picture of the 
sound spectrum within five minutes of activating the apparatus. 

Another photomechanical method of note analysis needs to be mentioned in 
which a selenium cell is31 used and the electric current delivered by it is measured 
as in Wegel and Moore’s method. 

10. Musical note analysis 

The analysis of musical notes using the methods described above is very 
important for the study of musical instruments. As we shall see later more clearly, 
these analyses yield observational material for comparison with the physical 
theory of musical instruments; moreover, they enable us to express quantitatively 
the large differences in timbre which we hear in the tones produced by different 
musical instruments. That the timbre of a musical tone is determined by the 

28E C Wente, 1917 Phys. Rev. 20 p. 39; I B Crandale, 1918 ibid 11 p.449. 

29G Barlow and H B Keene, 1922 Philos. Trans. {A) 222 p. 131. 
30R E Wegel and C R Moore, 1924 Bell System Tech. J. 3 p.299. 

31C F Sacia, 1924 Phys. Rev. 23 p.309. 
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intensity of its overtones becomes quite clear when the different notes are studied 
in this manner. When the relative intensity of the individual partial overtones can 
be changed at will, and the corresponding changes in the sensations of tonal 
timbre are followed up, the effect is impressive. It is well known that Helmholtz32 
has carried out experiments of this type in which a series of simple tones, which 
are, harmonically related to one another and have different intensities, are, 
combined together. For this purpose he used a series of tuning forks with 
appropriate resonators which are excited by a main tuning fork, so that the 
intensity of the partial overtones are varied by displacing the resonators. 
Successful experiments of this type have also been carried out with closed organ 
pipes of special form which give practically pure tones whose strength can be 
varied by changing the air flow33. Other experimenters have produced the tones 
by generating sinusoidal electric currents in a group of tube emitters and 
combining them in a suitably arranged telephone receiver34. 

Another method of note synthesis does not create the note by superposing a 
series of simple tones but observes the change in the timbre of a note produced in 
the usual manner when some of the overtones are attenuated or completely 
suppressed by special means. Acoustic filters of an entirely different type, with 
which a great multiplicity of effects can be produced, have been developed by 
G W Stewart35. Remarkable results have been obtained36 when the sound wave 
is first converted into periodic electric currents by means of a condenser micro¬ 
phone and the fundamental tone or any desired overtone or group of overtones is 
suppressed by an electrical filter. The author was present at a demonstration of 
such experiments in the laboratory of the Western Electric Company in New 
York. The notes from a piano show remarkable changes in the timbre, depending 
upon whether the filter was included or cut off, and a surprising fact emerges that 
the absence of the fundamental tone and of the first overtone does not affect the 
perceived pitch. 

11. Influence of phase on the timbre of the note 

In this connection, a question arises as to whether a relative phase shift of the 
overtones of a musical note can change the timbre perceptibly. This question has 
been variously interpreted. To begin with, in the experiments with his apparatus 
for note analysis, Helmholtz shifted the phases of the overtones by detuning the 

32H V Helmholtz, The Theory of Tone Preception p. 629. 

33 D C Miller, 1916 Science of Musical Sounds. 

34H Fletcher, 1924 Phys. Rev. 23 p.432. 

35G W Stewart, 1922 Phys. Rev. 20 p. 528; 1924 23 p. 520. 

36H Fletcher, 1924 Phys. Rev. 23 p.432. 
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resonator or by loading the tuning forks, and at the same time maintained the 
intensities constant by using suitable devices. He came to the conclusion that the 
phase relationships do not exert any influence comparable to that of intensity 
relationships. R Konig37 investigated this question with his siren and expressed 
his opinion that the phase relationships modify the timbre perceptibly. However 
his results are based on the circumstance that his siren gave out notes with extra 
overtones. Lasareff38 asserts that the results obtained by Helmholtz are confirmed 
by using a siren which gives out simple tones. Lindig39 and Lloyd and Agnew40 
have used the telephone for such investigations. Lindig noted that when two 
notes have in common one or many overtones, upon super imposition, according 
to the principle of interference, the phase relationships between the overtones 
must influence the resultant amplitude and hence also the timbre. But in other 
cases he says the phase relationships have no influence on the timbre of the note. 
The views put forward by Helmholtz have also been confirmed by Lindig, as 
well as by the work of Lloyd and Agnew cited above. In view of these results the 
conclusion seems to be that the phase relationships have little influence on the 
timbre of the note under normal circumstances. All the same, it seems possible 
that for tones of moderate or greater intensity this conclusion must be further 
modified. Under these conditions, subjective combinations of tones arise and the 
timbre of the note perceived by the ear is possibly influenced by interference 
effects which depend upon the phase relations between the objectively present 
and subjectively produced overtones. Should this be the case, we must expect an 
observable effect of these phase relationships when the intensities are sufficiently 
large but which must vanish with the reduction of the intensities. Such effects have 
been discovered and described remarkably well by Lloyd and Agnew; but they do 
not seem to have realised the significance of their observations in this respect. 
Further study of this question with tones from tube emitters whose energy can be 
controlled is of great interest. 

This question is intimately connected with that of the audibility of beats from 
two simpler tones which form an impure musical interval—that is to say, an 
impure octave or quinte. We shall come back to this later. 

12. Intensity and volume of musical notes 

The degree of efficiency of a musical instrument which we shall consider as the 
source of sound, is determined by the acoustic energy emitted per unit time. If we 

37R Konig, 1896 Wied. Ann. 57 p.555. 

38P LasarefT, 1912 ZS. F. Sinnesphysiol. 45 p. 57. 

39F Lindig, 1903 Ann. Phys. 10 p.242. 
40M G Lloyd and P G Agnew, 1909 Bull. Bur. Stand. 6 p. 255. 
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assume a spherical surface around the source at a sufficient distance, the energy 
flow per unit area per unit time at each point of the surface is a suitable physical 
measure of the intensity of the musical note at the point in question, and 
integrating it over the entire surface of the sphere gives the total acoustic power 
emitted. If the pressure change in a sound wave is analysed and is represented as 

Fourier series: 
n 

P = P0 + Yj Pn sin {ncoA + (pn), 
i 

then the energy transported per unit time through unit surface area is simply 
P„/2pu, where p is the density of air, and u stands for the velocity of sound air. 

The components of change in pressure are expressed in dyne/cm2 and the sound 

intensity in erg/cm2, sec. 
We must carefully differentiate between the physical or objective property of 

the intensity of a musical note as defined above and the magnitude of the 
subjective sensation (or perception) which we shall call the volume of the note. 
For the case of simple tone of given frequency we can use, at least as an 
approximation, the relation between the intensity and the volume given by 
Weber-Fechner’s psycho-physical law; according to this the logarithm of the 
intensity of a simple tone is the correct measure of its volume. Fletcher41 has 
suggested a convenient scale for practical use. The differences in volume are 
expressed by the logarithm of the corresponding physical ratio of intensities 
multiplied by ten. In order to compare on this scale the volumes of simpler tones 
of different frequencies, we must bear in mind that the sensitivity of the human ear 
to tones of different pitches is also different; a suitable measure of this sensitivity is 
the minimum or the threshold energy which is required in order that the human 
ear may hear the tone. The tone with the threshold energy for the prescribed pitch 
is the appropriate null-point of the volume scale for this pitch. Thus for example, 
a tone with 1000 times the threshold volume lies at 30 units of the volume scale. 
Instead of the absolute scale, a relative scale can also be set up. Then we take as 

the standard value a simple tone of particular frequency, say 700 and give each 
tone the volume number ascribed to the standard tone of apparently the same 
loudness. We find that for simple tones within the usual range of intensity and 
pitch both the scales are identical. On the other hand, for compound notes we find 
an appreciable deviation from one another413. 

41H Fletcher, 1923 J. Frankl. Inst. 196 p. 289. This article contains a very valuable bibliography on the 

physics of hearing. 

41aCompare the article “Hearing” section 12/13 (Handb. Phys. 8, chapter 1). 
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13. Comparison and measurement of intensity 

If two notes successively fall on the ear, it can judge rather accurately whether 
they are of equal volume or not. The degree of accuracy obtained with such 
subjective comparisons has been subjected to many studies by psychologists and 
physicists. For musical notes whose energy lies far above the threshold, a 
difference in intensity of 10% can usually be perceived by the ear as a difference in 
volume. The degree of accuracy decreases considerably when the two tones to be 
compared are separated by a few seconds42. In one method in which one of the two 
tones is changed continuously by a known fraction till both the tones appear to be 
equally loud, we have a method of comparative phonometry, analogous to 
optical photometry. In the case of sound the most convenient and accurate 
subjective method of comparison is analogous to the flicker photometer for light. 
The two notes to be compared are incident on the ear periodically and alternately 
and the criterion of equality is that the two alternating phases must appear to be 
the same. Such a cyclic alternating phonometer can be driven electrically or 
mechanically and has been used by D Mackenzie43 and others. We can use it also 
for comparing the volumes of tones of different pitch and timbre44. 

Yet another subjective method has been developed for comparison of notes. It 
is based on the acoustic properties of an enclosed chamber and the existence of an 
intensity threshold for perception. In this method, which we owe to W C Sabine45, 
the observations are made in a chamber for which the absolute decay time of the 
reverberations is determined in a preliminary investigation. When a sound is 
produced and then cut off, it reverberates in the space for a certain time duration, 
which can be measured with a stop watch. The louder the sound, the longer the 
reverberations are felt46. Thus the relative intensities of two notes of the same pitch 
can be compared and when the intensity threshold for the observer is known, the 
acoustic power of the source can be calculated absolutely. P E Sabine has in this 
manner estimated the absolute acoustic power of some musical instruments and 
of the human voice47. 

In all subjective comparisons of sound intensity the question arises of the 
relative influence of the fundamental tone and of the different overtones of a 
complex musical note, i.e. of how the volume of such a note perceived by the ear is 
determined by the intensities of the partial overtones. This is a rather difficult 
question, which has not yet been fully answered. The studies of Fletcher and 

42 V O Knudsen, 1923 Phys. Rev. 21 p. 84. 

43Donal Mackenzie, 1922 Phys. Rev. 20 p. 331. 

44Compare the article “Hearing” section 12/13 (Handb. Phys. 8, chapter 11). 

45 W C Sabine, 1922 Collected papers on Acoustics, Harward Univ. Press. 
46 Compare the article “Spatial Acoustics” section 22 (Handb. Phys. 8, chapter 16). 

47Paul E Sabine, 1923 Phys. Rev. 22 p. 303. 
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Steinberg48 seem to indicate that for medium intensities the volume of a complex 

note is determined by addition, where each tone contributes to the total volume 
in proportion to the threshold value of the energy divided by the corresponding 
frequency. For greater intensities, the relation between volume and intensity of a 
complex note is not so simple. 

Objectively, the intensities of musical notes of the same pitch can be compared 
according to one or the other of the methods of tone analysis described in 
sections 6 to 9. In these cases, the intensities of partial overtones of the same 
frequency in the two notes are compared. The total intensities can likewise be 
compared, when the sensitivity of the apparatus to the different pitches is known 
or experimentally determined with the help of standard sources. Here we shall not 
go deeper into questions of absolute measurement of the intensity of sound since 
they belong more to the general theory of acoustic measurements49 than to the 
realm of physical properties of musical tones. We only note that such absolute 
measurements stipulate three conditions. First of all, the production and use of a 
standard source or a telephone which can produce a tone of accurately known 
pitch and intensity; secondly the absolute determination of the acoustic power of 
this source and its spatial distribution, which can be done either by theoretical 
computation or by direct observation, that is to say, by measuring the 
ponderomotive effects of sound waves. The third part is the comparison of the 
sound to be investigated with the standard source making use of a subjective or 
an objective method as already described. 

14. Beats and intermittent tones50 

An important exception to Ohm’s law is the following: If two simple tones of 
almost the same pitch can be played simultaneously, the ear does not perceive 
them individually but the sensation registered is that of a single fluctuating tone, 
which can be described as the resultant tone. 

If the two tones are not of the same intensity, we find that the intensity as well as 
the pitch periodically vary in the resultant tone. This corresponds to the wave 
form obtained when two simple vibrations of almost the same frequency but of 
different amplitude are added. If the tones are of the same intensity, the frequency 
of the resultant tone is the mean and only the intensity fluctuates; with the help of 

the formula it can be easily shown that the phase of the resulting vibration is 

48H Fletcher and J C Steinberg, 1924 Phys. Rev. 24 p. 306. 
49The methods are individually treated in “Acoustic Measuring Methods”, sections 1-7 and 13-17 

(Handb. Phys. 8, chapter 13). 

50See the article “Hearing”, section 25 (Handb. Phys. 8, chapter 11). 
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reversed every time it fades. Hence it follows that when listening to beats the same 
acoustic effect is not felt as when a tone is mechanically interrupted by 
periodically cutting off the source of the tone. An intermittent tone can be 
acoustically split up into at least three tones, of which one has the same pitch as 
the interrupted tone. Genuine beats can be resolved into only two tones. The 
effect of the beats can however be mechanically synthesised at a given point in 
space by rotating an acoustic double source slowly about an axis lying in its 
equatorial plane. In this case, the necessary phase reversal is automatically 
produced51. 

If two musical notes are played at the same time, beats can be heard if one note 
has an overtone whose pitch differs only by little from the pitch of an overtone of 
the second. Sometimes—for instance when both the notes are almost of the same 
pitch—many more such pairs of overtones are found whose beats are heard 
separately in rapid succession. In such cases, the effect on the ear is one of 
complicated fluctuation in intensity, pitch and tonal timbre, which however can 
be split up into a series of beats if listened to with great attention. This is done 
more simply with resonators which are more or less tuned to the pitch of both the 
notes producing the beats. 

The influence of beats and intermittent tones on a system capable of resonating 
depends upon the rate of fluctuations and on the width of resonance of the system 
under question. A tuning fork fixed to such a resonance plate responds only when 
its frequency coincides exactly with one of the tones, which is then solely 
responsible for the observed effects. However, systems such as membranes or 
vibrating air columns which have a larger damping and hence a greater width of 
resonance can simultaneously respond to many frequencies and in this manner 
the beats are also reproduced. The slowness of the beats which a receiver can 
resolve into their components is thus a measure of the sharpness of resonance. 
This finds an important application in the theory of perception of beats by the 
hearing mechanism. 

15. (Physiological) combination tones52 

When two simple tones of sufficient intensity which have been produced entirely 
independently of one another fall on the ear simultaneously, certain additional 
tones can be perceived, which seem to have their source mainly, if not entirely, in 
the mechanism of hearing. The difference tone is most intense when its frequency 
is equal to the difference of the two frequencies and can be very easily observed 
when the two form a somewhat smaller interval than an octave. Then the 

51C V Raman, 1913 Indian Assoc. Bull. 8 p. 17. 

52 Compare the article “Hearing” sections 27-30 (Handb. Phys. 8, chapter 11). 
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difference tone is deeper than the two original tones and cannot easily be masked 
by them. The summation tone whose frequency is equal to the sum of the 
frequencies of the two primary tones is less easily observed. For this, as for the 
combination tones of higher order, primary tones of greater intensity are needed 
and even in this case, the combination tone under question can be resolved from 
the overall sensation only with difficulty. The masking phenomenon which we 
have already mentioned is an obstacle to the perception of combination tones of 
higher pitch than the primary tones. 

Helmholtz’s theory ascribes the origin of these combination tones to the 
asymmetry of vibrations in the middle ear and asserts that they should be 
inaudible for feeble primary tones. The new investigations of Wegel and Lane,53 
where the perception of two simultaneously played pure tones by the ear is 
studied as a function of their relative frequency and intensity are of great interest. 
This work is discussed in detail in the article “Hearing”; the results of the 
investigation are illustrated there in a diagram. 

The subjective sensation corresponding to each region of this diagram has been 
indicated. In the zone denoted by “tone mixing” the sensation is very complex; it 
can be analysed by introducing a third tone of known variable frequency and 
determining the frequencies for which beats occur. In this manner we can 
establish that tone mixing consists of different tones whose frequencies can be 
presented by the general formula n1f1 or n2f2 or n1f1+ n2f2 where nl and n2 

stand for positive integers. 
It is of interest to explain the beats which arise when two simpler tones forming 

an impure musical interval—for instance a dissonant octave—form a combina¬ 
tion tone. Two plausible explanations are given. Firstly, a subjective overtone of 
the lower primary can produce beats with the higher. It can also be produced by 
the lower primary tone and the difference tone. The beat frequency should be the 
same in the two cases, but the frequency of the fluctuating tone differs in the two 

explanations. Of course, according to both the theories the beats can be heard 
only if the primary tones are of sufficient intensity. In general both the effects can 
be presented at the same time. An inaccurate harmonic relation is equivalent to a 
periodic variation of the phase of one of the two tones forming an exact harmonic 
interval. Since the ear can perceive beats from two simple tones which give rise to 
an impure consonance, we can infer that the phase relation between the different 
overtones of a musical note does indeed affect the timbre of the note as heard by 
the ear. For this, the intensity should be sufficiently large. In fact the observation 
of beats with impure consonances is the most sensitive method of answering the 
question posed in section 11. 

Since physiological combination tones are real as far as the inner ear is 
concerned, they can produce beats with subjective or objective tones of 

53R L Wegel and C E Lane, 1924 Phys. Rev. 23 p.272. 
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approximately the same pitch in the same way, as tones which have an objective 
external existence. Hence they are of significance to the physical theory of musical 
consonance. 

16. (Physical or objective) combination tones54 

In certain cases difference and summation tones can also be detected by 
observations which are independent of the mechanism of the ear, for instance by 
making use of a tuned resonator for receiving the tone and displaying its 
response. The combination tones in such cases can even stem from the sources of 
the two tones when they are coupled. However, when the sources of the primary 
tones are independent of one another and combination tones are still observed, 
we must then assTime that they originate in the receiver, unless of course they form 
during propagation in the atmosphere. 

The mechanism by which a source emitting two simple tones produces 
objective combination tones is not the same in all cases. If the production of one 
of the primary tones has an effect on the other, in that it becomes periodically 
attenuated or interrupted, or even reversed, then a combination tone is formed. In 
the double siren of Helmholtz, in the harmonium and in the organ pipe, the same 
air chamber produces both the primary tones and its pressure fluctuations 
constitute the mechanism of coupling. The double pipe in which a powerful deep 
note is produced by sounding simultaneously two high pitched tones, is another 
example of this sort. Difference and summation tones also arise when asymmetric 
oscillators vibrate with large amplitude in the source. The author has pointed 
out yet another way of producing combination tones55. When the tension on a 
string is varied periodically with two different frequencies through the longi¬ 
tudinal motion of its ends, its vibrations are found to contain combination 
frequencies. Further investigations must be carried out to decide how far the 
different mechanisms mentioned here are responsible for the production of 
objective combination tones in the violin, the piano56 and other string 
instruments. It is quite well known that in string instruments periodic changes in 
tension and longitudinal motions occur57. On the other hand, it is also quite 
probable that vibrations of the curved sounding boards of these instruments are 
appreciably asymmetric. 

Sound receivers whose vibrations are asymmetric produce combination tones 
when responding in their own characteristic modes. The best example of this is 
the human ear. This effect is strikingly illustrated by the experiments of 

54Compare with the remark in § 15. 

55C V Raman, 1915 Phys. Rev. 5 p. 1. 
56E H Barton, 1914 Text Book of Sound, p. 387. 

5 /C V Raman, 1911 Philos. Mag. 21 p. 615. 
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Waetzmann and Moser58 as well as by the mechanical model developed by 
B N Banerji59; he investigated the response of a system capable of asymmetric 
vibrations, and specially tuned to the combination tones. Waetzmann60 has 
shown that combination tones are produced in a carbon-granule microphone 
because the relation between pressure and electric resistance is non-linear. We 
must also mention an earlier work of Waetzmann61 in which sensitive soap film 
stretched over the aperture of a resonator is used to observe combination tones in 
the free atmosphere. Kustner62 has studied the relation between the generation of 
combination tones and the pressure in sound waves of finite amplitude. 

17. Physical foundations of consonance63 

Helmholtz’s theory of consonance and dissonance is based on the observation 
that when two or more musical notes of different pitch are sounded simulta¬ 
neously, beats can occur between the overtones and combination tones contained 
in the overall note. These are sensed by the ear as an unpleasant noise. Going into 
the details of this theory, we must consider the cases in which such beats are 
produced and the limits within which they are perceptible and produce 
unpleasant sensations. For our purpose it is sufficient to reproduce here some of 
the facts observed in this connection: 

(a) When two simple tones of almost the same frequency produce beats, then the 
fluctuations in intensity are inaudible, as long as they are less than 10% of the 
mean intensity. 

(b) The variations in sound are not sensed by the ear when the beat frequency is 
greater than approximately 20 for the deepest tones and 132 or even more for 
the higher tones. However if these numbers are expressed as musical intervals 
between the tones producing the beats, they decrease with increasing pitch. 

(c) The unpleasant sensations reach a minimum for very slow beats; they rise to a 
maximum and again decrease with further increase in the rate at which the 
beats are produced. 

From these facts we infer that when we consider only simple tones and neglect 
overtones and combination tones, all musical intervals which are greater than a 
few half tones must be constant and that notes without overtones are not to be 
used for harmonic music. The differences between the various musical intervals 

58E Waetzmann and W Moser, 1917 Verh. d. D. Phys. Ges. 19 p. 13. 

59B N Banerji, 1920 Proc. Indian Assoc. 6 p. 37. 

60E Waetzmann, 1913 Ann. d. Phys. (IV) 42 p.729. 
61E Waetzmann, 1906 Ann. d. Phys. (IV) 20 p. 837. 

62 F Kustner, 1916 Ann. d. Phys. (IV) 50 p. 941. 

63Compare the article “Hearing” section 26 (Handb. Phys. 8, chapter 11). 
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with regard to consonance and dissonance depends mainly on the strength of the 
overtones and to a lesser extent on the strength of the combination tones which 
accompany them. If the volume of the overtones is known, then the degree of 
consonance or dissonance of each given musical interval can be calculated. 
Helmholtz has carried out such calculations and drawn diagrams which are 
published in his treatise on the sensations of tone. It is very striking that the most 
acutely dissonant intervals are those which lie close to the best consonance viz. 
the harmony, the octave and the fifth. This can be easily understood from the fact 
that in such consonant intervals important overtones of both the notes have the 
same pitch. Hence a slight change in the interval between the two musical notes 
gives rise to beats and dissonance in such cases. 

Helmholtz used the very same ideas which form the basis of his theory of 
consonance to explain the pleasant or unpleasant timbre of the notes from certain 
musical instruments. When the higher overtones of a note are of sufficient volume 
they can be dissonant with one another in certain circumstances and then the note 
becomes shrill or piercing. He also discussed in great detail the usefulness or 
impracticability of special tonal timbres for the purpose of harmonic music on the 
basis of the ideas already described. Wegel and Lane have found that two tones 
which produce beats are less easily masked by deeper tones in the overall 
sensation than a single tone of the same pitch. From these and other 
considerations it seems probable that we must not neglect the influence of 
masking in a complete theory of musical consonance. 

B. Stretched string instruments64 

18. General description 

The direct acoustic emission of energy by a transversely vibrating string 
into the atmosphere is usually so feeble that it can be neglected in the discussion 
of the theory of music. We find that in all string instruments the tone 
production depends upon the transmission of the vibrations of the string 
through an adjustable bridge or bracket over which the string passes at one end. 
The bridge is firmly connected with the body of the instrument which is the actual 
source of sound. Sometimes the body consists only a stretched membrane or an 
elastic plate which executes forced vibrations. Sometimes however, this sounding 
board is further connected to a resonator—an enclosed volume of air which is in 
contact with the external atmosphere through one or more apertures. The 
enclosed air is made to vibrate and this amplifies the tone of the instrument. 

String instruments can be most naturally classified according to the mode of 

64 See the article: “Production of sound by mechanical means” sections 30-33 (Handb. Phys. 8, 

chapter 5). 
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excitation of their vibrations. The physical theories of instruments in which the 
vibrations are sustained and those in which the vibrations are suddenly produced 
and then fade away are basically different. In the first group the vibrations are in 
effect periodic, the notes are picked out and can be split into partial tones which 
form a strictly harmonic series. In the second group the vibrations are only quasi 
periodic, because of the yielding of the bridge and the damping of the vibrations. 
For these and other reasons they exhibit only approximate harmonic relations to 
the characteristic tones of the string and are frequently accompanied moreover 
by tones of entirely non-harmonic frequencies which can be ascribed to be natural 
vibrations of the bridge and of the sounding board. In most of the instruments of 
the first type the vibrations of the string are produced by stroking with a bow. 
From the second category we must discuss those whose strings are excited by 
striking and those in which the strings are made to vibrate by plucking. 

19. Mechanics of the string and the bridge 

Here it is useful to introduce some general concepts. The periodic part of the force 
exerted by the string on the bridge can be split up into two components, one 
transverse and the other longitudinal. The transverse part is T06 where T0 is the 
tension in the string and 6 is the inclination at the end. The longitudinal part is 
(— Y-dl/l -f jTo02) where Y is the modulus of elasticity of the string, / its length 
and SI, the extension due to a finite transverse displacement. In comparison with 

the first, the second term can be neglected. Then the longitudinal force is — Y-Sl/l, 

we can easily show that it is periodic and indeed has double the frequency of the 
string. With finite amplitudes of vibration the longitudinal forces produce tones 
of double the frequency. In fact this can be observed in some primitive 
instruments in which the bridge is missing and the string is fixed right across a 
stretched membrane65. However as a rule the longitudinal movements of the 
bridge even if they occur are not very significant. When considering smaller 
amplitudes of vibration the simplification of neglecting the longitudinal force 
exerted on the bridge is justified. We shall assume that the end, x = 0 of the string 
is fixed and that the other end, x = / passes over the bridge. 

The yielding of the bridge brings about a change in the natural vibrations of the 
string. We can find the frequencies of the combined system in the following 
manner. We shall assume that the string executes vibrations in which the 
transverse displacement Yat the fixed end is zero and at all other points, A sin px 

cos mt where pm2 = T0p2. p is the linear density of the string. At the other end then 
the transverse vibration of the string is A sin pi cos mt and this should be equal to 

65C V Raman, 1909 J. Indian. Math. Soc. 1 p. 170. 



MUSICAL INSTRUMENTS AND THEIR TONES 501 

the transverse vibration of the bridge. The kinetic and potential energies of the 
system composed of the bridge and the resonating body can be expressed in terms 
of the changes in the normal coordinates as given below: 

T = \ax<p\+\a2(p\ +.... 

V = ka\n\q>\ + \a2n\(p\ + .... (1) 

The transverse component of the movement of the bridge is A sin pi cos mt = r1cpl 
+ r2(Pi + — In this expression cpl and q>2 can be determined from the equations 

<Pi + nl(px = <bjau (p2 + n\<p2 = ®2/a2 etc. 

where and 02 etc. are the components of the generalised force. The transverse 
component of the tension of the string on the bridge is — A T0p cos pi cos mt. We 
calculate the values of Ol5 <I>2, etc. and substitute in the above equation, obtaining 

tan pl= — T0p r2i/a i , rl/a2 , 
2-2 "•-2-T + n\ — m n2 — m 

This can be considered as the equation for the natural vibrations of the combined 
system. If it is graphically or numerically solved, we find that the natural 
vibrations of the string are influenced to a remarkable extent, and the magnitude 
of the effect depends upon how big n1 and n2 are relative to m. The changes in 
natural frequency are a maximum when m is close to nx or n2, that is to say when 
the frequency of the string is close to one or the other of the frequencies of natural 
vibrations of the bridge. 

20. Forced vibrations of the string and the bridge 

In the previous sections we have neglected the inevitable dissipation of energy 
partially due to the transmission of sound energy into the atmosphere and 
partially due to other causes. The natural vibrations of the string modified by the 
bridge do not usually deviate from the values given by (2) even when the 
dissipation is taken into account. On the contrary, the vibration produced by an 
external periodic force of almost the same frequency is strongly affected by the 
dissipation. Due to dissipation parts of the system do not vibrate in phase. 

The motion produced by the force E cos mt acting at a point x = x0 on the 

string can be calculated as follows: 
The vibration of the string is given by the expression 

Y = A sin px cos mt + B sin px sin mt for 0 < x < x0 and 

Y = C sin p(l — x) cos mt + D sin p(l — x) sin mt 

+ G cos p(l — x) cos mt + H cos p{l — x) sin mt for x0 < x < /. 

> (3) 
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From (3) we find that the transverse force T0p (C cos mt 4- D sin mt) acts on the 
bridge and the vibration of the bridge produced by it is given by 

Y= G cos mt 4- H sin mt. 

Since the force and the resultant vibration must be proportional, we obtain the 

relations 

G = ccC — pD | 

H = PC + <xD) <4) 

from which by squaring and adding we get 

G2 + H2 = (a2 4- P2){C2 4- D2). 

The continuity of the displacements at x0 gives us the relations 

A sin px0 — C sin p(l — x0) — G cos p(l — x0) = 0 

B sin px0 — D sin p(l — x0) — H cos p{l — x0) = 0. (5) 

Since the external force E cos mt is equal and opposite to the resultant tension at 

A cos px0 4- C cos p(l — x0) — G sin p{l — x0) = E/T0p 

B cos px0 4- D cos p(l — x0) — H sin p(l - x0) = 0. (6) 

Eliminating A, B, G and H from (4), (5) and (6) and solving for C and D and 

writing a = tan <5, we get 

(C2 4- D2)1/2 = E cos <5 sin px0/T0p[sin2(p/ 4- S) 

4- P2 cos2 S cos2 p/]1/2 

D/C = — P cos S cos pi/sin (pi 4- <5). (7) 

The equation (7) gives the amplitude and the phase of the relevant portions of 
the forced vibrations of the string. In (4). (a2 4- P2)1/2/T0p is a measure of the 
amplitude and P/a of the phase of the forced vibrations of the bridge which are 
produced when a periodic force with unit amplitude acts on it. Without 
dissipation p = 0 and — a is identical with the right side of equation (2) of the 
preceding section. When the form of the dissipation function for the bridge and 
the body is known in terms of the normal coordinates of the system the value of p 
and the modified value of a can be determined. As an approximation we assume 
that the dissipation does not greatly modify the normal vibrations of the bridge 
and the sounding board, and that it produces only a decay of the natural 
vibrations with time, at a rate which is given by exp( — and exp( — \k2t) for 
the corresponding coordinates. With this assumption, we see easily, retaining the 
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symbols of the previous section, 

oc=T0p 

P=T0p 

r\ n\ — m2 

ax (nj — m2)2 + k\m2 

r\ /ttm 

ai (ni —rn2)2 + k2m2 

T 

+ 

2 2 2 
rj — m 

a2 {n\ — m2)2 + k\m2 

r\ k2m 

a2 (n\ — m2)2 + k\m2 + ’ ’ 

> 

j 

From equation (7) we see that as long as p is small the response of the string to an 
external force is maximum when pl + d = nn. Since a = tan <5, we see from the 
equations (2) and (8) that this corresponds to the case when the period of the 
external force is equal to that of the natural vibration of the string modified by the 
yielding of the bridge. Moreover, we see from (7) that for sin px0 = 0, (C2 + D2)1/2 
vanishes. This means that when the force acts on a node in a string, the vibrations 
are not excited. From equation (8) it further follows that when m is almost equal 
to nt or n2, p does not remain small any more. In other words, the vibration of the 
string is highly damped when its natural frequency is almost equal to one of the 
natural vibrations of the bridge and hence calls for a correspondingly greater 
external force to sustain it. 

21. Mechanics of stroking 

Now we go over to the theory of the important group of string instruments which 
are excited by stroking with a bow, and produce sustained musical notes. The first 
step in the theory is obviously the consideration of the mechanical efficiency of 
the bow. 

We shall denote the velocity of the bow by v and the transverse velocity of the 
string at the point of contact of the bow by 

• • 

y = ip1u1 ~f~ ip2u2 t ... (9) 

where \jt2 etc. are the normal coordinates and uu u2 are the normal functions. 
The equations for forced vibrations have the form 

• • • 

ailI/i + + c^i = Fu{, (10) 

where F is the friction between the string and bow. We assume that the relative 
velocity (v — y) is not zero and its sign does not change, and we can develop F in a 
power series and write down 

F = F0(P) + Fx(P)(t; -y) + F2(P)(v - y)2 + ••• (11) 

where F0(P), Ft(P) etc. are functions of pressure. We substitute the value for y 
from (9) in equation (11) and then replace F in (10) by the series developed. The 
values on the right side of equation (10) then represent the periodic forces of 
different frequencies. Next we shall confine our attention to those terms which are 
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proportional to F^P) and depend upon the first power of the relative velocity. 
Among these expressions, obviously the most important are those which 
represent a periodic force of the same frequency as the normal coordinate under 
consideration. This term has the form 

- Fi(P)«?i//1- 

If it is brought to the left side of equation (10) and if all the other terms are 
neglected, then the equation of the forced vibration becomes 

ap\f + {bi + F1(P)wi}(//r1 + c1ij/l = 0. (12) 

Experience tells us that the dynamic friction is smaller than the maximum static 
friction and F^P) is hence negative. Moreover, with increasing pressure the 
absolute value of F^P) can increase beyond all bounds. By supplying sufficient 
pressure, we can always see to that the second expression in (12) is negative. The 
solution of the equation (12) shows that the vibration must then increase 
exponentially with time and under the same conditions all other normal 
coordinates must behave similarly. It hence follows that when the bow is applied 
with sufficient pressures, the vibrations of the string grow further in amplitude till 
the limit of validity of (11) is reached that is to say, till the velocity of the stroked 
point in its forward motion is equal to that of the bow whereupon no further 
growth in the amplitude of vibration can take place. 

If we consider the components of the frictional force which are proportional 
to higher powers of the relative velocity, we find that some of them have frequen¬ 
cies which are integral multiples of those of the normal coordinates or are equal 
to their difference frequencies. Consequently, with sufficient bow pressure the 
principal overtones of the vibration are in strict harmonic relation to one 
another. Thus, even though the free vibrations of the string are not in exact 
harmonic proportions because of the yielding of the bridge and for other reasons, 
as a rule the forced vibrations produced by the bow are periodic. 

22. Motion of the point of application of the bow 

As already explained above, when the velocity of the stroked point is equal to that 
of the bow during any fraction of its forward motion, equation (11) no more 
represents the friction for tttis period of time, since it can take up any value which 
is smaller than the maximum static friction. For other parts of each period of 
vibration, however, equation (11) retains its validity and for those parts we can 
split up the periodic part of the frictional force into its components and substitute 

them into the right hand side of equation (10). As long as Tin any part of the 
forward motion of the stroked point is smaller than y, a steady vibration is not 
obtained because the difference between the friction in the forward and backward 
motions is considerable and produces harmonic components, which are in excess 
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of those needed for sustaining the vibrations. We conclude from it that a steady 
vibration of fixed amplitude is possible under the conditions assumed when the 
forward velocity is quite uniform and is equal to that of the bow. 

These very same considerations enable us to see that the stroked point tends to 
have a uniform velocity during the return movement, whose magnitude differs 
from case to case. If the backward velocity were variable the periodic frictional 
forces produced thereby would be in excess of that required by (10) to sustain the 
motion. However, it should be remarked that such a constancy of the velocity 
during the return movement represents only an ideal case, which may sometimes 
be approached very closely but which cannot always be realised in practice. In 
this consideration we have assumed that the periodic part of the frictional force is 
negligible in comparison with the constant part, which can be correct only in the 
limiting case that the vibrations of the string are free from damping and form a 
strictly harmonic series. In this limiting case the friction in both the stages of 
movement has the same value and actually remains constant over the entire 
movement. 

We assume these two conditions namely that the point of stroking changes its 
velocity discontinuously between the forward and backward parts of its motion. 
Thus we can investigate all the possible modes of vibration of the string which are 
compatible with this condition and establish which of them are stable and for 
what velocities and pressures. This question has been carefully and exhaustively 
dealt with by the author in a monograph66 to which the reader may refer. We must 
content ourselves here with a brief summary of the general methods and the 
results, with special relevance to cases of interest to the theory of music. At first we 
must take a few introductory remarks on the kinematics of discontinuous wave 
motion—a field which was first studied by Christoffel and later by Harnack. 

23. Geometry of discontinuous wave motion 

We are free to represent the transverse velocity Y of any point of an infinite string 

by an expression of the form 

y = 6(x — at) + X(x + at) 

where 6 and X are arbitrary functions which have one or more points of 
discontinuity. The same expression can also be used for the case of finite strings in 
which case the functions 6 and X must be so related to one another that at the 

ends of the string Y = 0 and at the other points its value must be repeated 
periodically at intervals of 2 l/a. If 6 and X are graphically represented together, 
each represents the velocity wave on the string. The curve obtained by their 

66C V Raman, 1918 Indian Assoc. Sci. Bull. 15 pp. 1-158. 
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superposition gives the transverse velocity at different points of the string at each 
given instant of time. This velocity curve varies from instant to instant and, after a 
full period of vibration has elapsed, assumes the original form. In what follows, we 
shall confine our attention to the cases in which the velocity curve is represented 
by parallel straight lines all of which are equally inclined to the x-axis and 
separated from one another by points of discontinuity. The velocity diagram 
obtained by superposing them is conceptually simple. The velocity diagram of the 
motion is given by parallel straight lines but with double the inclination, 
separated by discontinuities which move to and fro with uniform velocity. The 
transverse velocity at any point on the string remains constant, except when it 
passes through a discontinuity at which time the velocity suddenly changes by the 
magnitude of the discontinuity. After reflection at the end when the discontinuity 
returns and passes through the same point in the opposite direction, the 
transverse velocity returns to its original value. Naturally those cases form an 
exception in which meanwhile other discontinuities have passed through that 
point. 

Given the initial shape of the velocity diagram, it is easy to calculate the 
displacement for each point of the string in every stage of vibration. We need only 
to find the transverse velocities of the successive stages of vibration and multiply 
them with the time intervals during which they remain constant. The deflections 
thus calculated are simply added. The resultant deflections are naturally periodic 
and when they are plotted graphically as functions of time, they give the 
“vibration curve” of the string at the given point. The curve consists of a number 
of straight lines which form a continuous curve. 

The form of the entire string at every stage of vibration can be found similarly. 
It consists of a number of straight lines, which intersect at angles or kinks where 
each kink corresponds to a discontinuous change in the velocity and as already 
described, moves backward and forward along the string. The sudden changes in 
the velocity and abrupt reversals of direction at the kinks are physically 
reciprocal effects as first pointed out by Christoffel. 

24. Analysis of discontinuous vibrations 

The Fourier analysis of each type of vibration of a stretched string with only 
discontinuous changes in velocity can be developed quite simply, as shown first 
by Harnack67. We shall assume that the transverse velocity Tat a given time t is 
graphically plotted with respect to x, and the diagram obtained consists of a 
system of parallel straight lines inclined to the x-axis, which are separated by the 

67A Harnack, 1887 Math. Ann. 29 p.486. 
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discontinuities otl9 a2, a3 and so on, which are at the positions li9 l2, /3 etc. If 

then 

Y = Y.Q 
n 

. nnx 
sin—7— 

The integration gives 

Qn = 

n 

0 

v • W7cx Tsin—— ax- 

2 nnl± nnl2 
— aicos——ba2cos —-—f*... 
mi l l 

The positions of the discontinuities ll9 l2 etc. change with time. We can write 
lr = Lr + at, when lr belongs to the positive wave and lr = 2l — (Lr + at), when it 
belongs to the negative wave, where Lr is a constant. We substitute the value 
obtained for Qn into the general Fourier expansion and derive for the deflection at 
any point the expression 

. nnx 
y = I>n — 

n l 

. 2nnt n 2nnt 
An sin-1- Bn cos ——-- (13) 

where 

An n2n2 

T 

n2n2 

nnLi nnL- 
ax cos— -1- a2 cos— -h 

/ / 

. nnLi . nnL2 
sin—--1- a2 sin—--b 

l l 

If only one discontinuity is present, which initially lies at the end L — 0, then the 
result is simplified to the well known formula 

y= 
Ta 
2 2 n n 

. 2nnt . nnx 
sin———sin—— 

T l 

We see that the Fourier components of the vibration depend exclusively upon the 
positions and magnitudes of the discontinuities. The expression shows that when 
for each discontinuity of the positive wave an equally large one of opposite sign is 
present in the negative wave at the same initial position, all coefficients An vanish 
but not the Bn. On the contrary, if both the waves have discontinuities of the same 
magnitude and the same sign at the same initial positions, then all Bn vanish but 
not the A„. These two important cases also follow by imposing the condition that 
the vibration should depend upon the initial deflections alone or only on the 
initial velocities. 
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25. Kinematics of stroked strings 

The condition that the motion of the stroked point should move with uniform 
velocity backwards and forwards greatly restricts the possible types of motion. 
The question of determining all these types is discussed by the author in the 
monograph already mentioned and a surprisingly simple solution has been found 
which can be easily verified. It is found that the possible types are identical with or 
can be derived from a type of discontinuous wave motion in which, on the string, 
one, two, three or more abrupt changes of velocity can be present, all of which are 
equally large and have the same sign. If only one such discontinuity is present, we 
have the principal or Helmholtzian vibration type. If there are n equal 
discontinuities, we then have the nth type, in which the velocity diagram in 
general consists of (n + 1) parallel straight lines, which are all equally inclined to 
the x-axis and which are separated from one another n points of discontinuity. 
From the equality of the discontinuities it follows that the straight lines of the 
velocity diagram of the string divide the string n sections (when they are produced 
to meet it). The ratio of the possible velocities at the stroked point is equal to the 
ratio of the distances, which separate this point from the two consecutive points, 
one on either side, which divide the string into n equal parts. 

The simplest or Helmholtzian type with only one discontinuity is shown in 
figure 1. In the beginning the velocity diagram of the string AB is represented by 

c 

D 

Figure 1. The simplest or Helmholtzian type with only one discontinuity is shown. 

the inclined straight line AC with the discontinuity CB at the end. Since the 
discontinuity oscillates back and forth the velocity curve at every instant consists 
of two parallel straight lines which pass through the ends of the string and which 
are separated by the discontinuity, such as AE and GB when the discontinuity lies 
at the point F on the string. The transverse velocity in the point G goes over from 
EF into FG when the discontinuity passes through the point, so that the ratio 
EF:FG is equal to the ratio AF:FG, in which the point of observation divides the 
string. 



MUSICAL INSTRUMENTS AND THEIR TONES 509 

The kinematics of the more complicated cases, in which we have to deal with 
two, three or more equal discontinuities on the string, can be treated in a similar 
manner. The analysis indicates that when the stroked point lies near the end of the 
string, its motion is rather complicated, in that many to and fro movements occur 
within one period. The principal or Helmholtz type is the only one which gives a 
single simple zig-zag line as the vibration curve of the stroked point when this lies 
near one end of the string. In general case with n discontinuities present, with n 

prime, the simplest type of motion is always possible at the stroked point, when it 
is not too close to the end of the string. If however, n is not a prime number, and it 
has a divisor S, then the simple form of motion is possible only when this does not 
lie in the vicinity of a point which divides the string into S equal parts. 

Z' 

26. Partial tones of stroked strings 

From physical considerations we know that when the bow touches the node of an 
overtone, it is not excited and is missing from the motion of the string, without 
any modification of the motion of the point which was stroked. When we analyse 
types of vibration treated in the earlier section with one or two or more 
discontinuities, according to the method of section 24, we find that they contain 
the entire series of overtones, their relative proportion being determined by the 
number and position of the discontinuities. In the first or Helmholtzian type it is 
actually the fundamental tone. In the second type the octave is predominant and 
in the third is the third harmonic overtone and so on. Now we must consider how 
these different types of vibrations are influenced by the omission of that overtone 
which has a node at the point of stroking. 

Here again the method of the velocity diagram is very useful. In the formula of 
section 24 we set = d2 = d3.= d and obtain 

Y = Yj sin 
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When we seek the sth, 2sth, nsth partial vibrations and add them up, we can write 

the result as follows: 
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where 
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Time periods, wavelengths and discontinuities of the diagram for rj and Y are in 
the ratio 1 :s. Hence it follows that the gradient of the lines is identical in the two 
diagrams and the diagram for (7 — q) is in the form of steps, that is, it consists of 
straight lines parallel to the x-axis, which are separated from one another by 
discontinuities, some of which are of different sign from and smaller than the 
others. From such a velocity diagram, the motion can be fully understood. 

27. Modification of the Helmholtzian type 

The method described in the previous section is well suited to finding the 
modifications of the Helmholtzian or the principal type which arise when the bow 
is made to stroke exactly at a point which is distant from one end by one aliquot 
sub-division, e.g. by 1/5 or 1/6 or 1/7 the length of the string. According to a very 
general principle which can be easily proved, the form of the vibration curve for 
points near the end is very similar to that of the wave velocities on the string. 
Accordingly, in these cases, they have a characteristic step-like form where the 
number of horizontal stages is equal to the order of the principal component 
excluded from the motion. Now we may ask whether the missing overtone is 
heard as soon as the bow is shifted from such a nodal point. Physical 
considerations point out that its strength must increase gradually and not 
infinitely rapidly as predicted by the kinematic theory evolved earlier. 

The way out of this difficulty is that the usual assumption that the velocity of 
backward motion of the point stroked should be uniform is violated in such cases. 
Cases in which the stroked point returns with non uniform velocity have been 
studied by the author68 and have been termed “transition types” of vibrations. 
Their kinematic characteristics can be investigated with the help of velocity 
diagrams of the same general form as that discussed in the earlier section. The 
magnitudes and positions of discontinuities encountered there bring about the 
condition that in the motion of the stroked point a uniform forward and non 
uniform return velocity result. This method enables us to follow the gradual fade 
out of an overtone as the bow approaches its node and its reappearance when the 
bow has passed the node and is moved to the other side. Figure 2 is taken from the 

68C V Raman, 1918 Indian Assoc. Sci. Bull. 15 p. 95—111. 
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1/9 1/8 1/7 1/6 1/5 

Figure 2. Shows how the amplitude and the phase change with the position of the stoked point. 

work of the author69 and shows us how the amplitude and the phase of the seventh 
overtone change with the position of the stroked point. The analysis have been 
carried out with the formula of section 24. We see that the steady increase in the 
amplitudes of all overtones which arises from the approach of the stroked point 
to the bridge is superimposed on fluctuations. 

A very well defined phase change is also found, when the point of stroking is 
shifted through the node. This phase change indicates that the vibration is 
asymmetric and also contains sine as well as cosine functions of time. Possibly 
this is physically related to the phase change which is encountered when we make 
a small movement across the nodes of a vibratory string70. 

The author has also studied the transition types between the Helmholtzian 
type and the types of higher orders, such as the fifth, sixth and seventh in which 
the corresponding overtones predominate instead of being drowned by the 
fundamental. Also transition forms of other types in which the motion of the 
stroked point goes over from simple to rather complicated forms are discussed. 
For more details the original monograph may be consulted. 

69C V Raman, 1919 Philos. Mag. 38 p. 580. 

70C V Raman, 1912 Indian Assoc. Sci. Bull. 6 p. 7; A Kalahne, 1914 Verh d. D. Phys. Ges. 16 p.934. 
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28. Relation between bow pressure and the velocity 

From our considerations in sections 21 and 22 on the process of stroking with the 
bow, it is clear that the bow must be applied with a certain minimum pressure in 
order to maintain a particular type of vibration. The magnitude of this pressure is 
determined by the consideration that the periodic part of the friction must be 
sufficient in order to bring the partial vibrations of the string into accurate 
harmonic relation and in each complete period adequate work must be done to 
replenish the energy dissipated by transfer to the body of the instrument. 

We shall assume that the frequency of the forced vibration is equal to that of the 
free vibration of the string with firmly fixed ends. Then the study in section 20 
gives the periodic force of that frequency which is needed to maintain the 
corresponding partial vibration in a very simple form. If the forced vibration of 

the string is given by 

. 2nnt 2nnt 
An sin + Bn cos ~~y~ > 

then the periodic force required at the point x = x0 is given by 

y = £sin nnx 

F = ITo- 
nn/l . 2nnt _ 2nnt 

stfn sin — + @n cos -y- 
sin nnx0/l 

The values srfn and &n are defined by the relations 

rf* = - p„B„ and Mn = p„A„ + a„B„ 

(14) 

where a„ and pn are evaluated using equation (8) of section 20 and are 
proportional to the components of the forced vibrations of the bridge. The 
periodic force given by (14), except for some arbitrary constants, must be identical 
with the frictional force exerted by the bow. This condition at once excludes many 
types of vibrations which are kinematically possible, in which however, the 
frictional force determined from the relative velocity between the bow and the 
string varies in a manner which is not compatible with (14). If in any hypothetical 
motion the difference between the maximum and the minimum value of (14) in 
one period is greater than the difference between the maximum and the minimum 
friction between the bow and the string, this motion is excluded. We thus obtain 
the important condition, 

# 

Pressure > Fmax_~ f mln (15) 
^static ^dynamic 

which must be fulfilled, if the motion under consideration is to be feasible. (is the 
coefficient of friction. 

The condition (15) enables us to calculate with the help of the equations (13) 
and (14) and the values of and /?„ obtained from the equation (8), the minimum 
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bow pressure required for maintaining a particular vibration. Moreover, various 
interesting problems can be discussed with its help. When for instance we assume 
that the difference between the static and the dynamic coefficients of friction is 
constant, it follows that for a given mode of vibration the bow pressure varies 
with the amplitude and hence is directly proportional to the velocity of the bow. 
In reality, the dynamic coefficient decreases rapidly at first and then slowly with 
increasing relative velocity71. It hence follows that even in case of small velocities 
a finite bow pressure is called for, while with larger velocities approximate 
proportionality between pressure and velocity is obtained. 

Similarly (14) and (15) can be used to establish now with the approach of the 
stroked point x0 on the bridge the bow pressure needed for a certain velocity 
varies. From figure 1 in section 15 we see the amplitude of vibration grows in 
inverse proportion to the distance of the stroked point from the bridge and as 
sin mzx0/l becomes smaller, the bow pressure must greatly increase. 

We must moreover point out that (15) is a necessary but by no means sufficient 
condition for ensuring the possibility of a certain mode of vibration. Except for 
some arbitrary constants, the frictional force is given entirely by (14), and hence it 
must vary from instant to instant exactly as prescribed by the completely 
independent relation between friction and relative velocities for the period during 
which the relative velocity is not zero. This is a very highly restrictive condition, 

♦ 

which except in special cases excludes all vibrations in which the stroked point 
moves back with strictly uniform velocity for longer than a small fraction of the 
period. A deeper study shows when the inequality (15) is satisfied by more than 
one mode of vibration for certain points of stroking, pressure and the velocity of 
the bow, the mode of vibration requiring greater bow pressure is found instead of 
the others. 

29. The Wolf whistles 

From the preceding section it is clear that the force with which the bow must act 
on the string depends upon the vibration of the bridge and hence is related to the 
capacity for resonance of the instrument. The equations show that when one of 
the important partial vibrations of the string, especially the fundamental, is in 
resonance with the sounding board of the instrument, the bow pressure must be 
greatly enhanced to excite the vibration. Then we see from (14) that this special 
component of force is proportional to (a2 + p2)1'2, and from equation (8) in 
section 20 it is evident that the value of (a2 + p2)1'2 reaches a maximum when the 
frequency of the forced vibration of the resonating chamber is equal to one of its 

71F Lippich, 1914 Wiener Ber. 123 p. 1071. 
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natural frequencies. Hence the curve which presents the bow pressure as a 

function of the pitch must exhibit a peak at this point. 
When the bow pressure is somewhat smaller than the large value required at 

the point of resonance, sometimes a noteworthy phenomenon called the “Wolf’ 
note is observed. Only with great difficulty can a steady tone be produced. It 
mostly pulsates or quivers. An explanation of this effect on the basis of the theory 
of the influence of the bow has been given by the author and will be cited here 
briefly72. 

“In special cases, in which the natural frequency of the string coincides with 
that of the bridge and of the mass of the violin connected with it, the vibration of 
the string is initially of the well known type in which the fundamental is emitted. 
But the vibrations of the string excite those of the instrument and in a manner in 
which their amplitude goes on increasing. The dissipation of the energy becomes 
greater till it exceeds the critical limit when the bow is no longer able to maintain 
the usual mode of vibration. As a result the vibration of the string goes over into a 
type in which the fundamental becomes less important than the octave. Then the 
amplitude of vibration of the body of the instrument begins to decrease though it 
catches up with the change in the vibration of the string after a considerable 
period of time, as is to be expected. The decrease in the amplitude of the vibration 
of the body results in a decrease in the energy dissipation; when this is pushed 
below the critical limit, the string goes back to its original mode of vibration by 
going through similar successive stages but in the reverse sequence. This again 
enhances the vibration of the body and the cycle is repeated.” 

The explanation for the “Wolf’ note quoted here is supplemented by the 
remark that a cyclic process of the type under consideration is not necessarily 
produced under the action of the bow in all cases in which resonance occurs. It is 
only possible to maintain such a cyclic sequence of changes when the minimum 
pressure required is essentially smaller than that required for the usual type of 
motion, in which the fundamental is produced, and at the same time, is greater 
than that which is sufficient for any other steady mode of vibration with only the 
upper partial tones. Sometimes these conditions are not satisfied as for example, 
when the resonance of the instrument can be ascribed only to the enclosed air and 
not to the heavier mass of the body. Likewise when the strings are very thin, or 
when the vibrations of the bridge are damped to an unusually large extent, the 
cyclic process is not set in motion. On the other hand, the cyclic process is possible 
in many cases where exact resonance is not involved, that is, when the changes in 
the frequency of the fundamental or of the octave originating from the yielding of 
the bridge are sufficiently large. 

It must be pointed out here that in connection with the theory of the “Wolf’ 
note, interesting questions need to be answered regarding the period of the cyclic 

72C V Raman, 1916 Philos. Mag. 32 p. 391. 
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process, the magnitude of the time lag between the vibrations of the chamber and 
that of the string, the variation of this time lag with the accuracy of tuning and 
also the relation of the phenomenon as a whole to the theory of coupled 
vibrations of the string and of the bridge. The reader can look up the mono¬ 
graph73 of the author and also a more recent work by Morton and Chambers.74 

30. Influence of the mute 

The well known modifications of the timbre of a note produced by fixing a load of 
a few grams on the bridge of a string instrument have been studied by the author 
and explained theoretically75. It is appropriate to mention this here. The theory has 
its basis essentially on the fact that by adding the load, the normal coordinates of 
the system consisting of the bridge and the board are modified and hence their 
reaction to the forces exciting the string. Due to loading the kinetic energy of the 
system given by equation (1) in section 19 must be modified by adding one or 
more terms proportional to the load. For simplicity, we have added only the 
terms which depend upon the transverse motion of the bridge. The addition to 
kinetic energy is then + r2(P2 + •• -)2 where M is the mass of the mute. If 
we substitute the modified equations in the expression for the variation of cp1} cp2 

etc. (which however are now no more the normal coordinates of the system) we 
obtain the expressions for the forced vibrations of the system. The most 
important influence of the load can be discerned when the dissipation terms in the 
equations are neglected. We find that a transverse periodic force E cos mt 

produces a vibration of the loaded bridge which is given by the very simple 
expression E cosmtQ/(l — Mm2Q) where Q stands for the quantity which in 
equation (2) of section 19 is enclosed by square brackets. 

The same result is also obtained directly when the load is considered as 
equivalent to an additional force acting on the bridge, which is equal to that of the 
mass reaction of the load with a minus sign. The effect of the load also depends 
upon whether QMm2 > or < 1. If Q is positive, with gradually increasing load the 
forced vibrations of the system get amplified till Mm2 Q becomes equal to unity. 
Then the vibration is too large and dissipation can no more be neglected in the 
theory. If M is pushed up further, the phase of the vibration gets reversed, its 
amplitude becomes smaller and finally vanishes completely when M is sufficiently 
large. If on the contrary, Q is negative and M increases from small values, then the 
forced vibrations are less pronounced and finally for large M, vanish altogether. 

73C V Raman, 1918 Indian Assoc. Sci. Bull. 15 p. 119. 
74W B Morton and F M Chambers, 1925 Philos. Mag. 50 p. 570. 
75C V Raman, 1918 Philos. Mag. 35 p. 493. 
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The physical significance of the striking difference between the two cases, where 
f2 is positive and negative, becomes clear when we bear in mind that the solution 

of the equation 1 — Mm2Q = 0 gives the natural vibrations of the loaded system 

composed of the bridge and the board. Since 

~ rl/ai ri/a2 Q = ———-—|---1- 
_n\ — m n\ — m 

The sign of Q depends upon how the value of m is related to nl9 n2 etc. The effect of 
the load is that all natural vibrations become lower in pitch; but according to a 
well known theorem76, in no case can the pitch be less than the original pitch of the 
next lower natural vibration and for heavy loads the pitch of each mode of 
vibration must reach a limiting value, which corresponds to the total immobilis¬ 
ing of the point at which the load is applied. We see that the influence of the mute 
can be considered as if it is a consequence of the change in the natural frequencies 
of the system brought about by it. A forced vibration which is somewhat lower in 
pitch than one of the natural vibrations, can be amplified by a small load, while a 
forced vibration which is somewhat higher pitched gets attenuated. In the first 
case, a large load initially leads to an amplification, followed by an attenuation, 
whereas in the second case, with increasing load a steady attenuation of the forced 
vibration is found. 

There is no difficulty in extending the theory in such a way that the dissipation 
is accounted for and also to the case in which the load is applied at any point other 
than where the string passes over the bridge. 

31. Timbre of stroked string instruments 

The vibration of the body and of the enclosed air determines the timbre of the 
tone emitted by the instrument. These forced vibrations can be expressed in terms 
of changes in normal coordinates and hence it is very important to determine the 
normal mode form and the periods of the natural vibrations of the system, and for 
each of these modes of vibrations to know the rate at which the energy is 
dissipated by emission into the atmosphere or by any other means. The design of 
the instrument is usually so complex that any attempt at theoretical estimation of 
these values can only be crude and uncertain and at every stage must be verified 
by careful observation. However we assume that these values are known and that 
the string vibrates according to Helmholtz’s mode, so that we can roughly predict 
how the timbre changes with the pitch. We easily see that for the lower range in 
which the fundamental is deeper pitched than all the natural vibrations of the 
system, practically the entire energy lies in the overtones. If the pitch of the note is 

76R J Routh, Advanced Rigid Dynamics, Art 76. 
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gradually increased over the resonance range of all the natural vibrations of the 
instrument the intensity of the fundamental first increases and then again 
decreases. Each upper partial tone changes in the same fashion. However since in 
the force exerted on the bridge, the strength of each partial vibration varies as 1/m, 
it is clear that with increasing pitch the fundamental gains in intensity absolutely 
as well as relative to the upper partial overtone. Moreover the occurrence of the 
higher partial overtones depends upon the fact that the sounding board is divided 
into a large number of segments in its mode of vibration, and correspondingly less 
energy is emitted into the atmosphere. Hence the upper partial tones of high- 
pitched notes have very little energy. It is self-evident that the range and sharpness 
of resonance of the body in each of its natural modes of vibration must largely 
influence the timbre of the instrument. 

From the investigations of this and earlier sections we see that by damping a 
string instrument the lower pitched tones and partial overtones are in general 
amplified while the high pitched tones and partial overtones are attenuated. 

We make a few more remarks on how the timbre can be controlled by playing 
suitably. The violinist has control over the speed and the point of application of 
the bow as well as over the pressure with which he touches the bow, in addition 
to the width of the zone of contact between the bow and the string. The influence 
of the first three factors has already been discussed in detail. However, we must 
still emphasize the fact that although under musical conditions the vibration is 
approximately Helmholtzian, considerable variations are possible in the mode of 
stroking and the point where the bow touches as already mentioned in section 27. 

Principally the changes pertain to the higher overtones especially those whose 
nodes lie in the vicinity of the point of stroking. Towards the conclusion of our 
survey we should roughly indicate how the tone of an actual musical instrument 
can be calculated theoretically. In practice, the production of resonating cavities 
calls for the use of non uniform and curved plates, transoms of peculiar shapes 
and aircolumns with apertures of unusual shapes which serve as resonators. The 
calculation of the natural frequencies can be carried out in such cases with an 
approximate method in which a reasonable mode of vibration is assumed to start 
with and its potential and kinetic energies are estimated. However, they can be 
determined experimentally, which is much simpler. In respect of the calculation of 
the acoustic power emitted by the sounding board when it is vibrating, a method 
is useful, similar to that described by Lamb77 in a recent article. Here each surface 
element of a resonating board is considered as the source of a force proportional 
to its normal velocity and the velocity potential is estimated by integration of the 
effect over the entire surface of the sounding board. The amplifying effect of a 
resonance cavity forming a resonator can be perhaps calculated from the 

77H Lamb, 1921 Proc. R. Soc. London 98 p. 205. 
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assumption that the vibrations of its walls are equivalent to a source lying within 
the resonator. Whether such calculations yield results which are compatible with 
the observed phenomenon is a subject for future investigation. 

32. Methods of experimental investigation78 

In recent years, many experimental studies on the vibrations of the various parts 
of string instruments have been carried out to throw light on unsolved theoretical 
problems. 

It is well known that Helmholtz had investigated the vibrations of stroked 
strings by means of subjective observation of the microscopic vibrating profiles. 
With certain changes in the apparatus, these can also be objectively demon¬ 
strated and photographed. Later, Krigar-Menzel and Raps79 obtained photo¬ 
graphs of the vibration profiles of strings, in which they used an illuminated slit, 
over which the string was passed. An image of the slit was projected on a 
photographic plate which moved at right angles to the direction of the slit. The 
method can be simplified by bringing the photographic plate closer to the slit and 
the string and by using a small bright, distant source of light. Then we can obtain 
very good pictures without any optical lens system. We can also fix the 
photographic plates and move the slit along the string. We then obtain interesting 
figures, which reveal the changing character of the vibration from point to point 
of the string. 

For the quantitative investigation of the question as to whether at the point of 
contact the bow and the string have the same velocity, the author has employed 
the following simple arrangement80. A needle is fixed at right angles to the bow 
whose movement is followed photographically simultaneously with that of the 
stroked point. The picture of the movement of the bow appears as a straight line 
which cuts obliquely that of the string and is parallel to one of its zig-zag branches 
K C Kar81 made use of this method to study the cases in which the bow and the 
string remain in contact over a finite region. 

Some of the modes of vibration characteristic of a stroked string can be 
obtained in an entirely different manner. The author has shown82 that we can 
reproduce the Helmholtz type and also a few of the complicated types of vibration 
when the string is endowed with just a uniform angular velocity and one or both 

78Compare with the article “Acoustic methods of measurements” section 15 (Handb. Phys. 8, 
chapter 13). 

79O Krigar-Menzel and A Raps, 1891 Berl. Ber. p. 613. 

80C V Raman, 1914 Indian Assoc. Sci. Bull. lip. 43. 

81K C Kar, 1922 Phys. Rev. 20 p. 148. 

82C V Raman, 1916 Philos. Mag. 31 p. 47 and 1917 33 p. 352. 
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of the ends are suddenly fixed. H N Davis83 and A Clark84 have studied the 
similarities between the longitudinal and the transverse vibrations of strings 
produced by friction. 

A recent book by W Trendelenburg “Die naturlichen Grundlagen der Kunst 
des Streichinstrumentspiels”, “The physical foundations of the art of playing 
stroked string instruments” (Berlin 1925, Julius Springer Publication) describes 
the results of investigations of the playing technique of musicians. This book 
contains valuable material for the physicist who is interested in the acoustics of 
musical instruments. Particularly important are the very fine experimental 
studies which have been carried out on the change in the vibrations during the 
return of the bow in the different types of playing. 

Among the earlier studies of the vibrations of the resonance cavities of string 
instruments, we must mention those of Savart, who employed the method of 
Chladnis figures, and the study by Huggins85 who studied the vibrations of the 
bridge and of the frets of a violin, simply by feeling them. An important advance in 
the set-up of Barton86 which enables us to photograph the vibration profile of 
any part of the string, simultaneously with the curve of the string. In this method, 
one arm of an extremely tiny lever rests on the part to be examined; its vibrations 
are optically amplified and photographed on the same plate as the vibrations of 
the string. Such a simultaneous observation is very meaningful under certain 
circumstances; these have also been used by the author in his studies. There are a 
great many difficulties in employing this technique, since a large number of curves 
must be produced and harmonically analysed before they can be interpreted 
quantitatively. Hence the author has developed and used a new method which is 
very much simpler apd yields quantitative data on the normal modes of vibration 
of the different parts. It consists in studying the lowering of the resonance 
frequency of the instrument when the bridge or the body of the instrument is 
loaded by a small weight at any point. The theory of attenuation developed in 
section 30 shows that such a change in the pitch depends in a simple manner upon 
the corresponding normal function at the fixed point. By measuring the change in 
the frequency, we have a method of studying each normal mode of vibration 
without perturbing the rest. In practice, the method is found to be very sensitive, 
since the different changes in pitch of the “wolf’ produced by the loading of the 
different parts of the bridge differ very clearly from one another. With this method 
(still unpublished) investigations on the influence of special forms of the violin 
bridge and of the frets on the vibration of the instrument have been carried out. 

83 H N Davis, 1906 Proc. Am. Acad. 32 p. 693. 

84 A Clark, 1916 Phys. Rev. 7 p. 561. 
85A W Huggins, 1883 Proc. R. Soc. London 35 p. 241. 

86 E H Barton and T Penzer, 1907 Philos. Mag. 3 p. 446; E H Barton and T J Richmond, 1909 Philos. 

Mag. 18 p. 233; E H Barton and T F Ebblewkite, 1910 Philos. Mag. 20 p. 456; E H Barton and W B 

Kilby, 1912 Philos. Mag. 23 p. 885. 
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33. Using a mechanical player 

To verify the theory of string instruments developed in the last few pages, the 
author87 has carried out experiments with a mechanical player specially designed 

for acoustic experiments. Indeed the conditions of playing the violin by hand are 
simulated as far as possible. A violin and the usual horse hair bow are used, but 
the strings are stroked with exactly adjusted pressures and speeds which can be 
measured. For this purpose, the usual arrangement is reversed; the bow is kept 
fixed and the violin is moved back and forth with uniform speed on slides which 
run lightly on well oiled rails. The bow is balanced horizontally on a long lever 
arm and suitably damped and the pressure it exerts on the string can be varied 
between 2 and 100 grams or more. The speed of the violin is about 1 or 2 cm per 
second and can be pushed up to half a meter per second or more. It is possible to 
shift the point of contact of the bow and the bow position itself can be so changed 
that a greater or smaller number of hairs touch the string. A clamp can be placed 
on the finger board so that the length of the vibrating segment can be altered as 
desired. With this instrument, four different experiments have been carried out88 
whose results are summarized below: 

a. The influence of the position of the stroked point on the bow pressure: If the bow 
speed is not too small, the necessary bow pressure varies inversely proportional 
to the square of the distance of the bow from the bridge within the usual musical 
limits. 
b. The relation between the speed and the pressure of the bow: For very small bow 
speeds the bow pressure required tends to a finite minimum value; the increase in 
the bow pressure with the speed is at first rather slow and later rapid. 
c. The change of bow pressure with the pitch: The curve giving the bow pressure as 
a function of the frequency exhibits several maxima, whose positions coincide 
approximately with the frequencies of resonance of the instrument (figure 3). 
d. Influence of damping on the bow pressure: The damping produces profound 
changes in the shape of the curve. The necessary bow pressure is greater in the 
range of deeper tones and smaller in the range of high-pitched tones. The peaks of 
the curve (figure 4) are shifted towards lower frequencies as a result of the changes 
brought about in the natural resonance frequencies of the violin by application of 
the load. The change in the form of the curve closely follows the change in the 
intensity of the fundamental tone of the instrument brought about by the 
damping. 

These results confirm the details of the theory to a remarkable degree and the 
validity of the underlying principles is established beyond doubt. 

87C V Raman, 1920 Philos. Mag. 39 p. 535. 

88C V Raman, 1925 Proc. Indian Assoc. Sci. 6 p. 19. 
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Figure 3. The curve giving the bow pressure as a function of the frequency. 

220 320 420 520 620 

Frequency 

Figure 4. Shifting of curve peaks towards lower frequencies as a result of the changes in the natural 
resonance frequencies of violin by application of the load. 

34. Investigation of the timbre of the violin notes 

We have seen that the influence of the design of the instrument on the timbre of its 
tone can be gauged with the help of the theoretical methods described. However, 
so many complicated factors must be taken into account that the relationships 
between design and timbre can be determined more easily by means of 
comparative experimental investigation. A very meaningful investigation of this 
type has been carried out by Hewlett who investigated no less than 30 
instruments of different quality, assessed by experts in music. For this study, he 
used the method described in section 7 with the resonator and Rayleigh’s disc for 
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analysing sound waves. Hewlett89 found that in the very best violins more energy 
is concentrated in the deepest partial tone than in the ordinary inexpensive ones. 
The G-strings in all violins has no fundamental or a very feeble one. On all higher 
strings three quarters and in some cases, almost all of the energy is concentrated 
in the fundamental, while on the contrary, in common violins the fraction is much 
less. One another characteristic which distinguishes the best violins is that on no 
string does an overtone beyond the sixth occur with measurable energy, while in 
contrast, in case of the common ones in some cases even the thirteenth overtone 
can be detected. Hewlett also found that it was always easy to produce a tone in 
the best violins which during the entire stroke had constant energy, but this was 
difficult in the cheap violins. Shifting the first from a position directly under the 
bridge to its correct position behind the bridge produces a remarkable change in 
the timbre of the note. A few very high pitched partial overtones are thereby 
suppressed, the fundamental is enhanced and the total intensity is pushed up by 
36%. Edwards90 has made comparative measurements on the timbre of a violin 
before and after varnishing and has also studied the influence of damping; his 
results are in concordance with the theory developed in section 30. 

DC Miller91 has published analyses of violin notes and found, roughly 
speaking, that when moving up the scale the fundamental always increases in 
volume and the overtones become weaker. He noted the fact that since the lowest 
tones of a violin have no fundamental as found from the analysis, the fundamental 
perceived by the ear must be a different tone. 

Figure 5 taken from D C Miller’s book shows graphically the results of 
analyses of loud notes of the four violin strings; here the respective number 
assigned to the partial overtones are plotted as abscissae and the intensity as 
ordinates. The figures show very clearly the agreement between the observations 
and the theory described in section 31. 

With this we conclude our survey of bowed string instruments, which play a 
specially important role in an orchestra and hence call for a more complete 
treatment of their theory than can be accommodated here. 

C. Other string instruments92 

35. The piano 

As we all know, in this instrument the strings are set in vibration by an elastic 
mallet which strikes them and recoils. The vibrations produced by such collision 

89C W Hewlett, 1912 Phys. Rev. 35 p. 359. 

90 P H Edwards, 1911 Phys. Rev. 32 p. 34. 
91D C Miller, 1916 Science of Musical Sounds. 

92Compare with the article “Producing sound by mechanical means” sections 19-20 and 
34-35 (Handb. Phys. 8, chapter 5 (1927)). 
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Figure 5. Shows graphically the results of analyses of loud notes of the four violin strings. 

can be fully determined when the force exerted upon contact with the hammer is 
known as a function of time. Only by way of illustration we consider the case 
where the force acts at the point x = x0 and is given by the formula F = F0 

At the instant t' = 0 the force is zero, then it reaches a maximum and once again 
becomes zero at the instant t' — nT/2; at this instant the hammer can again move 
away from the string. The vibration produced under the action of this force can be 
easily determined by the method of normal coordinates. We replace the entire 
action of the hammer by a series of infinitesimal impulses Fdt\ which contribute 
to the velocities in the system. The velocity S\j/„ assigned to the nth normal 
coordinate of the string in the interval dtf is equal to the nth generalised impulse 
component. F sin (nnx0/l) dt' divided by half the mass of the string. A velocity dip 

communicated at the time t' makes a contribution to the velocity at the time t 

equal to 

T 

2nn 
<5i//„sin 

2nn 

~Y (t - t’\ 

If we sum the effect of the entire sequence of impulses over the total duration of 
contact, we get 

T 2F0 . nnx 

2^'~jd'sm~r 

'nTIX 2t' 2nn 
exp (- ft'/T)• sin — sin —(t - f) dr'. (17) 
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where fil stands for the mass of the string. The displacement from the equilibrium 
position resulting from the collision for each point of the string is thus given by 

the expression 

r = Esin 
mzx0 

/ 

. 2nnt 2nnt 
A„sin——h Bncos——- 

T 
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A = 
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0 

„ ,, . . Xt' 2nnt' 
+ exp (- {t / T) sin—cos —— df 

. At' . 2nnt' . . 
- exp (- £t'/T) sin—sin —— dt. 

(18) 

The integrals in (18) can be fully evaluated. 
This method is suited to estimating the strength of the partial vibrations. For 

determining the geometry of the vibration, on the contrary, a better method is 
used which makes use of the functional solutions of the wave equation for an 
infinite string. The transverse velocity Y can be written at each point in the form 

Y= 6(at + X) + X(at - x) 

where the functions 6 and X represent the velocity waves travelling along the 
string. The form of this function can be determined as follows: when at a point X0 

a variable force F acts, at this point at every instant a velocity F/2/^a results, which 
propagates on either side of this point as transverse waves. Now we suppose that 
at the same time in each of the points X0 + 21 the same force F1 and at each of the 
point — X0 ± 21, the force — F act and waves of same form are sent out along the 
infinite string. The wave system thus obtained, upon superposition at every 
instant satisfies the conditions that at the points x = 0, and x = /, Y is 0. The 
functions 6(at + X) and X(at — X) then represent the forward and backward 
moving portions of this transverse velocity distribution. They are periodic and 
upon superposition, yield the complete course of changes in the velocity for each 
point of the string. The transverse displacements are obtained when the velocity is 
integrated over time. The analysis of the results thus obtained is identical to that 
of the first method. 

It must be noted that in both the cases the movement of the string during the 
time of contact of the hammer and the string differs from the periodic vibration 
which follows the impact of the hammer on the string. 

36. The dynamics of the piano hammer 

Till now no fully satisfactory theory of the action of the hammer accounting for 
all observations has been given. Hence we have contended ourselves with giving a 
few of the suggested laws of force which have some theoretical basis. Helmholtz 
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assumed that 

F = F0 (19) 

where the duration of contact is equal to nT/X. If this value is multiplied by an 
exponential factor, which signifies that the hammer gives away a part of its energy 
during the collision, we obtain, 

F = F0 exp (-£t'/T) sin y (20) 

thus, the law given in section 35 as an example. Helmholtz thought that the force 
exerted by the elastic hammer is the same as when the string did not yield (or 
given in). In reality, both the string and the hammer however have comparable 
masses and the string cannot arrest and reverse the motion of the hammer, 
without itself moving over a considerable stretch. The opposite hypothesis that 
the string and the hammer practically move together during the collision, as 
though the hammer is incompressible is perhaps closer to the actual facts 
according to a study of Kaufmann93. The law of force developed in this study for 
the case of practical interest in which the point of contact does not lie far from one 
end of the string is 

F = exp( — Zt'/T) Fx sin 
Xf 

~T 
+ F2 COS 

Xf 

~T 

(21) 

If M and V are the effective mass and velocity of the hammer respectively, then in 
this equation 

M + -/ix0 X = y/^4l/X o-Z2; 

F 2 — Fav- 

Apart from the fact that Kaufmann’s theory neglects the elasticity of the hammer, 
it also makes the assumption, not entirely justified, that during the movements 
which lead to the recoil of the hammer, the shorter section of the string is indeed 
deflected but not set in vibration. 

The force exerted by an incompressible hammer striking at any arbitrary point 
on the string has been studied in detail by the author94. The motion during the 
collision is assumed to be that of a loaded string set into vibration by an impulse. 

93 W Kaufmann, 1895 Ann. Phys. 54 p. 675. 
94C V Raman and B N Banerji, 1920 Proc. R. Soc. London (A) 97 p. 99. 
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The results are in agreement with those obtained by Panchanan Das95 in another 
manner, by studying the exact functional solutions of the wave equation used in 
the problem. The inferences from the rigorous mathematical treatment have been 
experimentally verified by the author, his students and also of late, by W H 
George96. For want of space, we shall not give here the formula for the force 
wielded by the hammer; it is sufficient to note that this is a discontinuous function 
of time. The discontinuities correspond to the times at which the sudden change 
of velocity which propagates as a wave at the beginning of the collision, returns 
after reflections at the ends of the string and on the hammer. This is illustrated in 
figure 6, which is taken from Das’s work. The duration of contact between the 
string and the hammer is likewise found to be a discontinuous function of the 

position of the point of contact; with gradually increasing distance from the ends, 
beside the continuous increase pointed out in Kaufmann’s theory, further 
discontinuous fluctuations are encountered. The methods of investigation of the 
author and of Das have also been successfully applied to the case of the elastic 
hammer; Hooke’s law is taken to represent the relation between the elastic 
compression and the force. From the publication, which is right now in print97, we 
see that in the case of an elastic hammer, less vigorous changes in pressure replace 
the discontinuous fluctuations encountered with the incompressible hammer. 
However, we must point out that basing our reasoning on Hooke’s law is very 
probably not justified. Hertz’s law according to which the elastic force is 
proportional to the 3/2-power of the compression is probably closer to the truth. 
The use of Hertz’s law considering the possible influence of the lack of elasticity of 
the hammer and the finite extent of its point of contact with the string are left for 
future investigation. 

95 P Das, 1921 Proc. Indian Assoc. Cultiv. Sci. p. 13. 
96W H George, 1925 Proc. R. Soc. London (A) 108 p.284. 
97P Das, 1926 Proc. Indian Assoc. Cultiv. Sci. 9 p.297. 
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37. The partial vibrations of the struck string 

To find the duration of the contact between hammer and string from the more 
accurate investigations given in the last section, the force exerted by the hammer 
must be represented graphically as a function of time and the instant when the 
curve intersects the time-axis must be determined. The intensity of the partial 
vibrations excited can be found by the method given in section 35. The integral 
over the entire time of contact 

F cos 
2nnt' 

dr' ’and 
o 

r . 2nnt' 
F sin-dr 

o T 

is graphically evaluated with a planimeter. Such a systematic investigation of the 
partial vibrations excited by the impact of an incompressible hammer has been 
carried out by S K Datta98. The agreement with observations is quite satisfactory. 
The amplitude of each partial vibration is naturally directly proportional to the 
velocity of the hammer at the time of impact. Since the force exerted by the 
hammer as well as the duration of its contact depend upon the point where it 
strikes the string, the intensity of the partial vibration depends in a rather 
complicated manner upon the position of this point. It is self-evident that each 
partial vibration vanishes when the point of impact coincides exactly with one of 
its nodes. If the point of contact departs from the node, then, as a rule, the partial 
vibration in question increases in strength very rapidly. The intensity of a partial 
vibration as a function of the position of the point of the impact exhibits a series of 
maxima and minima, whose number, position and size depend upon the partial 
vibration and vary with the ratio of the mass of the hammer to that of the string. 
In case of a hammer of certain mass, there are certain positions of the point of 
impact—usually not very far from the ends—for which the amplitude of the 
fundamental is an absolute maximum. For certain other positions of the point of 
impact, which usually lie even closer to the ends, the higher partial vibrations 
exhibit pronounced maxima in succession. If the mass of the hammer is increased, 
the point of impact for these maxima move closer to the ends of the string. By a 
suitable choice of the mass of the hammer and the position of the point where it 
strikes the string, it is possible to excite the string in such a way that the 
fundamental is very loud and the higher partial tones are relatively feeble. For 
instance, when the mass of the hammer is 5/3 that of the string and the point 
where it strikes is 1/7 the total length of the string from one end, the amplitude of 
the fundamental is 40 times greater than that of the octave and 30 times greater 
than that of the third overtone. 

If the point of impact of the hammer is not so far from one end, with suitable 
choice of the constants, the amplitudes of the first two or three partial vibrations 

98S K Datta, 1923 Proc. Indian Assoc. Cultiv. Sci. 8 p. 107. 
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can be represented with tolerable accuracy with the simpler law of force given in 

(19), (20) and (21) of section 36, and thereby the influence of the duration of contact 
on their magnitude can be followed. For the examination of higher partial 
vibrations, especially those whose periods lie close to those of the natural 
vibrations of the shorter length of string, these laws of force are however not at all 
useful. Indeed a simple observation reveals that the elastic hammers which are 
actually used in the piano, attenuate these higher partial tones and that the 
velocity at impact of such hammers has a noteworthy influence on the timbre of 
the note. It is highly improbable that such effects can be satisfactorily explained 
without carrying out a detailed investigation of the dynamics of the collision 
between the hammer and the string, which allows for the lack of proportionality 
between the elastic force and the local compression of the hammer in the zone of 
contact. 

38. Coupled vibrations of the string and the resonance board 

If the hammer incident on the string excites it, the resonance board connected 
with it by the mobile bridge is also set into vibration. The musical effect depends 
upon that part of the motion which has the same frequency as the vibration of the 
string (modified by the yielding of the bridge) and hence can be considered as 
forced vibration. However, we must not lose sight of the fact that to a certain 
measure the natural vibrations of the resonating board are also excited; in 
practice, the shifting of the point of incidence of the hammer closer to the end of 
the string which is distant from mobile bridge serves to diminish their influence. 
The vibration of the sounding board resulting from the fall of the hammer on the 
string considering the string and the board to be a composite system, is found by 
applying the same method which is given in section 35 for determining the 
vibration of the string alone. For this purpose, we must estimate at first the 
normal coordinates and the normal functions of the combined system. Without 
delving into the depths of such a complete study, we can get a general picture of 
the expected results in the following manner. 

We consider a single partial vibration of the string; it is clear that the board 
responds only feebly when the frequency of this partial vibration does not exactly 
or approximately coincide with any one natural vibration of the board. 
Correspondingly the energy transmitted to the board and also the amount of 
energy from the partial vibration dissipated by it must be small. If the resonance 
board is excited, its natural vibrations disappear rapidly and the forced 
vibrations are sustained, producing a musical tone of considerable duration. The 
decay of the forced vibrations can be determined as follows: We make use of the 
treatment given in section 20 for the case of a steadily excited vibration in order to 
establish how much energy is transferred from the string through the bridge and 
in the first approximation we assume that the magnitude of the energy lost by the 
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string is the same as in this problem. In this manner we can easily show that the 
vibration decays as exp( — 2tfi/T), where T is the longest period of the vibration 
and P is the quantity which is defined by equation (8) of section 20. P takes up 
different values for the various partial vibrations of the string. Hence the different 
partial overtones of the note fade out at different rates. The formulae show that p 
increases very rapidly when the frequency of the forced vibration approaches one 
of the natural frequencies of the sounding board. Hence it follows that the partial 
overtones whose frequencies lie close to those of the natural frequencies of the 
resonance board are more intense than the rest of the partial tones, although they 
also die down faster. 

The cases in which the frequency of a partial vibration lies very close to one of 
the natural frequencies of the sounding board must be considered in greater 
detail. The forced vibrations of the board are very large in amplitude and the 
natural vibration of almost the same frequency must also be taken into 
consideration. Actually the mutual influence of the string and the sounding board 
on their respective frequencies is considerable and the distinction between free and 
forced vibrations which is usually made is no longer applicable. In such cases we 
must assume that both the modes of vibration of almost equal frequencies which 
the coupled system is capable of executing are taken into consideration. Both are 
simultaneously excited by the fall of the hammer with comparable amplitudes. 
Because of their superposition a considerable length of time passes before the 
vibration of the board reaches its maximum value; it can even execute periodic 
fluctuations. The system as a whole gives away its energy at a rather large rate, 
and correspondingly the tone is of shorter duration. The natural decrement of the 
coupled system can be determined from a special theorem". 

39. The notes of the piano 

The predictions of the theories set forth in the previous section can be confirmed 
in a striking manner by means of experimental investigations of the vibrations of 
the sounding board. For this purpose, the simplest and most sensitive arrange¬ 
ment is probably the following: A small wooden or ebonite bracket is fixed where 
we wish to study the vibrations of the resonance board on one of its ribs. On this 
bracket (AB in figure 7) a thin steel strip CD is fixed. A fine needle carrying a 
mirror M lies on a metallic base between CD and base S, which is rigidly fixed to 
the frame of instrument. When the resonance board vibrates, the needle rolls on 
the surface of S and its movements can be optically recorded. Figure 8 gives three 
curves obtained in this manner, which are characteristic of the vibrations of the 
resonance board in the lower, middle and high ranges of pitch. 

"C V Raman, 1918 Indian Assoc. Soc. Bull. 15 p. 123; C V Raman, 1918 Nature (London) 101 p. 264; 

C V Raman, 1922 Proc. Indian Assoc. Sci. 7 p. 29. 
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A 

Figure 7 

— 

Figure 8 

The characteristics of the vibrations of the resonating board (somewhat 
modified) are reflected in the form of the vibrations of the air associated with the 
piano note and can be easily understood in the light of the theory. In the range of 
the deep tone the fundamental frequency of the string is substantially smaller 
than any other natural vibration of the board. Hence the deep notes of the piano 

consist principally of overtones and have only a very feeble fundamental. The 
forced vibrations decay as exp(— 2[h/T), where Tis the fundamental period of 
the string; hence the higher partial overtones of the deep piano notes are usually 
heard longer than the fundamental tones of the same frequency in the higher 
range. If we go upwards along the scale, then the deeper partial tones are 
enhanced at the cost of the higher partial tones and the tones fade out rapidly. 
Also, the influence of the natural vibrations of the resonance board which are 
superposed on the forced vibrations enters the picture and leads to fluctuations in 
the intensity of the overtones. In the region of the highest tones the fundamental 
tone of the string is located very close to one or the other of the higher frequencies 
of vibration of the board. Hence the higher notes of the piano consist principally 
of the fundamental with few overtones, and they die down very quickly. These 
conclusions from the theory are in good agreement with experimental facts. 
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40. Plucked string instruments 

The expression for the vibration of a string which is plucked and then let go, can 
be described directly on the basis of the general analysis of discontinuous wave 
motion given in section 24. When the transverse force F, which acts on the string 
at the point X0 deflects it by a distance h from its equilibrium position, the 
discontinuous changes in velocity of magnitude F/2^a, i.e. T0/2/Lia (h/l — x0 

-f h/x0) or hl2/Tx0(l — x0) travel on either side of the plucked point outwards. If 
equation (13) from section 24 is used, it follows at once that in the resultant 
motion 

Y = 
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The same expression can naturally be derived by decomposing the initial 
deflection of the string into its Fourier components. 

We can only assume that equation (22) represents the movement of the plucked 
string precisely for a short time after it is released. The bridge and the resonating 
board of the instrument are set into vibration and the change in the natural 
vibrations due to this and the energy loss cause a progressive change in the nature 
of the vibration. The forced vibrations of the resonance board likewise undergo 
corresponding changes. As we have already discussed in detail the case of the 
struck string in the piano, it is hardly necessary to explain separately the gradual 
changes in the timbre of the note and the changes in the intensity which occur in 
plucked string instruments. These changes proceed very rapidly when the natural 
vibrations of the string and those of the resonating board of the instrument 
coincide approximately, and can be very well detected when on a violin or a cello 
the string is plucked with the finger instead of using the bow (pizzicato) very close 
to a “wolf tone”. 

As a rule, the overtones of a plucked instrument fade out faster than the 
fundamental. Hence the timbre is dull (or hollow). This is especially so when the 
string is plucked with the soft part of the hand instead of with a plectrum. The 
latter gives rise to an entire series of overtones while in the former case higher 
partial tones are attenuated at the very beginning. 

In connection with this, we must draw attention to a remarkable form of the 
bridge which is found in some of the well known Indian string instruments played 
by hand, e.g. the ‘Veena’, the ‘Tambura’ and the ‘Sitar’. In these instruments the 
upper surface of the bridge is arched and the strings pass over it tangentially and 
do not make sharp angles with it. We have found that in this form of the bridge the 
overtones do not die away as fast as the fundamental, but on the contrary, 
steadily increase in volume relative to it. Moreover, even the overtones which 
have a node at the plucked point and hence according to equation (22) cannot 
exist at all at the beginning of the note can be heard loudly. These remarkable 
effects seem to be explicable by the fact that between the curved surface of the 
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bridge and the string the contact is periodic, and this enhances the overtones at 
the cost of the fundamental through the regular series of impulses transmitted 
thereby. In the ‘Veena’ the upper curved surface of the bridge is made of hardened 
steel and when this is constructed correctly the instrument gives a clear tone 

which is pleasing to the ear. 

41. Electrically sustained vibrations 

To obtain sustained tones in case of string instruments provided with keyboards, 
it has often been suggested that the vibrations of the steel wires as used in the 
piano be sustained by the attraction of an electromagnet which is energised with 
an intermittent current. Here it is appropriate to refer to a few studies on this 
subject. Klinkert100 has studied the case where the vibrations are produced on the 

wire which itself acts as the interruptor for the electric current and also the other 
case where there is a separate interruptor. In the second case, naturally, the 
amplitude and profile of the vibration of the wire depends upon the relation 
between its natural frequency and the frequency of the exciting current. Klinkert 
observed that the vibration of the wire is somewhat similar to that of a plucked 
string for large deflections. 

The author has found101 that in order to find a satisfactory explanation for the 
results obtained by Klinkert, we must bear in mind that the force exerted by the 
electromagnet is at the same time a function of time as well as of the distance of the 
pole from the nearest point on the wire. When large amplitudes of vibration are 
attained, we must take into consideration their influence on the natural 
vibrations of the wire. A noteworthy experimentally observed fact which can be 
explained in this connection is the possibility that the periodic attraction of the 
electromagnet can excite in the wire a vibration of lower frequency, which bears 
simple ratios like, 1/2, 1/3, 1/4 etc. to the frequency of the exciting current. The 
vibrations of the wire can be electrically maintained in other ways too, which 
however need not be discussed here102 as they are not applicable for musical 
purposes. However, we must briefly refer to the fact that a metallic wire through 
which an alternating current of appropriate frequency flows, begins to vibrate 
spontaneously; the effect has its origin in the periodic changes of voltage, which in 
turn arise from the heating effect of the current. N C Krishnaiyar103 has carried out 
a quantitative study of the amplitude and phase of the vibrations produced in this 
fashion. 

100G Klinkert, 1898 Wied. Ann. 65 p. 849. 

101C V Raman and A Dey, 1917 Philos. Mag. 34 p. 129. 

102The methods are discussed in the article “Thermal production of sound” (Handh. Phys 8 (1927) 

chap. 7). 
103N C Krishnaiyar, 1919 Phys. Rev. 14 p. 490. 
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42. The Aeolian harp 

In this instrument a series of stretched strings of different diameters are set into 
vibration in one or other of their natural modes of vibrations by wind flowing 
past them. Lord Rayleigh first referred to the fact that the vibrations of the strings 
are at right angles to the wind. In order that a string may be made to vibrate by 
the wind, its natural frequencies must have approximately a value, which is 
determined, by the ratio of the velocity of the wind V to the diameter of the wire D. 
The tones of the string are clearest when the frequency of vibration N is that given 
by Strouhal’s equation 

N = KV/D 

where K is a number (equal to 0T85) which has been estimated by many workers, 
starting with Strouhal himself. The theoretical basis of the formula is discussed in 
brief by Kruger and Lauth104. They have shown that it is connected with the 
frequency of the asymmetric vortex sequence which arises due to the movement of 
the string relative to the fluid. The series of vortices so formed has been studied by 
Benard10 5 and Karman106 and others and on the basis of these studies it is possible to 
calculate the frequency of the vortex emission for each side of the string. The 
results thus obtained are in good agreement with Strouhal’s formula. Among 
more recent studies we must refer to the investigations carried out by Lord 
Rayleigh107 in which he has verified experimentally a hypothesis which he had 
made many years ago, namely that a pendulum moving through a fluid with the 
appropriate velocity, begins to execute transverse vibrations. Also, some 
interesting observations of E F Richardson108 on the Aeolian notes of strings of 
different cross section must be mentioned. 

Although the studies mentioned have contributed much towards understand¬ 
ing this phenomenon, many points in the theory of the Aeolian harp remain 
obscure. The exact relation between the transverse vibrations of the string and the 
formation of asymmetric vortex sequences is still not understood. Moreover it is 
not clear whether, for exciting the vibrations of the string, the velocity of the wind 
must actually exceed the critical velocity which is necessary for the formation of a 
series of vertices without any transverse vibration. 

From the observations made by Richardson and later discussions of his work 
this point remains uncertain. As yet we know nothing at all as to whether 
temperature actually influences the value of the constants in StrouhaFs formula. 

i°4p Kruger and A Lauth, 1914 Ann. Phys. 44 p. 801. 

105H Benard, 1908 C R 147 p.839. 
106Th. D. Karman and H Rubach, 1912 Phys. ZS 13 p. 54. 
107 Rayleigh, 1915 Philos. Mag. 29 p. 433. 

108E F Richardson, 1924 Proc. Phys. Soc. London 36 p. 153. 
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D. Wind instruments109 

43. Flow of air through apertures 

In the theory of musical instruments we frequently meet with the problem of air 
flow through apertures. Here we consider the idealised case of an aperture of 
arbitrary cross section in an infinitely thin plate through which the air flows as a 
result of an infinitely small pressure difference between the two sides as well as its 
own inertia. A little consideration shows that the kinetic energy of the flow must 
be greatest in the immediate vicinity of the aperture. This kinetic energy is 
obviously proportional to the density and the square of the velocity of the flow of 
air. We can write it in the form 

(22) 

where dx/dt is the volume of air flowing through the opening per second and c is 
a value characteristic of the opening which, as is evident from the equation, must 
have the dimensions of a length. When we assume of the motion in the proximity 
of the aperture is that of an ideal incompressible fluid, then the determination of 
the value c is mathematically identical to the problem of the electrical resistance 
between the two sides of a conducting medium, which are separated by an 
insulating wall with an opening in it. To prove this, we note that the motion of the 
fluid can be derived from a velocity potential <p. The kinetic energy is expressed in 
terms of its derivatives and we apply Greens theorem to this expression to obtain 

+ dx dydz 

(23) 

where the integration is to be carried out over a surface which includes the entire 
region in which a marked motion is present. Sufficiently far from either side of the 
aperture, we can assume that q> has constant values (px and <p2 and we then have 

T = -p(q>i -<p2) (24) 

and now the integration is to be carried out over only one side of the plate; thus 

= -^1-^2) 
dX 

dT 

109Compare the article “Producing sound by mechanical means”, section 29 (Handb. Phys. 8 (1927) 
chap. 5). 
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comparing (23) and (25) we get, 

^n = c(<Pi-<P2)- 

In the analogous electrical problem dX/dt represents the total current 
and <Pi — q>2 the electrical potential difference, c is the side of the cube, whose 
resistance between two opposite surfaces is equal to that of the canal. The 
determination of such a resistance is treated in text books of electricity and there 
we find that it in turn leads to the electrostatic problem of finding the capacitance 
of a completely conducting insulated disc in space. For the case of a circular 
aperture of radius R, we find c = 2R. An elliptical aperture of eccentricity e gives 
c = nRl/F(e) when F is the complete elliptic function of first order and R^ is the 
semimajor axis. For moderate values of eccentricity the conductivity of an elliptic 
aperture is practically the same as that of a circular opening of the same cross 
section. If on the contrary, the eccentricity is nearly equal to unity, then F(e) 

= log(4RJR2) where R2 is the semiminor axis; then for a given major axis, the 
conductivity is relatively independent of the minor axis of the ellipse. 

44. Energy emission from the opening 

Now we must consider the acoustic energy emitted from an aperture of arbitrary 
form in an infinitely thin plate when the air flows through it periodically. When 
the size of the aperture is small in comparison with the wavelength, then we can 
practically consider the aperture as a simple source of sound (or emitter) which is 
located very close to an infinite plane. The expression for the velocity potential at 
a point on one side of the plate is the real part of (26) 

<P=- 
1 

2n 

' f dcp exp (— ikr) 

dx r 
do (26) 

where the integral is to be carried out over the cross section of the aperture and r is 
the distance of the surface element do from the point considered d(p/dx is the 
normal velocity of air at every point on the aperture. If the opening is small in 
comparison with the wavelength then we can regard r' as constant over the entire 
aperture for sufficiently distant points and write 

(p=~ 
1 exp (— ikr) 

2n r 

1 dx exp (— ikr) 

2n dt r 
(27) 

The energy emitted per unit time through the surface of a hemisphere enclosing 
the aperture can be expressed in terms of the velocity potential in the usual 
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manner and this gives 

pn2 /dx V 
4na\dt J0 

where (dx/dr)0 is the maximum velocity of flow of air during each period; yi/Iti is 
the frequency and a is the velocity of the air. 

The same expression can also be derived in another way. We consider any 
point A of the opening itself. Since in this case kr is small. We can approximate 
exp (— ikr) by 1 — ikr and the velocity potential in A can be expressed as follows: 

'dtp da 

dx r 
— ik 

'dtp 

dx 

The change in the pressure Sp at the point A is given by 

The portion of this change in the pressure, which deviates in its phase by n/2 from 
the normal velocity d(p/dn at the aperture, over the entire period does zero work 
and only represents the pressure that is needed to overcome the inertia of the air 
just outside the opening. On the contrary, that part of the change in the pressure 
which is in phase with the normal velocity does work which is given by the 
amount of energy given out by the aperture. This work amounts to 
(knp/2ri)\(dXldt)2dt and thus for the entire period (pn2l4na)(dXldt)l per unit 
time in agreement with the above result. The energy emitted can thus be 
considered as the effect of a pressure (pn2/2na)(dX/dt) per unit area, which is in 
phase with the velocity of air in the aperture. 

45. Acoustic impedance 

There exists a strict mathematical analogy between the theory of such vibrating 
systems as found in acoustics and the theory of electrical vibrations in alternating 
current circuits containing capacitances and self-inductance. Hence A G Webster 
has suggested that the expression impedance be used in acoustics, but in a 
somewhat different sense then that in which Oliver Heaviside has introduced it in 
the theory of electricity110. According to the definition suggested the acoustic 
impedance of any vibrating system in which a volume of air X flows periodically 
under a pressure p equals, p/X; this value can be complex and is denoted by Z. 
When the air occupying a volume V is compressed in there exists between the 
compression S = X/V and the excess pressure p the relation p = es where e is the 

110 A G Webster, 1919 Proc. Natl. Acal. Am. 5 p. 275. 
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elasticity of air and is equal to pa2. The acoustic impedance thus produced in 

_e _pa2 

l~V~ V 
(29) 

A second type of acoustic impedance is encountered when the air is allowed to 
flow through an opening. Both the previous sections show that the acoustic 
impedance ascribed to an aperture consists of two parts which have different 
phases. If the air in the vicinity of the aperture is set in motion, then its kinetic 
energy is equal to (p/2e)(dX/dt)2. Since X is assumed to be proportional to 
exp (int), the acoustic impedance originating from the inertia of air in the opening 
is negative and equal to — pn2/c, where c represents the conductivity of the 
opening. The acoustic impedance corresponding to the emission from the 
aperture is pn3i/2na. The acoustic impedance of the entire aperture is 

2na 
(30) 

A third type of acoustic impedance is found frequently in musical instruments, 
when a vibrating elastic plate sets in motion the air found on its surface. Examples 
of this type are the gramophone pick-up (or sound box), the telephone membrane 
and many others. To find the impedance corresponding to such a plate, we write 
down the equation of motion as follows: 

d t2 
+ K 

dt 
+ /{ = Ap; X3 = A( 

m is the mass of the plate, K is the damping, / the restoring force, A the effective 
surface area and £ the displacement. Solving the equation, we get for the acoustic 
impedance p/X = Z3 with 

Zx — 
f — mn2 + iKn 

(31) 

These three types of acoustic impedances are commonly used in various 
discussions in acoustics the measurement of acoustic inpedance is discussed in 
chap. 13, section 2 of this volume. 

46. The resonator as source of sound 

Applying these considerations to the case of Helmholtz’s resonator, we determine 
its natural vibration and damping and establish when such a resonator itself 
becomes a sound emitter under the action of a source of sound placed in it. The 
natural vibrations of a system are obtained, when the sum of its impedances is set 
equal to zero. Thus we have for a resonator of volume V and an aperture with 
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conductivity c in its wall. 

pa1 2 pn2 pn3. 

V c 2na* 

This equation can be solved, by setting n — a + ip in the equation and equating 
the real and imaginary parts separately to zero. In the first approximation we find 

n/2n = (a/2n) yfcjv the usual formula for the natural vibration of a resonator, and 
the decay of vibrations is proportional to exp (— fit) with ft = ac2/4n V. If c is made 
equal to double the radius of the aperture, then the value obtained for the rate of 
attenuation coincides with that given usually but is double that found by Lord 
Rayleigh111 when studying the case of a spherical resonator with a small opening. 
This deviation, however, can be easily understood since in section 44, we have 
calculated the magnitude of energy emitted under the assumption that the 
aperture is located in an infinite plane plate. There the energy emission is greater 
than in the case of the spherical resonator of the problem on hand. 

Now we consider the case of a resonator in which there is a periodic emitter of 
sound. This can be realised by the motion of a piston at one end or by periodic 
inflow and outflow of air in any other manner. Let X1 be the volume of air 
supplied in this manner and X2 that of the air penetrating into the resonator 
through the aperture. Then 

p = Z1(X1+X2)=-Z2X2. 

We solve for X and substitute the values for Zt and Z2 to obtain 

*2 = 
*1 

1 + Vk2 
ki 

2 n 

Apart from the phase relations, which are eliminated by the introduction of the 
modulus, the formulae for the intensity p of the resulting source of sound is 

with = (32) 

For k2 = y/c/V the first term of the denominator vanishes in (32); in this case, the 

period of the source located in the resonator is equal to the period of natural 
vibration of the resonator and hence the tone is amplified. The formula (32) gives 
at least approximately the theory of those musical instruments in which a 
resonance chamber which is in contact with the external atmosphere is used for 
the amplification of the acoustic effect of periodic air blasts, which are produced 

11'Rayleigh, 1915 Proc. R. Soc. (London) (A) 92 p.265; Scientific Papers vol. VI, p.365. 
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with the help of vibrating reeds or in any other manner. For example, in principle 
the formula explains how in the vocal sounds emitted by the human voice those 
partial tones are amplified, whose frequencies lie close to the natural frequencies 
of the cavity formed by the mouth. 

We may refer to the fact that as in the analogous electrical case, we may add the 
impedances of acoustic systems connected in series. For systems connected in 
parallel the reciprocals are additive. With the help of this theorem, the 
considerations given above may be applied easily to the cases in which two or 
more resonating bodies are connected by means of canals or opening of known 
acoustic impedance. 

47. Vibrations of air columns in tubes 

The results already derived enable us to give directly the well known expression of 
Helmholtz for the stationary vibration of an air column in a tube of constant 
cross section. We assume that the motion of air is approximately one 
dimensional. The velocity potential in a stationary wave is equal to the real part 
of (p = (A sin kx + B cos kx) exp (int) where A and B are to be determined. At the 
open end of the tube, which is chosen as the initial point x = 0, the change in the 
pressure is given by 

Sp = — pniBcxp(int) 

and the rate of flow of air dx/dt is akA exp (int). 

We equate Sp/x to the impedance of the aperture whose conductivity could be 
c, so that 

pa2k2 
Bpn2 

oAk 

By substituting the so determined values of B, we have 

q> = A\ sin kx + ak — — - !>cos kx \eint 
2n i 

The real part is proportional to 

ok . } k2o 
sin kx-cos kx > cos nt — —— cos kx sin nt, 

c J 2n 

which can be written down in the form 

sin k(x — a) k2o 
---cos nt — —— cos kx sin nt 

cos /ca 2n 

ko 
with tana = —. 

(33) 

c 
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The corresponding potential outside the open end is 

— cos (nt — kr). (34) 
2nr 

The correct value of the conductivity c must naturally be determined by a special 
study. For an open end with a flange, the impedance can be taken as half that of an 
aperture in an infinite plate open on both the sides. Here, approximately, 
er/c = nR/4. For an open end without a flange the value is significantly smaller, 
and experimentally it has been found (by Blaikley) to be 0-576 R. 

48. Conical tubes and funnels 

Now we go over to the consideration of stationary vibrations maintained in a 
conical tube whose one end is open to the atmosphere while the other end is 
connected with any suitable device. Under the assumption that the vibrations are 
purely radial and the velocity potential is proportional to eint, the equation which 
holds within the tube is as follows: 

2 d(p 

r dr 
+ k2(p — 0. 

The general solution corresponding to a stationary wave motion is the real part of 
kr(p = (A cos kr + B sin kr)eint. The excess pressures pl and p2 at the two ends rx 

and r2 are given by 

= — pnilAul + 

P2= ~ pni[Au2 + Bv2~\eint J 

and the corresponding displacements ql and q2 are given by 

qx =-[Au\ +Bv\ynt 
m 

k • ! 
q2=-LAu'2 + BV2>« J 

m 

(35) 

(36) 

where u and v and their derivatives u' and v' are given by the expressions 

cos kr 
u = 

u = 

kr 

sin kr cos kr 
T . 2 2 

sin kr 
v = - 

kr 

cos/cr sin kr 

kr k2r 
v = 

kr k2r2 

The volumes of air flowing out at the two ends are respectively Xl = alql and X2 

= o2q2, dj and a2 are the cross sections of the two ends. The impedances at the 
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two ends Zx and Z2 are Pi/o^q^ and P2lo2q2. Now the conditions prevailing at 
each end also determine the respective impedance, and as we have already found 
in the case of the cylindrical tube, also the ratio A/B of the stationary vibration. 
Since the values derived for A/B must however remain identical, it follows that 
when stationary vibrations are possible certain relations must hold between the 
impedances at the two ends. To find this, we have to solve the equations 
containing p2 and q2 for A and B and substitute the result into the equations for px 

and qx or vice versa. Here we need not reproduce the simple algebra, but only the 
results: 

Z, = P 
Z1 sin/c(/ — e^) P 

sin kp. 

n 
Z2sin/c(/ + e2) 
-:.,.H-sin kl 

sinfe (T-, 

ct1 Z2 sin k(l — £1 + e2) P sin k(l — 

sin /cej sin ks2 o2 sin ks{ 

In this equation we have 

l = r2-r1, P = pa2k and tanksl=krl, tan ke2-kr2. 

The theory indicated here has been successfully put to use by G W Stewart112 and 
V A Hoersch113 in explaining how conical horns act as sound receivers, since it 
enables us to calculate the ratio of excess pressures at both the ends. The formulae 
can also be used equally successfully in those cases in which the conical tubes or 
funnels are used for emitting or reproducing sound. 

49. Hyperbolic tubes 

In case of the wind instruments of the orchestra, we have frequently to deal with 
tubes whose cross sections increase very rapidly towards the open ends. We can 
use various formulae to represent the form of these instruments for instance, 

— — ~ _ ,-mx _ _ _ _ — mx2 
6 — ^0"^ » ^ — Co*? ’ ^ — °0e 

If in the formula r = o0xm we set m = 0, we then have a cylindrical tube, m = 2 
gives the conical tube, m = — 2, the purely hyperbolic horn. So long as the cross 
section is sufficiently small compared to the wavelength, the approximate 

112G W Stewart, 1920 Phys. Rev. 16 p. 313. 

113V A Hoersch, 1925 Phys. Rev. 25 p.225. 
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method given below gives a satisfactory theory of these pipes, p and q stand for the 
excess pressure and the displacement respectively. Then the equations for the 

pressure and the displacement are given by: 

pa2 d(qc) d2q 1 dp 

P g dx ’ St2 p dx 

From (38) by means of appropriate substitution for p and q 

(38) 

d2q 

Ifr2 
aJ 

d2q dq d In <7 d2\na 

dx2 dx dx ^ 

d2p__pa2d2 fd(qG)\_ 2 

dt2 g dt2{ dx ) a 

dx2 

d2p dp d\nG 
+ 

dx2 ' dx dx 

For a simple periodic motion we take p and q to be proportional to eint and find 

d2p dln<r dp 
' -i- K~n = ti 

(39) 
+ 

dx2 dx dx 

d2q dln<r dq d2ln g 

+ k2p = 0 

+ + q + k2q = 0 
dx2 ' dx dx ' dx2 

Case 1: If g = cr0xm, then the equations (39) go over into 

d2p mdp 2 
H—~~—■ k p — 0 

j 

dx2 x dx 

d2(Gq) m d(Gq) 

dxJ x dx 
+ k2(Gq) = 0 

(40) 

For m = 0 (cylindrical tube) and m = 2 (conical tube), the equations take the forms 
already discussed above. In the general case, the equations (39) can be easily 
solved with the help of Bessel functions of order n + 1/2. In fact the solutions of 
(39) have the form 

_ J±(m- l)/2^X) 

p~ (kxym~i)/2 

<7« = J±(m+l)/2(M-(M(m+‘,/2- 

In order to apply these formulae for practical computations, we make use of the 
fact that these Bessel functions of order iV + 1/2 can be represented in a closed 
form by trigonometric functions. For m — —2 (hyperbolic tube), the expressions 
for pressure and displacement reduce to the simple form 

p = A [/cx sin kx + cos /cx] + £[sin kx — kx cos /cx] 
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Upon substitution we can easily verify that these expressions for the case m = — 2 
satisfy the equation (40) 

If the acoustic impedance for. one end is known, then the ratio of A to B can be 
determined and when the impedance at the other end is also known, the 
frequency of vibration can easily be calculated. 

Case 2: For o = cr0e~mx, the equation for P is d2p/dx — mdp/dx + k2p = 0, with 
the solution 

P = 
gtnx/2 A cos kx + B sin kx (42) 

The expression for q has a very similar form. It is clear that in these tubes, in which 
the opening to the external atmosphere is very wide, the exact value of the 
acoustic impedance at this end is especially important for determining the 
frequency of vibration. 

50. Pipes with lateral holes 

In many wind instruments (flute, oboe, clarinet, etc.) the pitch of the tone is varied 
by opening and closing lateral holes; this is done with the fingers or by the action 
of keys. Hence the influence of lateral holes on the vibrations in a tube are of 
considerable interest. We can apply the theorems given in the previous pages. 

We assume that in the tube on either side of the hole, at some distance from it, 
the stationary vibrations propagate approximately in the direction of the tube. 
Hence the velocity potential on either side of the hole takes the form: 

(px = (Ax sin kx + B1 cos kx)emt 

(p2 = (A2 sin kx + B2 cos kx)eint. 

The values of pressure derived from (p1 and (p2 for points which are very close to 
the hole cannot be appreciably different and when the hole is not too large, we can 
equate them. If the middle of the hole is taken as the origin of coordinates, the 
pressure at the opening is given by — pniB1 = — pniB2 = p. If o be the cross 

section of the tube, the rate of flow of air dX/dt through the hole is given by 

d(p i dtp 2 

dx dx 
— ak(Al — A2). 

x = 0, 

Hence the impedance p/X is 

pn2Bi pn2B: 
= pn2 

ki 1 

c ak(A1 — A2) (jk{Al — A2) r [2n 

where c is the conductivity of the lateral hole of the tube. In the case of a small 
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hole, we can neglect ki/2n in comparison with 1/c, and write 

fSik. 

B1=B2=-{A2-A1). (43) 
c 

If the impedance at both the ends are known, we have two additional relations 
with which the ratios A1/Bi and A2/B2 can be determined and eliminated, so that 
finally we are in a position to estimate the value of k, which determines the pitch of 

the tone. 
The equation (43) has been derived by Steinhausen114 and used by him and by 

Ratz115 for comparison with experiments on stationary vibrations in a cylindri¬ 
cal tube with one or several holes. For want of space, we refer the reader to the 
articles cited for a detailed discussion. 

51. Blowing of pipes 

From section 47 we find by differentiating the expression (33) given for the 
stationary vibration in a cylindrical tube that the rate of flow at each point is 
proportional to 

fcosk(x — a) k2o . , ) 
k<--cosnt — ——smkx*sinnt >. 

I cos ka 2 n J 

We now make (x — a) = A/4 which corresponds to a node and we see that the first 
term in the bracket vanishes and only the second remains, which is relatively 
small since it is proportional to k2o (at the points x — a = A/4). When we force the 
air to move periodically with a fixed amplitude, the vibration produced in 
another section of the tube is very large in absolute magnitude and 90° out of 
phase when compared with the forced motion at the node. If on the contrary, such 
a motion is induced (forced) at points (x — a) = A/2, which corresponds to an 
antinode then the stationary vibration produced in the tube has the same 
amplitude and phase as the forced vibration. The vibrations of organ pipes, flutes, 
etc. excited by blowing through an open hole, correspond to the second case 
rather than to the first. Then, although the mouth piece of an organ pipe or a flute 
does not exactly coincide with an antinode or the position where the change in the 
pressure is a minimum, it is not too far from it. Hence the periodic blowing in and 
out of the mouth piece must have not exactly but almost the same amplitude and 
phase as the vibration in the pipe itself. The process by which these periodic air 
flows are maintained in the mouth piece is the subject of many experimental 
investigations. First of all the investigations have been carried out on the 

114W Steinhausen, 1915 Ann. d. Phys. 48 p. 693. 
115E Ratz, 1925 Ann. d. Phys. 77 p. 195. 
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influence of overblowing and uilderblowing116 of organ pipes, that is to say, the 
influence on the pitch and timbre117 of a gradual increase of the velocity of the air 
flow from the least possible to very large values118. Secondly, observations and 
photographic investigations of the actual behaviour of the airflow at the mouth 
piece; this is made visible by using vapours with higher index of refraction119 or 
by introducing fumes of phosphorous pentoxide120. Thirdly, there are studies on 
the behaviour of the air flow121 which occurs in free space at the edges. 
Investigations of this type clearly show that the acoustic behaviour of the pipe is 
closely related to the frequencies with which vortices are produced in the air 
stream and then enter the tube. In this connection, the recent investigations of 
Carriere122 are especially interesting and impressive. Much research is needed to 
understand fully the factors which determine the amplitude and phase of the 
different partial vibrations in the pipe. 

52. Reeds and reed pipes 

Metal reeds, such as those used in the harmonium and the flute stop of the organ 
differ from the tubular reeds which form the elastic lamella of the clarinet, the 
oboe, and the bassoon in that they are more massive and less damped, and can 
hence vibrate in their natural modes without any hindrance. They are set into 
vibration by the difference in air pressures on either side of them; as a result, the 
air flows periodically through the openings in which they are mounted in the 
direction of lower pressure. In the harmonium the acoustic effect of the in- and 
out-flow is directly exploited. In the case of the flute stops of the organ this acoustic 
effect is further modified by means of a nozzle (connecting or side tube) with 
resonance cavity. All the particulars of the mechanical production of the reeds as 
well as how they are fixed to the opening are of great significance to the timbre of 
the notes produced. These are entirely established by practical experience. 
Depending upon the type of mounting we differentiate between the free vibrator 
(anche libre) and ‘striking’ reeds. In case of the flute stop of the organ the reeds 
pulsate inwards, that is to say, the pressure produced in the chamber endeavours 
to close the opening over which the reed is mounted. 

Although we noted above that metal reeds try to vibrate with the period of 
their natural mode, these periods are considerably modified by the reaction of the 
air chamber or of any other resonating chamber connected with it. W Weber has 

116 Lord Rayleigh, 1882 Philos. Mag. 13 p. 340. 
U7D Gunnayya and G Subrahmanyam, 1924 Proc. Phys. Soc. London 37 p. 15. 

118 V Lough, 1922 Philos. Mag 13 p. 72. 
119R Wachsmuth, 1904 Ann. d. Phys. 14 p. 469. 

I20Z Carriere, 1924 J. de Phys. 6 p. 52. 

121F Kruger and E Schmidtke, 1919 Ann. d. Phys. 60 p. 701. 
122Z Carriere, 1926 J. de Phys. 7 p. 7. 
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clearly brought this out in his studies. In recent times, the question has again been 
taken up by E Hoppe123 and especially Ewald124 and Vogel125, They have 
published very interesting curves which show how the pitch and intensity of the 
tone emitted by the combined system change when the tube mounted over the 
reed is gradually lengthened. The experimental results show clearly that the reeds 
with the nozzle connected to them behave like a coupled system; with continuous 
lengthening of the connecting tube, the pitch of the tone emitted by the reeds falls 
and then again rises to its original value more or less suddenly, depending upon 
the degree of damping of the system. 

Z Carriere126 has experimentally examined the phase relations between the 
vibration of the free reed and the pressure differences prevailing between its two 

sides. 

53. Notes from organ pipes 

The timbre of the notes from a pipe are determined by its form and the manner in 
which it is excited. The influence of form is quite evident from the multiplicity of 
the forms of the pipes actually in use, each of which has its own timbre. Thus the 
notes from closed and open pipes are distinct because in the latter the even 
numbered overtones are absent. On the other hand, the area of cross section is 
highly significant because wide pipes give out almost pure tones while narrow 
pipes emit the fundamental with an entire series of partial tones accompanying it. 
Moreover, it has been brought to light that a change of cross section along the 
length has a telling influence on the timbre of the notes. In the Salicional and 
tapering flute stop of the organ the pipes narrow conically towards their end and 
in the reed pipe or “chimney pipe” flute-stop, a short tube open at both the ends is 
fixed to the body of the closed pipe. These forms give rise especially to certain 
partial tones which accompany the fundamental. The mode of excitation depends 
on the pressure used for blowing, the width of the aperture through which the air 
flows, and the path which it covers before encountering the edge of the pipe. In 
practice, these factors are made to match one another so that the pipe responds 
easily and gives the tone of desired timbre and intensity. The investigations 
referred to in section 51 help us in understanding the influence of these factors at 
least to some extent. When the pipe is sounded and the fundamental or any of the 
overtones are strongly excited, we find that the air stream striking the edge breaks 
up into a series of periodic vortices which are formed on either side of the edge and 

123E Hoppe, 1912 Ann. d. Phys. 39 p. 677. 

124J R Ewald, 1914 Ann. d. Phys. 45 p. 1209. 

125H Vogel, 1920 Ann. d. Phys. 62 p. 247. 

126Z Carriere, 1924 J. de Phys. 5 p. 338. 
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move outwards with a velocity which is considerably less than that of the air 
stream itself. The vortices of this series rotate in both directions on either side of 
the edge and the vortex formed outwards lies between two of the vortices formed 
inwards and vice versa. The distance between two successive vortices in the pipe </> 
is approximately the same as the distance of the opening from the edge and their 
velocity is equal to the product of this distance with the frequency. An air stream 
incident on a sharp edge in free space also resolves itself into vortices; their 
frequency varies continuously with the air pressure, the size of the aperture and its 
distance from the edge. In a pipe giving out good notes, on the contrary, the 
pressure influences the pitch to a lesser degree. From this we can conclude that the 
air flow in a pipe is influenced greatly by the vibrating air column. 

When the inflowing and outflowing air streams at the mouth piece of the pipe 
are analysed into their Fourier components, among them we must naturally find 
some whose frequencies lie close to the overtones of the pipe. The strength of these 
partial tones are to some extent determined by the accuracy with which the 
natural vibrations of the pipe approximate a harmonic series, and partly by the 
behaviour of the air stream. That this is also of importance can be made out from 
the fact that an increase in the blowing pressure changes the timbre and finally 
leads to a jump in the pitch to the next higher partial overtone. These changes are 
seen clearly in the photographs of the air vibrating in the organ pipe obtained by 
Raps127 making use of an interference method. 

It must be mentioned further than in some modern organs pressures upto 25, 
50 or even 75 cm of water are employed. To prevent the unfavourable influence on 
the timbre of such high pressures, the lips of the pipe are rounded off with a lining 
of leather. 

54. Theory of the flute 

Here we shall refer to some acoustically interesting points with relevance to the 
class of instruments to which the fife, the flute and the piccolo flute belong. The 
form of the bore of the flute is rather important. In practice it has been found that 
a flute with a purely cylindrical bore is not purely tuned over its entire range of 
tones. The tones of the second octave seem to be lowered in pitch when referred to 
those of the first and likewise those of the third in comparison with the tones of the 
second octave. In some types of flutes this drawback is rectified by forming the 
topmost one-third cylindrical and the other two thirds conical, so that the 
diameter of the lower end is 0*7 times the diameter of the cylindrical part. In the 
cylindrical Boehm flute the remedy is a narrowing of the side hole in the upper 
part of the flute, so that the hole is gradually reduced from its full size in the last 

127 A Raps, 1893 Wied. Ann. 50 p. 193. 
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one quarter of the flute, to nine-tenths at the mouth piece. In section 50 v/e have 
considered briefly the influence of lateral holes on the vibrations of an air column. 
This study brought out clearly that the position as well as the size of the hole is 
important. The effect of a hole must evidently increase with its size and when the 
hole is large, its influence on the pitch of the tone is the same as that of an <j) open 
end. To arrive at the right pitch, it has been found expedient to make the top most 
holes of the flute smaller than the rest. 

An experienced flute player can maintain the pitch of a tone constant even 
when he blows with different degrees of force, by advancing his lips when playing 
softly and in contrast pulling them in and blowing downward when he plays 
loudly. Likewise he can produce the overtone of the tube as softly or as loudly as 
he desires. 

The touching technique or in other words the appropriate choice of the holes 
which must be covered for the production of individual notes is of practical 
interest. For the lowest ai^d a part of the middle octave it is necessary to leave 
open the hole emitting the note and for the exchange of air, one or two other holes 
below it, in order to produce a free tone. Theoretically higher tones can be 
produced by opening two or more holes which lie at the antinodes of the desired 
vibration. This theoretical system of handling must however be changed or 
simplified for practical reasons128. 

The timbre of the notes from the flute in different ranges of pitch and the 
influence of the materials of the flute have been studied in great detail by D C 
Miller129. He found that when playing very softly (pianissimo) the tones of lower 
rather those of the middle ranges are more or less simple. When the deep position 
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is played loudly (forte) in fact over-blown the first overtone becomes the most 
significant partial while the fundamental is just loud enough to determine the 
pitch. It is accompanied by six to eight partial overtone. On the contrary, the 
tones of the middle and upper positions are practically simple even when played 
loudly. These results are graphically presented in figure 9. 

55. The oboe 

The oboe and bassoon are conical pipes which widen slightly like a bell and have 
a mouth piece with a double reed membrane which the player places between his 
lips while blowing into it. During the movement, the narrow gap between the two 
reeds opens and closes so that a periodic air stream enters the tube and maintains 
the vibrations of the air column. The player adjusts the pressure of the lips, the 
shape of the mouth and the intensity of blowing according to the tones which he 
desires to bring out. A system of side holes and keys is provided. 

The note of the oboe has been analysed by many observers, most recently by 
D C Miller with his phonodeik. It reveals a large series of partial overtones 
(twelve or more), among which the higher ones, for instance the fourth, fifth and 
the sixth have the most energy. This peculiarity is evidently related to the special 
blast-like inflow of air into the tube. It is characteristic of the oboe that it needs 
little air so that when playing a long note the player does not need to draw in his 
breath. Figure 10 of the next section presents the results of analysing the notes of 
oboe and the clarinet. 
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The acoustic features of the oboe can be explained roughly on the basis of the 
theory of conical pipes considered in section 48. We see that the velocity potential 
for any partial vibration can be written down in the form: 

(p = T~ sin k(r + R)eint. 
kr 

Where k, C and R must be determined. The impedances Zj and Z2 at the two ends 
of a conical tube whose distance from the apex of the cone are r{ and r2 can be 
given as follows. If co be the solid angle of the cone, 

pn2 sin k(rl+R) 

cori krx cos k(rx + R) — sin k(t\ + R) 
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pn2 sin k(r2 + R) 

cor2 kr2 cos k{r2 + R) — sin k(r2 + R) 

Now we neglect the impedance Z2 at the open end so that sin k(r2 + R) becomes 
zero and hence R = —r2. We substitute this in the expression for and it 
assumes the form given below: 

2 1 

rx krx cot k(r1 — r2) — 1 ’ 

Zx becomes infinite when tan k(rx — r2) = krx. If kri is sufficiently small, the 
condition for Zx to be infinite is that kr2 is a integral multiple of n, that is to say, r2 

is an integral multiple of A/2, where A stands for the wavelength. Now we have 

already noted that very little air enters through the mouth piece and hence we can 
consider its impedance to be practically infinite. We thus find that tones obtained 
form a harmonic series, whose fundamental has a wavelength equal to double the 
length of the side of the complete cone from the apex to the open end. A more 
accurate theory must pay attention to the fact that Z2 is not actually zero and that 
Zi has a value which is determined by the actual air stream through the mouth 
piece. 

The reason why the impedance of the mouth piece is so large is quite simple. 
Since the reeds are light and stiff, they vibrate approximately in the same phase as 
the pressure close to the apex of the tube. Moreover, the reeds are deflected 
inwards; hence they can open almost only in phase with the maximum 
compression in the tube and thus let in the air. It evidently follows that only very 
little air can flow through the opening of the mouth piece. 

56. The clarinet 

This instrument is of special interest to the scientist and is greatly esteemed by the 
musician for its very fine timbre. The tube is cylindrical except for a funnel shaped 
widening at the end and a small part on the mouth piece which carries only a 
striking reed membrane. When overblown, the clarinet does not give the octave of 
the fundamental like the flute and oboe but the duodecimo. Hence to get the 
chromatic scale, it must have more side holes than the flute and the oboe and it is 
hence somewhat complicated to manipulate. Near the mouth piece is a small 
hole, which serves as the “overblow hole”; it is opened when the higher tones of 
the clarinet are to be produced by overblowing because these tones are thus 
produced very easily. 

The reed of the clarinet is very light and rigid and its acoustic impedance is 
hence very large, as given by equation (31) of section 45. Moreover, the acoustic 
impedance of the narrow opening between the mouth piece and the reeds must 
likewise be large. Hence it is justified if we consider the mouth piece as a 
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practically closed end of the tube for those frequencies which are substantially 

deeper than the natural vibrations of the reeds. Thus the reed vibrates practically 

in phase with the pressure variations in the mouth piece, opens for air inflow in to 

the tube when the pressure is high and closes when the pressure is low. We assume 

that the motion of the air in the mouth piece resulting from both the vibration of 

the reed and the air stream through the periodically opened aperture is known. 

We need only to split it up into its harmonic components and substitute these into 

the expression for the vibration in a cylindrical tube, given in section 47, to find 

the note obtained. From the fact that the mouth piece corresponds to a closed 

end, we easily understand that the clarinet, when overblown, emits the 

duodecimo and not the octave. Blaikley finds that the second and the fourth 

overtones though very feeble are still present in the notes of the clarinet. The 

recent studies of D C Miller have shown that the note of the clarinet can contain 

twenty or more partial overtones. The mean from several analyses gives twelve 

important partial overtones, of which the seventh, eighth, ninth and tenth are the 

most pronounced. The volume of the seventh overtone amounts to 8% of the total 

volume and that of the eighth, ninth and tenth, 18,15 and 18% respectively. This 

marked occurrence of the higher overtones is characteristic of reed instruments, 

and it is not at all surprising to find a few even numbered overtones of the 

fundamental among them. This leads us to think that the Fourier components 

into which the periodic air stream entering the tube through the opening of the 

mouth piece is split up must contain even as well as odd harmonic components. 

Now the tube cannot amplify some of the lower even overtones, but for the more 

rapid vibrations of air, which are highly damped, the amplification is less selective 

and is extended to the even overtones also. Moreover it is only an approximation 

to consider the tube with its mouth piece as a cylinder closed at one of the ends 

and the frequencies of the natural vibration probably deviate considerably from a 

simple arithmatic sequence. 

57. The horn 

The hunter’s horn is an extraordinarily simple brass instrument; it sometimes 

consists of a long slender tube upto six metres in length whose cross section 

gradually increases from one end to another. The narrow end carries a conical 

cup-shaped mouth piece, and the wide end has a large funnel shaped opening. In 

order to produce any desired tone (the permitted range is mainly determined by 

the length of the tube used), the lips are placed on the mouth piece with the correct 

pressure, the reeds are sucked in suddenly and a loud sound is expelled which 

sounds somewhat like “tuuh”. The tube sustains the pitch of this note and 

amplifies it. 

As in the other brass instruments the hunter’s horn too has the entire series of 

overtones. This is because a cone closed at the apex gives the entire series, and all 
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brass instruments approximate a cone closed at the vortex in their acoustic 
behaviour. By means of appropriate lip pressure the player can bring out these 
individual partial tones successively as the natural tone of the instrument; thereby 
the deeper tones are suppressed. In this manner, the different possible frequencies, 
which form an arithmatic sequence from 1 to 16 are blown. Modern horns have 
key valves, which permit the length of the tube to be increased and thereby lower 
the pitch of the tone. When exciting the horn the lips of the player play the role of 
a double reed deflecting outwards. The lips do not vibrate in their entire length, 
but only over a certain part which is determined by the diameter of the mouth 
piece and probably also by their tension. It is to be assumed the frequency of 
natural vibration of the part of the lips actually in motion is comparable with that 
of the tone excited, though in reality it is somewhat smaller. The forced vibrations 
of the lips strive to make the lips vibrate in nearly opposite phase with the 
pressure variations in the mouth piece and the lips open and let in air into the 
mouth piece approximately at those time instants when the maximum pressure 
prevails. Thereby the necessary condition for sustaining the vibration of the air 
column is fulfilled. D C Miller has studied the notes of the horn and found notes 
of the most varied composition depending upon the circumstances, from notes as 
delicate and soft as the softest notes from the flute up to a splintering note, which 
is composed entirely of loud higher partial overtones. The deep notes of the horn 
are very rich in overtones. They contain the maximum number of partial 
overtones which have so far been found in musical notes. Analysis of the wave 
form for the tone with a frequency of 162 cycles per second revealed the presence 
of a complete series of overtones upto the thirtieth and indeed the tones from the 
second to the sixteenth are equally loud. A muted note is obtained when the 

player attenuates the sound more or less by putting his hand in the funnel of the 
horn. Such a note is almost perfectly simple. 

58. Other brass instruments 

The player of a brass instrument can force a tone which differs somewhat from the 
natural vibration of the air column and thus correct any error in the musical 
tuning of the natural tones. These possibilities are however severely restricted and 
hence in practice special equipment is made available to facilitate playing pure 
scales on wind instruments. They can consist of a simple draw tube as in 
trombones and certain types of trumpets or of special system of key- 
compensation-valves, as with the cornet, bass horn and bombardon. Each of 
these instruments has its own timbre and expression and a somewhat different 
scope and each has its own well-defined place in the orchestra. As a solo 
instrument the cornet is especially esteemed and next to it the bass horn. Thanks 
to the technique of double reed oscillation originally copied from the flutist, very 
rapid reproduction of tones is easy on the cornet. Also all gradation from ideal 
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softness to the other extreme of dramatic abruptness can be covered and the note 
can be adapted to them. A good player has at his finger tips a wide range of 
intensity from fortissimo upto pianissimo. 

The wind pressures used with brass instruments have been studied by W H 
Stone and of late by C W H Foord130 and by Barton and Laws13 ^ The discovery 
that with the clarinet higher tones can be produced with quite a low pressure of 
blowing is of special interest. For the trombone, cornet and trumpet, Barton and 
Laws found that the pressure increases with the volume and pitch, and indeed is 
almost proportional to the logarithm of the pitch. However, for loud deep notes 
the pressure employed must be higher than that required for high soft notes. It has 
also been found that the pressure required for producing a tone on a particular 
instrument is the same whether the tone is produced as the third harmonic 
overtone of a short tube or as the fourth in a long tube. Blaikley found that the 
least pressure needed for bringing out a particular tone is practically the same in 
case of the cornet and the bass horn although these instruments behave 
differently in all other respects. 

E. Percussion instruments 

59. Exciting vibrations by percussion 

When discussing the dynamics of the piano hammer (sections 35 and 36) we have 
already had the opportunity of considering the problem of excitation of vibration 
of a constantly stretched body by impact for a simple case. When the law of the 
force exerted by the impinging body is known, the resultant vibration of the 
struck object in the case considered there as well as in other cases can be derived 
according to the method of normal coordinates. For the case of any constantly 
stretched structure which is capable of vibrating transversely, the displacement £ 
is given by the expression 

C = <P 1^1 + <PlV2 + + ••• (44) 

where the normal coordinates satisfy equations of the form given below: 

ar(pr + cr(pr = <t>r. 

If the system is excited from rest by a single impulse Zx acting at the point Q, then 
in the beginning 

(brdt 
%• 

130C W H Foord, 1914 Philos. Mag. 27 p. 271. 

131E H Barton and S C Laws, 1902 Philos. Mag. 3 p. 325. 
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from which we find, at time t 

smnrf 
<Pr =-'Ur{Q)Zv 

arnr 

When instead of a single impulse a series of impulses Z(t')dt' acts during a time t, 
then for each later time t the resultant motion is given by the expression: 

<Pr = 
Ur(Q) 
arnr 

<• 

Z(t') sin nr(t — ?) d t\ (45) 

From this, with the help of (44) the displacement for each later time can be found. 
In general, however, it is difficult to determine the form of the force function Z(t'\ 
as it depends not only on the mass, the material, and the velocity of the hammer 
but also upon the body which is struck and the position of the point of contact. All 
the same, a few general basic principles can be enunciated. 

If u(Q) is zero, the corresponding coordinate vanishes. In other words, 
vibrations which have a mode at the point of impact are not excited. To produce 
the missing overtone, it is enough to shift the point of impact a little. With a soft 
and moderately heavy mallet the type and duration of the forces exerted produce 
preferential excitation of the deeper notes and suppress the higher ones. With a 
hard light hammer, the opposite is true. 

60. Kettledrum 

Since the natural vibrations of a circular stretched membrane of uniform 
thickness do not give rise to any harmonic series, the notes produced by striking a 
drum head are necessarily deficient in musical quality, and in fact it is not simple 
to ascribe any particular pitch to them. An important exception to this rule is the 
kettledrum used in an orchestra which has a definite pitch. In this instrument, a 
circular drum head is stretched symmetrically over the opening in a hemispher¬ 
ical metal kettle, and excited by striking with a soft bulky hammer at a point 
which is distant from the edge by a quarter of the diameter. According to the 
observations of Lord Rayleigh, the vibrations so excited belong to the 
asymmetric class. The fundamental corresponds to vibration of the drum head 
with one nodal diameter. It is accompanied by other tones, among which atleast 
two can be found which are in an approximately harmonic relation to the 
fundamental. The tone corresponding to the vibration with two nodal diameters 
is approximately higher by a fifth and the vibration which has a nodal diameter 
and a nodal circle forms an impure octave with the fundamental. It is not 
surprising that according to Rayleigh’s findings these relative frequencies of 
vibration deviate markedly from those which theoretically correspond to the case 
of a membrane vibrating in vacuum. Probably, the harmonic relations mentioned 
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here contribute to the fact that the notes from the kettledrum are regarded as 
musical. 

In other types of drums which are however not tuned to any particular musical 
pitch, two membranes are used, which are stretched over opposite ends of a 
hollow cylinder and one is struck. Since both the membranes are influenced to a 
large extent by the connecting air column, it is clear that both of them are made to 
vibrate. In the army drum that opposite to the struck membrane is damped by the 
gut strings which are stretched along a diameter in contact with the membrane. 
The gut strings produce a very rapid decay of the vibrations of the symmetric type 
and thus give the drum their characteristic timbre. The drums of this type, 
properly speaking, are not musical instruments, but are used only for marking the 
rhythm of the music which they accompany. 

61. Drums with harmonic overtones 

A remarkable type of musical drum which has been in use in India right upto the 
present time is of special interest to acoustics. In this instrument132 the drum head 
is stretched over the open end of a heavy metal or wooden cylinder and carries a 
symmetric load distributed in five successive layers over a part of its surface 
whose superficial density decreases from the centre outwards. The load consists of 
a pliable and sticky mixture which contains finely powdered iron. This produces 
an increase in the surface density of the membrane which is proportional to the 
thickness of the layer applied. There is furthermore a second membrane which is 
mounted, in the form of a ring along the edge of the drum head. A system of 16 
tightening cords permit the drum head to be stretched in all directions. This is 
very important for the correct adjustment of the pitch. The inhomogeneous 
membrane so constructed has remarkable acoustic properties. The lowest tone 
and the first overtone of the drum arise from the vibrations without an inner 
nodal line and with a nodal diameter respectively. Both these tones are more or 
less in the ratio of a fundamental to its octave. The vibration with two nodal 
diameters has the same pitch as the vibration with one nodal circle, and is indeed 
the quinte of the first overtone exactly. The pitches of both the next higher modes 
of vibration with three nodal diameters, and one nodal diameter and a nodal 
circle respectively are again identical and lie on octave higher than the first 
overtone. Similarly three higher modes of vibration combine to give the fifth 
harmonic overtone. These results have been achieved by the careful arrangement 
of the load when the drum head was made. 

As already mentioned, since some of the different modes of vibration have the 
same pitch, they can occur together as natural vibrations in any proportion and 

132C V Raman, 1920 Nature (London) 104 p. 500. 
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give rise to superposition figures. The inner nodal lines arising from the 
superposition can assume the most varied geometric forms depending upon the 
ratios of the amplitudes. For example, the nodal lines of the third harmonic 
overtone can have the following shapes, a circle, an ellipse, two parallel straight 
lines, two hyperbolic arcs or two diameters at right angles to one another. The 
fourth and the fifth harmonic overtones can similarly give rise to other 
superposition figures, which can be experimentally detected from the equality of 
the pitch of the different modes of vibration. Among them are the interesting 
superposition figures for the fourth overtone consisting of three parallel lines and 
for the fifth, four parallel lines. When the membrane as a whole vibrates, the 
fundamental originates; if it vibrates in two sections, the octave; in three sections 
(divided by parallel nodal lines) the third harmonic tone; in four sections the 
fourth and in five sections the fifth tone of the harmonic series. This presents a 
remarkable analogy to the law of vibration of the homogenous string. 

62. The vibrations of nonhomogeneous membranes 

Since we know that circular membranes of variable density are of experimental 
and acoustic interest, the mathematical theory of the vibrations of symmetrically 
loaded circular membranes is presented briefly. 

If p be the density at each point of the membrane and T its surface tension, the 
equation of motion is exactly as in the case of a uniform membrane: 

d2w d2w 

dx2 + dy2 

In the case of axial symmetry, when the centre is taken as the origin of 
coordinates, the following transformation can be effected. 

d2w 1 dw 1 d2w p d2w 

dr2 r dr r2 d62 T dt2 

If w is proportional to cos (pt — e) with the amplitude R cos n6 where n is the 
number of inner nodal diameters we have 

d2R 

dr2 

IdR ( 2 n2 

+;* +1*'-? 
\R=Q. (46) 

Where X2 — p2/T. If p is set proportional to any power of r, say r2m ~2 the equation 
(46) can be solved with the help of Bessel functions, in which the independent 
variable is taken equal to rm. The solution of the equation is then: 
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w = 1, we have the case of the uniform membrane, m = \ gives the case of a 
membrane in which the density is inversely proportional to the distance from the 
origin. The boundary condition R = 0 for r = a gives us the possibility of 
determining X and thus the frequencies of natural vibration for this and other 
cases. However, calculations show that no load in which the density varies as the 
reciprocal value of any power of r, is sufficient to bring the overtones into 
harmonic relations. The distribution actually used in practice to achieve this is of 
an entirely different type, and the theoretical calculation of the frequencies of 
natural vibration of an inhomogeneous membrane the method called for is 
analogous to that used by Ritz133 in his discussion of the theory of vibration of 
plates. 

63. Emission of sound by plates and membranes134 

The influence of the ambient atmosphere on the vibration of a membrane or plate 
is two fold. First of all, since the moving membrane sets the adjacent fluid in 
motion with the same phase of vibration, the kinetic energy increases, as a result 
of which the natural vibrations of the membrane are reduced in frequency. 
Secondly, the vibrations are damped because of the energy carried away in the 
°rm of sound waves. The magnitude of this effect has been calculated by Lamb135 

for the case of an elastic plate covering an opening in a plane wall, which on one 
side remains in contact with an atmosphere of the fluid stretching to infinity. His 
method can evidently be applied to get an approximate estimate of this effect for 
the case of a stretched membrane. We shall indicate only his method 

When the wavelengths are selected large in comparison with the diameter of 
t e plate, the inertial effect is practically the same as when the fluid is 
incompressible. With this assumption, the velocity potential at each point of the 
fluid is: 

<P= ~ 
1 

2n 

1 

2n 
%! J 

dw dS 

dt j > (47) 

where w is the normal displacement of the plate or membrane at a distance r from 
the centre, dS is a surface element of the plate, and r' the distance of the space 
point from this element. The kinetic energy of the fluid is 

r r d(p 1 

<Pt'dS = 2P 
dw 

<p~dS. (48) 

133 W Ritz, 1909 Ann. d. Phys. 28 p. 737. 

134See the article “Producing sound by mechanical means”, sections 51-71 (Handb. Phys. 8 
chapter 5). and “Vibrations of spatially extended continua” section 12 (Handb. Phys 8 chanter 4) 

3jH Lamb, 1921 Proc. R. Soc. London (A) 98 p. 205. ’ P 
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Lamb evaluated the integrals {47) and (48) after substituting as an approxi¬ 
mation for the lowest mode of vibration 

w = C 

and for the vibration with a nodal diameter 

He found 

w = C| 1-^ 
2 

r cos 6. 

T2 = 0*2 lpu3 
2 

for the lowest mode of vibration and 

,/d C 
r2 = ooo8Ca5 — 

\ at 

for the second sort. From the increase in kinetic energy originating from the fluid 
we can calculate its influence on the pitch of the natural vibration. 

The value of the velocity potential at a distance from the membrane is 

(49) 

For the lowest mode of vibration the sound emission is practically the same as 
that of a simple source, whose intensity is equal to double the integrated normal 
velocity over the surface S. For the vibration with a nodal diameter, the 
integration in (49) can be carried out by expressing r' in terms of r and the 
spherical polar coordinates R, 2, (p of the space point, the centre of the membrane 
being chosen as the origin of the coordinates. Then we finally arrive at the result: 

cp= - 
Aa4 

48R 
• A • sin k(ct — R) sin x cos i)/ (50) 

which corresponds to the normal velocity: 

dw 

dt 

r2 V 
1 —2 I r cos 0 A cos kct. 

We see that the sound in a plane which contains the nodal diameter vanishes, 
which can be verified by observation. The coefficient of damping can be found by 
calculating the total energy flux per unit time and expressing it as a fraction of the 
mean energy of vibration. 
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64. Tuning forks136 

The construction of tuning forks is based on the fact that the two halves of a 
symmetric system move with opposite phases and are thus in mutual balance 
(equilibrium) and in this manner can continue to vibrate over a long time, as the 
influence of supports and energy losses is only very little. The value of tuning forks 
as acoustic instruments is enhanced by the fact that they can be designed for any 
desired pitch from about 16 to 90000 vibrations per second and can be accurately 
adjusted. They retain this pitch with great constancy, when they are protected 
from excessive wear and rust. The temperature coefficient of frequency is very 
small, being nearly 0 00010 per °C for steel forks. Hence they represent very 
practical portable and easy to handle standards for pitch. 

From dimensional considerations it follows that the frequencies of vibration of 
tuning forks of the same material and same form are proportional to their linear 
dimensions. As a crude approximation the tuning fork can be considered as a pair 
of reeds fixed at one end and free at the other, so that independently of the 
thickness at right angles to the plane of vibration, the frequency varies 
approximately proportionally to the thickness in the plane of vibration and 
inversely as the square of the length. The forms of the tuning forks actually in use 
differ somewhat, being the result of practical experience and investigations. 
Especially, it must be mentioned that in the special form of tuning fork evolved by 
Koenig for high tones, the yoke is very thick in relation to the prongs. 

The symmetry of a t uning fork (when it is perfect) renders possible a completely 
balanced vibration of the prongs, as far as the movements at right angles to the 
stem are concerned. However, because of the curvature of the yoke, a bending of 
the prongs induces as a rule a periodic longitudinal vibration of the handle. A 
longitudinal movement of the handle with double the frequency can also be 
produced by the curvature of the displacement of the prong and the resultant 
centrifugal forces. When the amplitude is large, this is an effect of the second order 
which under favourable conditions can actually result in a jump by an octave, if 
the vibrations are communicated by the support. Lord Rayleigh, to whom we 
owe these observations, has pointed out that for small vibrations, longitudinal as 
well as transverse equilibrium can be attained by bending the prongs inwards or 
by loading them at the appropriate points. We can thus insulate the tuning fork 
completely from its support13 7. In general the supports of a tuning fork vibrate along 
with it to a considerable extent and modify its pitch. Koenig found that the 
resonance boards on which tuning forks are usually mounted, modify their pitch 
a little. The pitch increases when it is initially greater than that of the resonator 

136 See the article “Producing sound by mechanical means” sections 46-49 (Handb. Phys. 8, 

chapter 5). 
137 Lord Rayleigh, 1907 Philos. Mag. 13 p. 316. 
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and decreases when it is below that of the resonator. The effect has a maximum 
when the tuning fork and the resonator do not have very different pitches, but 
disappears when they are exactly in unison. 

Hartmann-Kempf138 has made a very detailed study of the pitch and the 
logarithmic decrement of freely vibrating tuning forks as well as how these values 
vary with the amplitude of vibration. He found that in all cases, with increasing 
amplitude, the decrement is greater, while the frequency goes down. 

65. Overtones of the tuning fork 

Besides the principle mode of vibration, which determines the pitch of the tuning 
fork there are other symmetric modes of vibration of much greater pitch, which 
can be excited by giving a sharp blow with a hard hammer. These overtones bear 
no harmonic relation to the fundamental, the frequency of the first overtone for a 
usual Koenig’s tuning fork being 6*25 times that of the fundamental. The prongs 
are divided into nodes and antinodes almost in the same way as when a rod free 
and one end vibrates. 

Among the tones emitted by the tuning fork fixed to a resonator, the octave can 
frequently be heard quite clearly beside the fundamental. In fact Rayleigh found 
that when a tuning fork is fixed to a resonator having double the frequency, and it 
is struck with force practically only the octave can be heard. The explanation for 
this phenomenon has already been given in the earlier section. 

If the prongs of a tuning fork are brought before the opening of an air column 
with double the frequency of natural vibrations, the octave will be amplified and it 
becomes audible. The audible octave however has another source beside the one 
which we mentioned. 

F Lindig139 has studied the octave occurring in tuning forks and explained its 
origin from the asymmetric character of the motion of the air in the immediate 
vicinity of the prongs of the fork. 

If the stem of a tuning fork is lightly pressed against a hard surface, we can often 
hear tones which are deeper than the principal tones of the tuning fork, and are 
subharmonic to it (the frequency is 1/2,1/3 or 1/4 the frequency of vibration of the 
tuning fork). This phenomenon has been known since the time of Chladni. It can 
be easily proved that this arises from the effect of the periodic contact of the stem 
and the support which occurs once in each second, third, or fourth vibration of 
the tuning fork140. 

138 R Hartmann-Kempf, 1904 Ann. d. Phys. 13 p. 124. 

139F Lindig, 1903 Ann. d. Phys. 11 p. 31. 

140W N Bond, 1925 Philos. Mag. 49 p. 236. 
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66. Operation of tuning forks 

Although we have classified tuning forks among the percussion instruments, they 
can be excited or made to vibrate in many other ways for instance by plucking, by 
stroking, by resonance, by the action of wind as in an aeolian harp141, by periodic 
impulses communicated by a fluid stream142 and finally by electrical methods. 
When considering electrical excitation, we must differentiate between the case 
where the tuning fork maintains its own vibrations from the other where it is 
operated by an electromagnet which is energised by an intermittent current or 
alternating current from a completely independent source. In the other types of 
tuning forks with built-in control, an electromagnet located between the prongs 
of tne tuning fork is excited by a current, which is made intermittent periodically 
by a spring. This spring is fixed to one of the prongs of the tuning fork and makes 
contact with a platinum pin or wire which is immersed in mercury in a bowl. The 
chaiacteristics of electrically excited tuning forks have been studied by R 
Hartmann-Kempf143 and more recently by Dadourian144. These research workers 
worked with tuning forks in which the interruptions of electric current occur 
between the platinised steel spring and a platinum point. He found that the period 
of the tuning fork increases linearly with the length of the contact interval of the 
interruptor. He also found that given a tuning fork, there is an amplitude of 
vibration for which the period has a stationary value, which can be a maximum or 
a minimum depending upon the circumstances. Oscillographic145 experiments on 
the intermittent current however reveal that this interruptor consisting of solid 
bodies gives very irregular interruptions, and that the operation of the mercury 
interruptor is much more satisfactory. 

A new type of electrically driven tuning fork has been put forward by W H 
Eccles146 which, instead of a mechanical interruptor, makes use of an electron tube 
to produce the periodic electric current. The general principle underlying the set 
up is that an electromagnet is at work on each of the two prongs of the tuning 
fork. The winding of one magnet lies in the grid current circuit of the valve, and 
that of the other in the plate circuit. When the tuning fork is in motion, the 
electromotive force induced in the grid circuit magnet winding regulates the 
current flowing in the plate circuit and its magnet, with the result that the 
vibrations are maintained. Sometimes, in order to sustain the vibrations more 
easily, a condensor is connected parallel to the anode or grid coil. S Butter- 
worth147 has discussed the theory of this circuit. Another method takes 

141 Lord Rayleigh, 1907 Philos. Mag. 13 p. 316. 

142 Lord Rayleigh, 1908 Philos. Mag. 16 p. 235. 

143R Hartmann-Kempf, 1904 Ann. Phys. 13 p. 271. 

144H M Dadourian, 1919 Phys. Rev. 13 p. 337. 
145 V H L Searle, 1926 Philos. Mag. 1 p. 738. 

146W H Eccles, 1919 Proc. Phys. Soc. 21 p. 269. 
14 7 S Butterworth, 1920 Proc. Phys. Soc. 32 p. 345. 
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advantage of an arrangement1*8 in which a transformer is connected between the 
electrodes of the valve and the magnet windings of the tuning fork. This; has 
been found especially advantageous for tuning forks of low frequency. D W 
Dye149 has studied the behaviour of such tuning forks driven by valves with 
reference to the constancy of their pitch and he has found them very satisfactory. 

67. Use of tuning forks • 

Although tuning forks arranged according to their pitch are actually sometimes 
used as musical instruments by striking with a hammer padded with felt as in a 
piano they are used by musicians essentially as standards for the pitc wi w ic 

other sources of sound can be compared. In part 3 we have already considered 
some of the methods according to which such a comparison can be made 
Together with the appropriate resonator, tuning forks find an important 
application in acoustics as sources of pure tones. Likewise, they are genera y 
used in physics experiments when accurate chronographic measurements or 
frequency determinations have to be made. The frequency of the tuning fork itself 
can be determined with greater accuracy according to different methods, of whic 
probably the most interesting is the “Uhrgabel”, introduced by Niaudet and 
developed by Koenig. Here the tuning fork actually plays the role of a 
chronometer. Here we shall briefly refer to only two recent investigations in which 
a tuning fork in the acoustic region of frequencies is used to determine 
frequencies which are very high or very low in comparison with it. In the recent 
study of D W Dye150 a tuning fork executing 1000 vibrations per second, driven 

by a valve, controls an arrangement of three electrode valves (known as a 
multivibrator, invented by H Abraham and E Bloch), giving periodic electric 
impulses of the same frequency. A second multivibrator with the frequency o 
20000 per second is made synchronous with the first multivibrator of frequency 
1000 per second with the help of the amplified twentieth harmonic of the latter. 
The impulses from both the multivibrators can be made to act on special circuits 
(these contain a variable condenser and self-inductance), through which any of its 
harmonics can be selected and then amplified, whereby frequencies between 
10000 and 1200000 can be secured. These form the standards against whic 

radiofrequencies can be precisely compared. 
CV Raman and A Dey151 have developed another method in which an 

electrically excited tuning fork of say, 126 vibrations per second can set a 
pendulum in vibration whose frequency bears a ratio of the reciprocal of an 

148 T G Hodgkinson, 1925 Proc. Phys. Soc. 38 p. 24. 
149 d w Dye, 1923 Proc. R. Soc. London 103 p. 240. 

i5°d w Dye, 1924 Philos. Trans. 224 p. 259. 
151C V Raman and A Dey, 1919 Proc. R. Soc. London 95 p. 533. 
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integer to that of the tuning fork, say 1/124,1/126,1/128 etc. and the denominator 
is usually an even number. This can be arranged by using an iron pendulum rod 
with a brass bob which can be shifted, which in its equilibrium position hangs 
vertically over the pole of an electromagnet energised by the intermittent current 
from the tuning fork. When the pendulum swings over the pole with the correct 
frequency, the vibration is sustained with finite amplitude by the impulse picked 
up. The frequency of the subsynchronous pendulum can be very accurately 
compared with that of a pendulum clock according to the well known method of 
coincidences. 

68. Vibrations of the bell152 
\ 

The glockenspiel with 30 to 40 or more bells and a keyboard for moving the 
clapper is a well known musical instrument in use. Hence the theory of bells is of 
considerable importance in acoustics. The bell under question is a massive 
metallic shell which is bounded by surfaces of rotation, the thickness and the 
diameter being both variable and reaching their maximum values close to the 
open end. The thick end of the bell is called the stud, being the region struck with 
the clapper. The theory of vibration of such shells is a difficult problem in the 
theory of elasticity153, and can hardly be treated in the space available here. We 
must content ourselves with a brief reference to the approximate treatment which 
was given by Lord Rayleigh. He assumed that the elastic shell is thin (which is not 
at all the case in real bells) and that it so vibrates that the central surface of the 
shell preserves its overall size constant. With these assumptions the potential 
energy of deformation is provided only by the bending of the shell and is 
proportional to the third power of its thickness. The condition that the surface 
does not expand implies that each of the arc elements on the central surface 
conserves its length. This condition limits the possible modes of deformation 
severely in each particular case. In fact this condition determines the form of the 
normal function for the elastic vibration of the plate almost completely. Under 
these assumptions, if we calculate the bending energy and the kinetic energy of the 
plate, the frequencies of vibration can be determined at once. Lord Rayleigh, has 
discussed several cases of this type: 1. a cylindrical shell, which is open at one end 
and closed at the other, 2. a conical shell and 3. a hemispherical shell and later 4. 
the case of a hyperboloidal shell, which is closed at one end by a plate154. In each of 
these cases we find that the elastic shell is capable of such vibrations in which 4,6,8 
or more meridians on the surface of the shell represent the nodes of the movement 

152See the article “Producing sound by mechanical means”, sections 73-77 (Handb. Phys. 8, 

chapter 5). 
153 A E H Love, 1920 Math. Theory of Elasticity, 3rd edition 22nd to 24th chapters. 

154Lord Rayleigh, Scientific Papers 1 p. 551; 3 p. 318 (1881 Proc. London Math. Soc. 13 p. 4; 1890 

Philos. Mag. 29 p. 1)- 
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at right angles to the shell, and an equal number of meridians in between the first 
set nodes are nodes for the motion tangential to the shell. In one of the first three 
cases do we encounter the possibility of the parallels of latitude forming nodal 
lines, theoretically or experimentally. For the hyperboloidal shell a node of the 
vibration with a nodal circle and six nodal meridians has been found possible, but 
none with a nodal circle and four meridians. Based on experiments and 
computations carried out on an elastic shell composed of different forms, which 
comes quite close to the shape of an actual bell (by considering it to be built up of 
a cylinder and one or two cones) the possible vibrations about the nodal 
meridians can be found. On the basis of these observations, Rayleigh was of the 
opinion that in church bells the deepest tone of the bell occurs much less strongly 
than the higher tones. 

69. More about bells 

The acoustics of church bells has been studied in depth by Rayleigh155, A B 
Simpson, PJ Blessing156, J Biehle157 and AT Jones158. The general scheme 
given below (given by Biehle) enumerates the partial overtones of bells and the 
corresponding modes of vibration. 

Nodal circle 4 6 8 10 nodal meridians 
0 1 3 5 7 partial overtones 
1 2 4 6 8 partial overtones 

This scheme is in good agreement with the observations of Jones on a series of 12 
bells for both the first partial overtones, but deviates from it for the higher 
overtones. We can infer from this that much depends on the special form of the 
bell. 

The pitch of a bell is determined by the so called “ringing” tones which are 
emitted immediately after the impact of the clapper. This is however not the pitch 
of the lowest mode of vibration and in general even does not seems to correspond 
to any of the actually observed modes of vibration. According to the observations 
of Rayleigh and Jones the ringing tone lies one octave below the fifth partial 
overtone of the bell. It has been misconstrued that it is merely the fifth partial. The 
impression that this tone lies one octave below the fifth partial overtone appears 
to originate in the presence of another deeper tone, in particular the second 
partial tone which usually lies next to it. Actually it also appears to be the 

155 Lord Rayleigh, Scientific Papers 3 p. 318 (1890 Philos. Mag. 29 p. 1). 
156P J Blessing, 1911 Phys. ZS. 12 p. 597. 

157J Biehle, 1919 Phys. ZS. 20, p. 429 & 1921 22 p. 337. 

158 A T Jones, 1920 Phys. Rev. 6 p. 242. 
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objective of the bell maker to shape it in such a way that the second partial 
overtone lies as accurately as possible, one octave below the fifth partial overtone 
and in this manner, becomes as high as the “ringing” tone. However, it is found 
that marked deviations from this precise relationship are prevalent as often in one 
direction as in the other. 

It appears that in the finest bells the first partial overtone lies more or less 
accurately one octave below the second partial overtone, and that the aim is to 
tune the third and the fourth partial overtones so that they form with the second a 
minor third and a quinte respectively. 

For further details the reader can refer to the studies cited especially that of 
Biehle who has studied many hundreds of bells. 

70. Glass harmonica 

Sometimes we come across a type of percussion instrument which consist of glass 
shells tuned to a chromatic scale by filling them partially with water; they are then 
excited by a striking with a light wooden rod or mallet. In the theory of these 
instruments the interest lies in the influence of the liquid on the vibration of the 
elastic shell. The underlying hydrodynamic problem was first studied by Lord 
Rayleigh159 initially for the two dimensional case with a cylindrical shell filled with 
liquid. In practice the shells are filled only partially; here the problem is thus no 
more two dimensional. The theory of glass bells has been investigated in great 
detail by S K Banerji160 for the case in which the vibrating elastic shell of the bell is 
cylindrical, conical or hemispherical; the results have been compared with 
observations made on containers with different liquid levels. The problem is 
simplified to some extent by assuming that the form of the normal function of the 
vibrating shell is determined by the condition that its central surface remain 
constant and is hence not affected by the presence of the fluid. The effect of the 
fluid is only that it enhances the inertia of the vibrating system. This can be 
calculated by assuming a motion of the fluid which satisfies the equation of 
continuity and yields the correct normal velocities on the surface of the shell. The 
motion on the free surface of the fluid must also be accounted for. If this 
correction is neglected, the formulae for the case of the cylindrical and conical 
shells can be expressed in the simple form 

p2 = {/(A + Bhn/ln) 

where p is the frequency of vibration, h is the height of the water, l the total height 

159 Lord Rayleigh, Scientific Papers 2 p. 208 (1883 Philos. Mag. 15 p. 305). 

160S K Banerji, 1919 Phys. Rev. 13 p. 171. 
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of the vessel and A and B are constants for the vessel under consideration. It has 
been shown that n is equal to 3 for the cylinder and 5 for the conical shell. The 
formula shows that the deepening of the tone with increasing quantity of liquid is 
at first very slight and then increase very rapidly. This tallies with the 
observations. The motion of the fluid is perceptible only in the immediate 
neighbourhood of the shell and vanishes rapidly when we go further inside. 

71. Xylophones, glockenspiels and gongs 

The instruments clubbed together in this section consist of elastic rods, tubes or 
plates which are excited by percussion. In all of them the overtones of the struck 
object bear no harmonic relation to the fundamental. In practice, however, the 
overtones are throughout suppressed by providing suitable supports to the 
vibrating bars or plates as well as by the choice of a mallet of suitable mass and 
hardness. In some xylophones the musical effect is further improved by making 
air columns below the vibrating rods vibrate in consonance with the funda¬ 
mental. The non harmonic overtones are weak compared to the fundamental and 
give the note of the instrument its special timbre, without making it sound 
unpleasant. Another means of favouring the occurrence of the deepest tone of the 
vibrating structure is found in the Orient in certain special forms of gong. In one 
type of gong, the elastic plate, usually plane, carries a projecting hemispherical 
bulge in the middle; in another type, the thickness of the plate is not uniform. The 
point where the hammer is made to strike is chosen in both the cases in such 
a way that the deepest tone is excited with much greater intensity than any 
other overtone and the acoustic effect is in this manner made completely free from 

the unpleasant effect of non harmonic partial overtones. 
Here a study161 must be mentioned in which the author has attempted to extend 

Hertz’s well known theory of collisions to the case of head-on collision of a 
spherical body with an elastic rod or elastic plate which is capable of vibrating, 
and thus to develop a more exact theory of the excitation of percussion 
instruments. In the theory of Hertz it is assumed that the localised compression in 
the zone of contact during the collision of two solid bodies will depend upon the 
local stress as in the static case. The same hypothesis is approximately satisfied 
even when the collision brings about elastic wave motion in one of the two bodies 
and makes it possible to calculate the duration of contact as well as the energy 

converted into vibrations. 

161C V Raman, 1920 Phys. Rev. 15 p. 277. 
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F. Concluding remarks 

72. The work of C Stumpf 

In the previous sections we have considered the physical characteristics of 
different musical instruments and discussed the timbres of their notes as if they 
were expressed numerically by the intensities of the partial overtones forming the 
note. Each class of instruments has its own particular timbre which distinguishes 
it from others and determines its place in the scheme of orchestral music. Thus the 
string instruments of the violin family—which form the backbone of the 
orchestra—are distinguished by the fact that they possess an especially 
expressive timbre which does not tire the ears of the listener and to a remarkable 
degree can be made to match various musical moods. The class of flutes, in 
contrast, is characterised by a mild, softly flowing timbre. The great multiplicity 
of sonorous notes of modern composers calls for instruments, with even greater 
variety in timbres; thus other classes of instruments with strikingly different tonal 
character, such as wooden percussion instruments and brass instruments are 
used in large numbers. Among all the instruments, we naturally ascribe the 
highest degree of individuality to the human voice. It is not considered in this 
chapter as it is discussed in the article “physics of sounds of speech” (same volume, 
chapter 10). A very interesting discussion of the timbres of musical instruments 
and the factors which determine them, as well as a comparison with the human 
voice is given by C Stumpf in chapter 15 of his recent book162. The studies carried 
out by C Stumpf are of great importance; however, we must content ourselves 
here with a short survey since the present author became acquainted with his 
book after completing the preceding sections. 

C Stumpf has carried out careful analysis and synthesis of musical notes; he has 
used a large number of tuning forks as resonators and also an interference tube 
method for the analysis. From the studies of Helmholtz it was already known that 
in the human singing voice partial tones lying in one or more regions of frequency 
known as the formants are the most intense. These are just those frequencies 
which lie closest to the natural frequencies of the oral cavity. Stumpf has found 
that such maxima are present in the notes from various musical instruments. Our 
reflecti ons on the timbre of musical instruments of the violin family naturally lead 
us to expect such a result. The assumption that it is the difference of the absolute 
pitch of these “formant” regions which differentiates the note of a cello from that 
of a violin is thus quite understandable. For deeper incursions into this realm, the 
reader can refer to the book of C Stumpf. Undoubtedly there are many valuable 
ideas there which hold the promise of a better understanding of the peculiar 
features of the timbre of different musical instruments. 

162C Stumpf, 1926 The sounds of speech. Experimental phonetic investigations including a supplement 

on instrumental timbre, Berlin, Springer, Phys. ZS. 38 p. 745. 
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1. Introduction 

As is well known, Langevin showed that high frequency sound-waves of great 
intensity can be generated in fluids by the use of piezoelectric oscillators of quartz. 
Recently, Debye and Sears* in America and Lucas and Biquard1 in France have 
described very beautiful experiments illustrating the diffraction of light by such 
high-frequency sound-waves in a liquid. Amongst the experimenters in this new 
field, may be'specially mentioned R Bar* of Zurich who has carried out a 
thorough investigation and has published some beautiful photographs of the 
effect. The arrangement may be described briefly as follows. A plane beam of 
monochromatic light emerging from a distant slit and a collimating lens is 
incident normally on a cell of rectangular cross-section and after passing through 
the medium emerges from the opposite side. Under these conditions, the incident 
beam will be undeviated if the medium be homogeneous and isotropic. If, 
however, the medium be traversed by high-frequency sound-waves generated by 
introducing a quartz oscillator at the top of the cell, the medium becomes 
stratified into parallel layers of varying refractive index. Considering the case in 
which the incident beam is parallel to the plane of the sound-waves, the emerging 
light from the medium will now consist of various beams travelling in different 
directions. If the inclination of a beam with the incident light be denoted by 6, it 
has been found experimentally that the formula 

sin 9 = rc(an integer) ^ 0 

*P Debye and F W Sears, Proc. Natl. Acad. Sci. (Washington), 18, 409, 1932. 

Lucas and P Biquard J. Phys. Rad., 3, 464, 1932. 

:R Bar, Helv. Phys. Acta, 6, 570, 1933. 
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IS m satisfactory agreement with the observed results where ; ar>a ;* ,, 

With so^d °f thC inrident ,igh‘and the S°Und Wave in the medium respectTvek 
W th sound waves of sufficient intensity, numerous orders of these dEcfion 

of the inteafy amon§st ,hese 
Various r l , hen the exPenmen'al conditions are varied 

Sears fbvRnn:!'! phenomena have been put forward by Debye and 
aiiantimc8 ’ 3Iad by LuCaS and Blcluard-4 The former have not presented 
should S'! r6S S 15 hard t0 understand their theory as to why there 
should be so many orders and why the intensity should wander between the 
various orders under varying experimental conditions. In Briliouin’s theorv the 

cauTedTvTes. “U^buted tothe reflection oflight from striations of the medium 
th n *• r.Und waves- Wc know, however, from the work of Ravleieh that 

variations" i'8 i ^ 3 °f Varyin8 refractive «-dex is negligible ifthe 
ation is gradual compared with the wavelength of light Under extreme 

onditions, we might perhaps obtain the Brillouin phenomenon but the 

components of reflection should be very weak in intensity compar’ed ti the 
transmitted ones. As one can see later on in this paper, the whole phenomenon 
ncludlng the posjtions Qf (he diffracted beams and their intensifies can be 

xplained by a simple consideration of the transmission of the light beam in the 
edium. Lucas and Biquard attribute the phenomenon to an effect of miraae of 

tight waves in the medium. In what way the relation (1) enters in their theory if not 

Bar has „eoTfo"iedm8 1 of the various components observed by 
Bar has not found explanation in any of the above theories * 

We propose in this paper a theory of the phenomenon on the simnle 
consideration of the regular transmission oflight in the medium and the nhae 
changes accompanying it. The treatment is limited to the case of normal 

!he tTensiSs'of"rla? ^ ^ e$tabiished in our theorT A*^, a formula for 
if •ntenslt es of lhe various components has been derived. It is found that the 
above results are in conformity with the experimental results of Bar.* 

2. Diffraction of Sight from a corrugated wave-front 

The following theory bears a very close analogy to the theory of the diffraction of 

a plane wave (optical or acoustical) incident normally" on a Steallv 

"aga!ed sur ace’ developed by the late Lord Rayleigh. He showed therein that 
a diffraction phenomenon would ensue in which the posit ons oHhe variou 
omponents are given by a formula similar to (1) and their relative mtensi e a 

given by a formula similar to the one we have found. S dre 

Bar, Heiv, Phys. Acta, 6 570, 1933. 

if ReI|ye anlF W Sears, Proc. Nat. Acad. Sci. (Washington), 18. 409 1932 
L Bnllouin, La Diffraction de la Lumiere par des Ultra sons”, Ac,a Sci. e,. Ind 59 1933 
R Lucas and P Biquard, J. Phys. et Rad., 3, 464, 1932. 
Lord Rayleigh, Theory of Sound 2, page 89. 
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Consider a beam of light with a plane wave-front emerging from a rectangular 

slit and falling normally on a plane face of a medium with a rectangular cross- 
section and emerging from the opposite face parallel to the former. If the medium 
has the same refractive index at all its points, the incident beam will emerge from 
the opposite face with its direction unchanged. Suppose we now create layers of 
varying refractive index in the medium, say by suitably placing a quartz oscillator 
in the fluid. If the distance between the two faces be small, the incident light could 
be regarded as arriving at the opposite face with variations in the phase at its 
different parts corresponding to the refractive index at different parts of t e 
medium. The change in the phase of the emerging light at any of its parts could be 
simply calculated from the optical lengths found by multiplying the distance 
between the faces and the refractive index of the medium in that region. This step 
is justified for Jji(x,y,z)ds taken over the actual path is minimum, i.e. it differs 
from the one taken over a slightly varied hypothetical path by a differential of the 
second order. So, the incident wave-front becomes a periodic corrugated wave- 
front when it traverses a medium which has a periodic variation in its refractive 
index. The origin of the axes of reference is chosen at the centre of the incident 
beam projected on the emerging face, the boundaries of the incident beam being 
assumed to be parallel to the boundaries of the face. The X-axis is perpendicular 
to the sound-waves and the Z-axis is along the direction of the incident beam of 

light. If the incident wave is given by 

Aelnivt 

it will be 
Ae2niv{t - Lfi(x)/c} 

when it arrives at the other face where L is the distance between the two faces and 
ju(x) the refractive index of the medium at a height x from the origin. It is assumed 
that the radii of curvature of the corrugated wave-front are large compared with 
the distance between the two faces of the cell. If ju0 be the refractive index of the 
whole medium in its undisturbed state, we can write /x(x) as given by the equation 

. 2nx 
f-i{x) = [Aq [a sin ^ 

ignoring its time variation, n being the maximum variation of the refractive index 

from ju0. 
The amplitude due to the corrugated wave at a point on a distant screen 

parallel to the face of the medium from which light is emerging whose join with 
the origin has its x-direction-cosine /, depends on the evaluation of the diffraction 

integral 

r p/2 
g2ni{lx + pLsin(2rt.x/^*)}/A^^ 

J - Pi 2 



DIFFRACTION OF LIGHT BY HIGH FREQUENCY SOUND WAVES — I 571 

where p is the length of the beam along the X-axis. The real and the imaginary 
parts of the integral are 

mP/2 

{cos ulx cos(v sin bx) — sin ulx s‘m(v sin bx)}dx 
J - p/2 

and 

'P/2 

■p/2 

{sin ulx cos (v sin bx) + cos ulx sin (t? sin bx)} dx 

where u — 2n/l, b = In/X* and v = upL = 2npL/X. 

We need the well-known expansions 

00 

cos (v sin bx) = 2J2r cos 2rbx 
o 

00 

sin (t; sin bx) = 2]T J2r + x sin 2r + 1 bx 
o 

to evaluate the integrals, where J„[ = Jn{u)] is the Bessel function of the nth order 
and a dash over the summation sign indicates that the coefficient of J0 is half that 
of the others. The real part of the integral is then 

00 fp/2 

21'hr 
0 

00 

cos ulx cos 2rbx dx — 2 J] J2r + x 
-p/2 0 

'P/2 

sin ulx sin 2r + 1 hxdx 
- p/2 

or 

00 fp/2 

1'J 
0 

2r {cos (m/ + 2rb)x + cos (ul — 2 rb)x} dx 
-P/2 

oo fp/2 

+ X^2 r+ 1 

0 ^ 
{cos (ul + 2 r+ 1 b)x 

-p/2 

— cos (ul — 2r + 1 b)x}dx. 

Integrating the above, we obtain 

® fsin(w/ + 2rb)p/2 sin (ul — 2rb)p/2. j 

^o^2r\ (ul + 2rb)p/2 + (ul — 2rb)p/2 J 

00 

+ P'ZJ2r+l 
0 

sin (ul + 2r + 1 b)p/2 sin (ul — 2r + 1 b)p/21 

(ul + 2r + 1 b)p/2 (ul — 2r + 1 b)p/2 J 
(2) 

The integral corresponding to the imaginary part of the diffraction integral is 
zero. One can see that the magnitude of each individual term of (2) attains its 
highest maximum (the other maxima being negligibly small compared to the 
highest) when its denominator vanishes. Also, it can be seen that when any one of 
the terms is maximum, all the others have negligible values as the numerator of 
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each cannot exceed unity and the denominator is some integral non-vanishing 
multiple of b which is sufficiently large. So the maxima of the magnitude of (2) 
correspond to the maxima of the magnitudes of the individual terms. Hence the 
maxima occur when 

ul±nb — 0 n(an integer) ^ 0 (3) 

where n is any even or odd positive integer. The equation (3) gives the directions in 
which the magnitude of the amplitude is maximum which correspond also to the 
maximum of the intensity. If 6 denotes the angle between such a direction in the 
XZ-plane along which the intensity is maximum and the direction of the incident 
light, (3) can be written as 

. _ nX 
sin 0 = ± — (4) 

remembering that u = In/a and b = 2n/X*. This formula is identical with the 
formula (1) given in the first section. The magnitudes of the various components 
in the directions given by (4) can be calculated if we know, 

Jn or Jn(v) or Jn(2nfiL/X). 

Thus the relative intensity of the mth component to the nth component is given by 
*> 

jk») 
J2M 

where v = 2n^L/X. 

In the undisturbed state of the medium there is no variation of the refractive 
index, i.e. ^ = 0. In this case all the components vanish except the zero component 
for 

Jm(0) = 0 for all m ^ 0 and Jo(0) = 1. 

In the disturbed state, the relative intensities depend on the quantity v or 2ii\iL/k 

where X is the wavelength of the incident light, /i is the maximum variation of the 
refractive index and Lis the path traversed by light in the medium. We have 
calculated the relative intensities of the various components which are observable 
for values of v lying between 0 and 8 at different steps (figure 1). 

Figure 1 shows that the number of observable components increases as the 
value of v increases. When v = 0, we have only the central component. As v 

increases from 0, the first orders begin to appear. As v increases still more, the 
intensity of the central component decreases steadily and the first orders increase 
steadily in their intensity till they attain maximum intensity when the zero order 
will nearly vanish and the second orders will have just appeared. As v increases 
still more, the zero order is reborn and increases in its intensity, the first orders fall 
in their intensity giving up their former exalted places to the second orders, while 
the third orders will have just appeared and so on. 

Our theory shows that the intensity relations of the various components 
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Figure 1 

Relative intensities of the various components in the diffraction spectra. 
(For tables, see Watson’s Bessel Functions and Report of the British Association, 1915). 

depend on the quantity v or 2npL/L Thus an increase of p (i.e. an increase of the 
supersonic intensity which creates a greater variation in the refractive index of the 
medium) or an increase of L or a decrease of X should give similar effects except in 
the last case where the directions of the various beams will be altered in 
accordance with (4). 

3. Interpretation of Bar’s experimental results 

(a) Dependence of the effect on the supersonic intensity: Bar has observed that only 
the zero order (strong) and the first orders (faint) are present when the supersonic 
intensity is not too great. He found that more orders appear as the supersonic 
intensity is increased but that the intensity of the zero order decreases while the 
first orders gain in their intensity. Increasing the supersonic intensity more, he 
found that the first order would become very faint while the second and third 
orders will have about the same intensity. The figures la of his paper may very 
well be compared with our figures 1(c), 1(h) and l(k). Thus, we are able to explain 
the appearance of more and more components and the wandering of the intensity 
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amongst them as the supersonic intensity is increased, in a satisfactory manner. 
(b) Dependence of the effect on the wavelength of the incident light: We have 

already pointed out that the effects due to an increase of g caused by an increase of 
supersonic intensity are similar due to those with a decrease of X except for the fact 
that the positions of the components of the emerging light alter in accordance 
with (4). Bar has obtained two patterns of the phenomenon by using light with 
wavelengths 4750A and 3650A. He obtained, using the former seven components 
and using the latter eleven components in all. He also observed great variations in 
the intensities of the components. Not only is the increase in the number of 
components an immediate consequence of our theory, but we can also find the 
pattern with 3650A if we assume the pattern with 4750A. The pattern with the 
latter in Bar’s paper shows a strong resemblance to our figure l(p) for which 
27zpL/X is 3-7. Thus we can calculate 2npL/X when X is 3650A. It comes to about 
4-8. Actually our figure for which 2ngL/X is 4-8 closely corresponds to Bar’s 
pattern with 3650A. 

(c) Dependence of the effect on the length of the medium which the light traverses: 
It is clear from our theory that an increase of L corresponds to an increase of v and 
that the effects due to this variation would be similar to those with an increase of 
the supersonic intensity. But the basis of our theory does not actually cover any 
large change in L. However, we should find more components and the wandering 
of the intensity amongst the various components. 

4. Summary 

(a) A theory of the phenomenon of the diffraction of light by soundwaves of 

high frequency in a medium, discovered by Debye and Sears and Lucas and 
Biquard, is developed. 
(b) The formula 

nX 
sin 6 — ± — n(an integer) ^ 0 

X* 

which gives the directions of the diffracted beams from the direction of the 
incident beam and where X and X* are the wavelengths of the incident light and 
the sound wave in the medium, is established. It has been found that the relative 
intensity of the mth component to the nth component is given by 

Jl,(2ngL/X)/J?;(2ngL/X) 

where the functions are the Bessel functions of the mth order and the nth order, p 

is the maximum variation of the refractive index and L is the path traversed by 
light. These theoretical results interpret the experimental results of Bar in a very 
gratifying manner. 
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1. Introduction 

In the first* of this series of papers, we were concerned with the explanation of the 
diffraction effects observed when a beam of light traverses a medium filled by 
sound waves of high frequency. For simplicity, we confined our attention to the 
case in which a plane beam of light is normally incident on a cell of the medium 
with rectangular cross-section and travels in a direction strictly perpendicular to 
the direction along which the sound waves are propagated in the medium. By 
taking into account the corrugated form of the wave-front on emergence from the 
cell, the resulting diffraction-effects were evaluated. This treatment will be 
extended in the present paper to the case in which the light waves travel in a 
direction inclined at a definite angle to the direction of the propagation of the 
sound waves. The extension is simple, but it succeeds in a remarkable way in 
explaining the very striking observations of Debye and Sears+ who found a 
characteristic variation of the intensity of the higher orders of the diffraction 
spectrum when the angle between the incident beam of light and the plane of the 
sound waves was gradually altered. 

We shall first set out a simple geometrical argument by which the changes in 
the diffraction phenomenon which occur with increasing obliquity can be 
inferred from the results already given for the case of the normal incidence. An 
analytical treatment then follows which confirms the results obtained 
geometrically. 

*C V Raman and N S Nagendra Nath, Proc. Indian Acad. Sci. 2, 406-412 1935. 
+ P Debye and F W Sears, Proc. Natl. Acad. Sci. (Washington), 18, 409, 1932. 
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2. Elementary geometrical treatment 

The following diagrams illustrate the manner in which the amplitude of the 
corrugation in the emerging wave-front alters as the incidence of light on the 
planes of the sound waves is gradually changed. In the diagrams, the planes of 
maximum and minimum density caused by the sound waves at any instant of time 
are indicated by thick and thin lines (e.g. AB and CD) respectively. The paths of 
the light rays are represented by dotted lines in figures 1(b), (c) and (d). As we are 
mainly interested in the calculation of the phase-changes which the incident wave 
undergoes before it emerges from the cell, the bending of the light rays within the 
medium may, in virtue of Fermat’s well-known principle, be ignored without a 
sensible error, provided the total depth of the cell is not excessive. 

Figure 1 

Considering the variation in the refractive index to be simply periodic, the 
neighbouring light-paths with maximum and minimum optical lengths AB and 
CD respectively, in the case of normal incidence, are shown in figure 1(a). The lines 
AB and CD are separated by X*/2 where X* is the wa velength of the sound waves. 
The difference between the maximum and the minimum optical lengths gives a 
measure of the corrugation of the wave-front on emergence. Considering now a 
case in which the light rays make an angle 0 with the planes of the sound waves, 
we may denote the maximum and the minimum optical lengths by A'B' and CD' 
respectively. These would be symmetrically situated with respect to AB and CD 
and would tend to coincide with them as 0 is decreased. The optical length of 
A'B' is less than that of AB, for the refractive index at any point except at 0 is less 
than the constant maximum refractive index along AB, 0 being small. On the 
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other hand, the optical length of CD' is greater than that of CD, for the refractive 
index is minimum along CD. A simple consideration of the above shows that the 
difference between the optical lengths of A'B' and C'D' is less than that between 
those of AB and CD. As this difference gives twice the amplitude of the 
corrugation of the emerging wave-front, it follows, in the case shown in 
figure 1(b), that the amplitude of the corrugation of the emerging wave-front is 
less than that in the case of figure 1(a). 

Figure 1(c) illustrates a case when the maximum optical length is just equal to 
the minimum optical length. This occurs when the direction of the incident beam 
is inclined to the planes of the sound-wave-fronts at an angle ot1 given by 
tan -1 (B'B/OB) = tan"1 (X*/2)/(L/2) = tan"1 (A*/L). That the optical lengths of 
A'B' and C'D' in figure 1(c) are equal follows by a very simple geometrical 
consideration. Thus, when light rays are incident on the sound waves at an angle 
tan"1 (A*/L), the amplitude of the corrugation of the emerging wave-front 
vanishes, i.e. a plane incident beam of light remains so when it emerges from the 
medium. This result would also be true whenever a„ = tan"1 (nX*/L), N # 0. The 
case when n — 2 is illustrated in figure 1(d). In all these cases the diffraction effects 
disappear. As the corrugation vanishes when (p is an + 1 or a„, there is an 
intermediate direction which makes an angle pn with the sound waves giving the 
maximum corrugation if light travels along that direction. We can take p0{ = 0) to 
represent the case when the incident beam of light is parallel to the sound waves. 

Thus, we have deduced that the corrugation of the emerging wave-front is 
maximum when the direction of light is parallel to the sound waves [/?0( = 0)], 
decreases steadily to zero as the inclination (p between the incident light and the 
sound waves is increased to ax, increases to a smaller maximum as <p increases from 
ax to /?!, decreases to zero as (p increases from pl to a2, increases to a still smaller 
maximum as <p increases from a2 to /?2, and so on. 

As the variation of the refractive index is simply periodic along the direction 
normal to the sound-wave-fronts, it follows that the optical length of the light 
path is also simply periodic along the same direction when the incident light rays 
are parallel to the sound waves. This means that the corrugation of the emerging 
wave-front is also simply periodic. When the incident light rays are incident at an 
angle (p to the sound waves, the optical length of the light path would be simply 
periodic in a direction perpendicular to the light rays. This means that the 
emerging wave-front would be tilted by the angle <p about the line of the 
propagation of the sound waves and that its corrugation would be simply 
periodic along the same line. 

We have shown in our previous paper that a simply periodic corrugated wave 
is equivalent to a number of waves travelling in directions which make angles, 
denoted by 6, with the direction of the incident beam given by 

sin6= n{an integer)^0 
A 

(i) 
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where X is the wavelength of the incident light. In view of the results obtained in 
the previous paragraph, the formula (1) would also hold good when the incident 
light is a small angle with the sound waves. 

The relative intensities of the various diffraction spectra which depend on the 
amplitude of the corrugation should obey a law similar to the one in the case of 
the normal incidence. 

Thus, we find that the results in the case of an oblique incidence would be 
similar to those of the normal incidence with the amplitude of the corrugation 
modified. Hence, we deduce , in virtue of the statement I, the following results, 
assuming the results, in the case of normal incidence, obtained in our earlier 
paper. 

The diffraction spectrum will be most prominent when <p = 0. The intensity of 
the various components wander when (p is increased. When (p increases from zero 
to al5 the number of the observable orders in practice decreases and when <p = a1 
all the components disappear except the central one which will attain maximum 
intensity. This does not mean that the intensities of all the orders except the 
central one decreases to zero monotonically as (p varies from zero to o^, but some 
of them may attain maxima and minima in their intensities before they attain the 
zero intensity when <p = av This is obvious in virtue of the property that the 
intensity of the nth component depends on the square of the Bessel function Jn. As 
(p increases from cxl to the intensity of the central component falls and the other 
orders are reborn one by one. As </> increases from to a2, the number of 
observable orders decreases and when <p = a2 all the orders vanish except the 
central one which will attain the maximum intensity and so on. 

3. Analytical treatment 

In the following, we employ the same notation as in our earlier paper. The optical 
length of a path in the medium parallel to the direction of the incident light 
making an angle (p with the sound waves may be easily calculated. It is 

or 

f* L sec </> 

H(s) ds 
Jo 

' L sec </> 

H0L sec (p — fx sin b(x — s sin (p)ds. 
Jo 

Integrating we obtain the integral as 

b sin (p 
/i0Lsec (p {sin (bL tan <p) sin bx + [cos (bL tan </>)—!] cos bx}. 
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The last term can be written as 

— A sin bx + B cos bx 

where 

u 
A = -—r—r sin (bLtan 6) 

b sin q> 

B = — [cos (bLtan $) — 1 ]. 
sin cp 

Thus the optical length of the path can be written as 

/x0Lsec</> — yJ(A2 + B2)smb^x — tan 

Ignoring the constant phase factor, the optical length is 

. (bLtan<l>\ . 
u0Lsec</> - ——-sin --- sinbx. 

r hsin 4> \ 2 

If the incident light is 

exp 2niv\ t — 
xsin (j) 

when it arrives at the face of the cell, it will be 

2ni ( mLszc<t> \ 
exp — ( ct — x sin 0 — /<(s)ds I 

0 / _ 

when it arrives at the face from which it emerges. 
The amplitude of the corrugated wave at a point on the screen whose join with 

the origin has its x-direction-cosine /, depends on the evaluation of the diffraction 
integral 

'Pi 2 

exp 
-p/2 

2ni { 2u 
—](/-sin0)x + —0— 
a I b sirup 

hLtan</> . 
sin | --- sin bx dx. 

The evaluation of the integral and the discussion of its behaviour with respect to l 
may be effected in the same way as in our earlier paper. Maxima of the intensity 
due to the corrugated wave occur in directions making angles, denoted by 6, with 
the direction of the incident beam when 

sin (6 + </>) — sin 0 = ± 
nX 

n* 
n(an integer) ^ 0. 

The relative intensity of the mth order to the nth order is given by 

JjM 
J2Av) 

(2) 



580 CV RAMAN: ACOUSTICS 

where 

bLtan (p 

2 

2nuL , sin t , bL tan (p nL tan <p 
=—— sec</>-where t =---=-^—• 
At z a 

The expression for the relative intensities in our earlier paper can be obtained 
from (2) by making </>-► 0 when v-+(2n/nL/X) = v0. So the expression for the 
relative intensities 

v 
2n 2{i 

X b sirup 
sin l 

Jl(v0)/Ji(v0) 

in the case of normal incidence will change to 

I % 

where 

. sinf 
v = vn sec (p- 

t 

and 

nLtarup 

X* 

Even if (p be small so that sin <p % tarup % (p, it is not justifiable to write sin t % t 
unless nL(p/X* is also small to admit the approximation. As nL/X* is sufficiently 
large we should expect great changes in the diffraction phenomenon even if cp be a 
fraction of a degree, v vanishes when 

t = nn n(an integer) > 0, 

that is, when Ltan </> = nX*, 

or 

nX 
(p — tan “1 ——, n{an integer) > 0, 

Li 

confirming the same result obtained geometrically. Whenever v vanishes, it can be 
seen that the amplitude of the corrugation of the wave-front also vanishes. The 
statement I in section 2 and the consequences with regard to the behaviour of the 
intensity among the various orders can all be confirmed by the expression (3). 

In the numerical case when L = 1 cm, and X* = 0 01 cm, the amplitude of the 
corrugation vanishes tanat =001 or ax =0°34'. This means that as (p varies 
from 0° to 0° 34', the relative intensities of the various orders wander according to 
(2) till when </> = 0° 34', all the orders disappear except the central one which 
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attains maximum intensity. This does not mean that the intensities of all the 
orders except the central one decrease monotonically to zero but they may possess 

several maxima and minima before they become zero. The intensity of the nth 
order depends on the behaviour of Jl [t?0 sec (j) (sin (nLtan <j>/X*)/(nL tan </>/A*))] 
under the above numerical conditions as </> varies from 0° to 0° 34'. As </> just 
exceeds 0° 34', all the orders are reborn one by one till a definite value of </> after 
which they again fall one by one and when (j) = 1° 8', all the orders disappear 
except the central one. 

The numerical example in the above paragraph shows the delicacy of the 
diffraction phenomenon. If the wavelength is quite small, the diffraction 
phenomenon will be present in the case of the strictly normal incidence as the 
relative intensity expression (3) does not depend on A* but will soon considerably 
change even for slight variations of (j) as the relative intensity expression (4) 
depends on A*. One should be very careful in carrying out the intensity 
measurements in the case of normal incidence, for even an error of a few minutes 
of arc in the incidence will affect the intensities of the various orders. 

4. Comparison with the experimental results of Debye and 
Sears 

Debye and Sears make the following statement in their paper: “Fixing the 
attention on one of the spectra preferably of higher order, one can observe that it 
attains its maximum intensity if the trough is turned through a small angle such 
that the primary rays are no longer parallel to the planes of the supersonic waves. 
Different settings are required to obtain highest intensities in different orders. If 
the trough is turned continuously in one direction, starting from a position which 
gave the highest intensity to one of the orders, the intensity decreases steadily, 
goes through zero, increases to a value much smaller than the first maximum, 
decreases to zero a second time and goes up and down again through a still 
smaller maximum.” This statement very aptly describes the behaviour of the 
function 

v0 sec (j) 
sin(7rLtan </>/A*) 

(7tLtan </>/A*) 

as (j) alters under the conditions imposed in the above statement. The zeroes 
and the maxima of the intensity of the nth order, as a function of (j), correspond to 
the zeroes and the maxima of the above function. 

5. Summary 

The theory of the diffraction of light by sound waves of high frequency developed 
in our earlier paper is extended to the case when the light beam is incident at an 
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angle to the sound wave-fronts, both from a geometrical point of view and an 
analytical one. It is found that the maxima of intensity of the diffracted light occur 
in directions which make definite angles, denoted by 6, with the direction of the 
incident light given by 

nA 
sin (0 + (p) — sin </> = + —, n(an integer) ^ 0 

A* 

where A and A* are the wavelengths of the incident light and the sound waves in 
the medium. The relative intensity of the rath order to the nth order is given by 

JU v0 sec <f> v0 sec 4> 
sin t 

where v0 = (2nfiL/A\ t = (nL tan <j) is the inclination of the incident beam of 
light to the sound waves, fi is the maximum variation of the refractive index in the 
medium when the sound waves are present and L sec <j> is the distance of the light 
path in the medium. These results explain the variations of the intensity among 
the various orders noticed by Debye and Sears for variations of 0 in a very 
gratifying manner. 
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1. Introduction 

In part I1 of this series of papers, a theory of the diffraction of light by high 
frequency sound waves was developed starting from the simple basic idea that the 
incident plane waves of light, after transmission through the medium traversed by 
the sound waves assume a corrugated form, owing to the fluctuations in the 
density and consequently also in the refractive index of the medium. The Fourier 
analysis of the emerging corrugated wave-front automatically gives the diffrac¬ 
tion effects observed when the emergent waves are brought to focus by the lens of 
the observing telescope. The results deduced from the theory gave a gratifyingly 
satisfactory explanation of the observations of Bar3 regarding the changes in the 
diffraction pattern when the supersonic intensity, the wavelength of the incident 
light and the length of the cell are varied. 

In part II2, we extended the theory to the case of the oblique incidence of the 
light on the sound waves and were successful in explaining the variations of the 
diffraction effects reported by Debye and Sears4 as the angle of obliquity is varied. * 

In parts I and II, we deliberately ignored the variation of the refractive index 
with time in order to bring out the essential features of the theory without 
unnecessary complications. In this the third part of the paper, we proceed to take 
this factor also into consideration. It will be shown that light diffracted by 
progressive sound waves exhibits Doppler shifts of a very simple type. In the case, 
however, of the diffraction of light by standing sound waves in a medium, we get 
the much more interesting result that in any even order, radiations with frequencies 

v ±2 rv* would be present where v is the frequency of the incident light, v* is the 
frequency of sound in the medium and r is any integer and that in an odd order, 

radiations with frequencies v ± 2r + 1 v* would be present. This implies that any 

583 
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pair of even orders or odd orders can partly cohere and that an even order and an 

odd one are incoherent. This latter result has already been arrived at by Bar5 
purely by his experimental investigations. The remarkable results of Bar in the 
field of supersonic research thus find a natural explanation in terms of our theory. 

It should be, however, noted that the theory developed in the following is 
subject to the same limitations as those in the previous parts, viz., that the depth 
of the cell is not too great to permit the form of the emerging wave-front to be 
deduced in the simple manner indicated in part I. A more general consideration of 
the problem will be presented in a later communication. 

2. Doppler effects due to a progressive sound wave 

Let us suppose that the progressive sound wave travels in a direction parallel to 
the X-axis perpendicular to two faces of a rectangular vessel containing some 
homogeneous and isotropic medium. We use the same notation and the axes of 
reference as in our earlier paper. When the sound wave travels in the medium, the 
density of the medium and its refractive index undergo periodic fluctuations. If 
the sound wave is a simple one, we could assume that the variation of the 
refractive index at a point in the medium is given by 

p(x, t) — p0 = p sin 2n(v*t — x/2*) (1) 

where p(x, t) is the refractive index of the medium at a height x from the origin at 
time t, p0 is the refractive index of the medium in its undisturbed state, p is the 
maximum variation of the refractive index from p0 and v* and /* refer to the 
frequency and the wavelength of the sound wave in the medium. 

Let the light wave be incident along the Z-axis perpendicular to two faces of the 
medium and the direction of the propagation of the sound wave. If the incident 
light wave is given by 

exp[27rivf] 

it will be 

exp [2niv{t — Lp(x, t)/c}] 

when it arrives at the other face where L is the distance between the two faces. 
The amplitude of the corrugated wave at a point on a distant screen parallel to 

the face of the medium from which light is emerging, whose join with the origin 
has its x-direction-cosine / depends on the evaluation of the diffraction integral 

mPl 2 

J ~Pl2 

exp [2ni{lx — pL sin 2n(v*t — x/A*)}/A]dx 

where p is the length of the beam along the X-axis. The real and the imaginary 
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parts of the diffraction integral (2) are 

^ Pi 2 

{cos ulx cos (v sin bx — e) — sin ulx sin (v sin bx — e) }dx 
-p/2 

and 

CP/2 

{sin ulx cos (i; sin bx — e) + cos ulx sin (t> sin bx — e)} dx 
-p/2 

where 

u = 27c/2, b = 2n/X*, v = 2nfiL/X and e = 2nv*t. 

Putting bx — e as x' we could write the integrals* (3) as 

and 

or 

9 oo 'bp/2-e 

vTJ2r(v) 
o 0 

cos ( ulX 6 1 cos 2rx' dx' 
bp/2-e \ b 

2 oo fbp/2-c 

~ tYjJ 2r+ l(*0 
b 0 

sin ( 1 x sin 2r + 1 x' dx' 
-bp/2 —e b 

00 rbp/2-E 

rl'JiM 
b o 

sin ul 
x' + £ 

cos 2rx' dx' 
— bp/2 — e 

2 00 rbp/2 —e 

+ lZ^2r+ lOO 
O 0 

x' + £ 
cos I ul—- 

- bp/2 — £ \ b 
x sin 2r + 1 x' dx' 

1 00 
rL'-Mf) 
O 0 

*bp/2 — e 

— bp/2 — £ 

( ul ule 
cos + 2r x' + ^ 

+ cos ( ^ — 2ric' + y ) S dx' 

1 00 
+ rX-^r+iM 

b o 

'*bp/2 £ 

bp/2 £ 

/ ul ule 
cos^— + 2r +1 x'+ ^ 

ul 
— cos | — — 2r + 1 x' + ) )> dx' 

(3) 

(4a) 

♦The dash over the summation sign indicates that the coefficient of the first term has to be 

multiplied by half. 
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and 

1 00 
j-I'J 2» 
o 0 

/•ftp/ 2-e 

- ftp/2 -£ 

sin 
/ ul 

\b 
+ 2r x' + 

w/e\ 
+ sin 

1 00 

+ 'rZ^2r+l(i;) 
D 0 

‘ftp/2 -£ 

— ftp/2 — £ 

ul 
sin ( — + 2r + 1 x' + ^ 

ul „ , uls 

J~2rx+T 

uls 

dx' 

uls 
sin 

w/ - 
--2r+lx'+- 
b b 

dx'. (4ft) 

Integrating and combining the real and the imaginary parts (4a) and (4b) we 

find that the amplitude depends on 

00 r , Jsin {(ul + 2rb)p/2} _i2rr sin {(ul - 2rb)p/2\ nrt 

P\J^\ + .- (ul — 2rb)p/2 

00 

+ P'LJ2r+M 
0 

sin {(ul + 2r+l b)p/2} ^_i2r+ „ 

(ul + 2r + 1 b)p/2 

sin {(ni — 2r + 1 fc)p/2} ^ZrH.u 

(ul — 2r + 1 h)p/2 

where e = 27cv*r. We should remember that the amplitude function has the other 
time factor e2mvt which has been taken out as a constant from the integrand of 
the diffraction integral. One can see that the magnitude of each individual term of 
(5) attains its highest maximum when its denominator vanishes. Also, it can be 
seen that when any one of the terms is maximum, all the others have negligible 
values as the numerator of each cannot exceed unity and the denominator is some 
integral non-vanishing multiple of b which is sufficiently large. When 

ul + nb = 0 

. „ nk 

sinf?=-i* (6) 

where n is a positive or a negative integer and 6 is the angle between the direction 
whose x-direction-cosine is / and the Z-axis. 

The wave travelling in the direction whose inclination with the incident light 
beam is sin~l(—nk/k*) is determined by 

Jn(v)e2ni{v-nv')t (7) 

having the frequency v — nv*, n being a positive or negative integer; when n is 
negative the direction of propagation of that order has positive direction-cosines 
with respect to the directions of the propagation of the sound and light waves. 
Consequently the radiations in the different orders will be incoherent with each 
other. (See figure 1.) 
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X> 
C 
D 

Incident ^ 
—~ 

light 

e 
CL 

Figure 1 

The relative intensity of the mth order to the nth order is given by the 
expression 

identical with the one given in part I. 

3. Doppler effects due to a standing sound wave 

In the case of a standing wave produced by the interference of two simple waves 
travelling in opposite directions parallel to the X-axis, we could assume that the 
variations of the refractive index at a point in the medium is given by 

fi(x, t) — fi0= — n sin 2nv*t sin (2nx//*) (8) 

with the same notation as in the previous section. Under the same restrictions as 
in Part I, we find that the emerging wave-front is given by 

exp [2niv{t — L/.i{x, 0/c}] (9) 

The diffraction integral is then 

*P/2 

exp [2ni{lx + juLsin e sin (2nx/A*)}/X] dx 
J - p/2 

where s = 2nv*t. 

The real and the imaginary parts of the integral (10) are 

(10) 

Cp/2 

{cos ulx cos (v' sin bx) — sin ulx sin (1/ sin bx)} dx 
J ~P/2 
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and 

{sin ulx cos (1/ sin bx) + cos ulx sin (t/ sin bx)} dx 
J - P/2 

where 

u = 2n/X, b = 2n/X*, t/ = i; sin £ = (InjxL sin e)/l 

Following the same procedure as in our earlier paper, we find that the real part 
of the diffraction integral (10) is 

£tr , • . **\ f sin [(ul + 2rh)p/2] , sin [(a/ - 2rh)p/2] ) 

y o { (w/ + 2rb)p/2 (ul — 2rb)p/2 J 

+ P 
® [:sin [(m/ + 2r + 1 b)p/2] 
LJ2r+ i(vsin2nv*t)^ ~^. 
o l (ul + 2r + 1 b)p/2 

sin [(ul — 2r 4- 1 b)p/2] j 

(«/ — 2r + 1 h)p/2 J 

The integral corresponding to the imaginary part of the diffraction integral is 
zero. 

Following similar arguments as in part I or in the previous section we can show 
that the wave travelling in the direction given by 

or 
ul + nb = 0 

sin 6 — — 
nX 

I* 

is 
± Jn(v sin 27rv*f)£27l,w (11) 

multiplied by a constant usually taken out from the diffraction integral The wave 
given by (11) is not a simple one but is a superposition of a number of waves given 
by the Fourier analysis of Jn(i;sin27rv*f) and multiplied by e2nivt. 

Fourier analysis of Jn (i; sin e): The well-known Neumann’s addition theorem 

J 0(&) = 2 Jm{Z)Jm(z) cos m</> 
o 

where 

& = V1 (^2 F z2 — 2Zz cos </>) 

has been generalised by Graf6 as 

Z — ze~i4> 

Z - zei<p 
= +f Jn+JZ)JJz)elm* 

~ 00 



DIFFRACTION OF LIGHT BY HIGH FREQUENCY SOUND WAVES — III 589 

provided \ze±i(j) \ < Z. If n is an integer, the inequality need not be in force. 
Putting 

\ Z — z — v/2 

and (f> — 2e 

we get 

+ oo 

J„(v sin e)el)"/:1 = I J„ + m(v/2)Jm(v/2)e‘2™ 
— 00 

From this, changing n to 2n we deduce that 

+ 00 

JtJvsin8) = (—1)" £ J^^vIDJMDe-^2^. 
— oo 

Putting m = - n + r and after a little simplification, we get 

00 

J2n{v sin 6) = (- 1 fJ _ n{v/2)Jn{v/2) + 2 £ J _ „ + r(v/2 )J„+r(u/2) cos 2 re 
1 

00 

(- 1)" 2 S' J _ „+r(i>/2)J„+r(r/2) cos 2re 
0 

oo 

= 2X'(-r(v/2 )J„+>/2) cos 2 re. 
0 

Similarly we can deduce that 

00 
Ju +1 (v sin e) = 2 £ (- 1 fJ„ - r(v/2 )J„+r +, (d/2) sin 2r + 1 e 

0 
oo 

J2n(i; cos e) = 2 _ r(v/2)Jn+r(v/2) cos 2rs 
o 

00 

^2» +1 (» cos s) = 2 £ _ ,(t>/2)J„+, +, (d/2) cos 2r + 1 e. 
0 

Returning now to the Fourier analysis of the diffraction components, the 
diffracted waves can be resolved into a number of simple waves, for 

J2„(v sin 2nv*t)e2nivt 

00 
= e2niVt 2 X' ( - 1 YJn - r(v/2)Jn + r(v/2) COS (2r' 2nV*0 

0 
oo 

= Z(-iyjn_,(v/2)J„+r{v/2){e 
0 

f „2ni(v + 2rv*)t ^2m(v- 2rv*)f| 
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and 

J 2n +1 (t> sin 2nv*t)e2mvt 2nivt 

* 0 

Thus in all even orders radiation frequencies 

v ± 2rv*, r a positive integer, 

g2ni(v — 2r + 1 v*)t 
}• 

are present. The relative intensity of the v + 2rv* sub-component in the 2nth order 
is given by 

In all odd orders radiation frequencies 

v + 2r + 1 v*, r a positive integer, 

are present (see figure 2). The relative intensity of the v + 2r + 1 v* sub¬ 
component in 2n + 1th order is given by 

We can conclude from the above analysis that an even order and an odd one are 

incoherent while any two even or any two odd orders can partly cohere. Any two 
orders symmetrically situated to the 0th order are completely coherent. We have 
calculated the relative intensities of the various Doppler sub-components of the 
various orders as v ranges from 0 to 5 in steps of unity and represented them in 
figure 3. 

We may also note that the intensity of each of the sub-components of each 
order depends on the amplitude of the supersonic vibration, the length of the cell 
and the wavelength of the incident light. 

> 
o 

Incident 

light 

Figure 2 
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Figure 3. Relative intensities of the various sub-components of observable orders; the sub¬ 

components of an odd order standing on a base correpond to-, v — 2r + 1 v*,-, v — v*, v + v*, — 

v + 2r + 1 v*,-and those of an even order standing on a base correspond to-, v — 2rv*,-, v, 

—, v + 2rv*,-. In the figure v = 5, some lower orders are missing as their relative intensities are 

negligibly small. 

If we ignore the spectral character of each order, then the relative intensity of 
the mth order to the nth order is 

rin 

J*(v sin 6)d6 
o 
'271 where v 

2nfiL 

J^{v sin0)d0 
o 

which follows from Parseval’s theorm. 

4. Interpretation of Bar’s experimental results 

Bar5 has recently investigated by an interference method the coherence of the 
diffraction components of light produced by a standing supersonic wave. He has 
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found that the various orders could be classed into two groups, one comprising 
the even orders and the other comprising the odd orders and that any two orders 
of a group cohere partly while two orders from different groups are completely 
incoherent. These results are readily understood when we notice that an even 
order contains radiations with frequencies v + 2rv* while an odd order contains 

radiations with frequencies v ± 2r + lv*. The experimental results of Bar are thus 
fully explicable in terms of the theory we have developed in the previous section. 
Bar has himself remarked that the observed coherence indicates the presence of a 
series of frequency components in each of the diffraction spectra. It will be noticed 
that, according to our theory, even the zero-order spectrum includes such a series 

of frequency components. 

5. Summary 

The theory developed in part I of this series of papers has been developed in this 
paper to find the Doppler effects in the diffraction components of light produced 
by the passage of light through a medium containing (1) a progressive supersonic 
wave and (2) a standing supersonic wave. 

(1) In the case of the former the theory shows that the nth order which is 
inclined at an angle sin"1 (— nk/k*) to the direction of the propagation of the 
incident light has the frequency v — nv* where v is the frequency of light, v* is the 
frequency of sound and n is a positive or negative integer and that the nth order 
has the relative intensity Jl(2nfiL/k) where /i is the maximum variation of the 
refractive index, L is the distance between the faces of the cell of incidence and 
emergence and k is the wavelength of light. 

(2) In the case of a standing supersonic wave, the diffraction orders could be 
classed into two groups, one containing the even orders and the other odd orders; 
any even order, say 2n, contains radiations with frequencies v ± 2rv* where r is an 
integer including zero, the relative intensity of the v ± 2rv* sub-component being 
J^_r(7i/iL/2) Ji+r(nfiL/k); and odd order, say 2n 4- 1, contains radiations with 

frequencies v + 2r + 1 v*, the relative intensity of the v ± 2r + lv* sub-component 
being J*-r(niiL/k) J^+r+l(n/.iL/k). These results satisfactorily interpret the recent 
results of Bar that any two odd orders or even ones partly cohere while an odd 
one and an even one are incoherent. 
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1. Introduction 

In part III* of this series of papers, we considered the Doppler effects and 
coherence phenomena among the diffracted components of light emerging from a 
rectangular cell of a medium traversed by supersonic waves perpendicular to the 
direction of the propagation of the incident plane wave of light. We showed, in the 
case of a progressive supersonic wave, that the nth order diffraction component 
which is inclined at an angle sin "1 (— nX/X*) to the direction of propagation of the 
incident light has the frequency v — nv*, where v and X denote the frequency and 
the wavelength of the incident light while v* and X* correspond to those of the 
sound wave. In the case of the diffraction of light by a standing sound wave, we 
got the interesting result that in any even order, radiations with frequencies 
v ± 2rv*, (r = 0,1,2,....), would be present while in any odd order, radiations with 

frequencies v ± 2r + 1 v*, (r = 0,1,2,_), would be present. These results give a 
satisfactory interpretation of the coherence phenomena among the diffraction 
components observed by Bari In the following, we show that our previous results 
remain valid even if we consider a general periodic supersonic wave and that they 
can be derived in a simple and direct fashion. We have also presented in the 
following, some general considerations of the problem on hand. 

+C V Raman and N S Nagendra Nath, Proc. Indian Acad. Sci. (A), 1936, 3, 75. 
:R Bar, Helv. Phys. Acta, 1935, 8, 591. 
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2. Doppier effect and coherence phenomena 

The partial differential equation governing the propagation of light in a medium 
with time-variation and space-variation in its refractive index is 

dx2 dy2 dz2 

H(x, y, z, t) 2 

if the frequency of the time-variation of n(x, y, z, t) is very slow compared to the 
time-variation of the wave-function of light. This would be so in the case of the 
propagation of light in a medium filled with sound waves for the frequency of the 
variation of p(x, y, z, t) corresponds to the frequency of the sound waves present in 
the medium, which is negligible compared to the frequency of light. 

If we choose our axes of reference such that the X-axis points to the direction of 
the propagation of the plane sound waves and the Z-axis points to the direction of 
the propagation of the incident plane wave of light, we could ignore the 
dependence of if/ on y and write the differential equation as 

d2il/ d2ip 

dx2 + dz2 

H(x, t) 

If p(x, t) did not depend on time, i// would have had the only time factor exp(27uv£) 
where v is the frequency of the incident light. If we consider the time variation of 
p(x, t), we can write as given by 

^ = exp [27uvt]</>(x, z, t) 

where </>(x,z,£) varies slowly in time compared to exp[27rivr]. On the conside¬ 
ration that v* « v, we can show that 

4nv 
d(j) 

dt 
« 4n2v2 4> and 4n2v2(j) 

With these considerations, we can consider the differential equation 

d2(p ^ d2(f> 

dx2 + dz2 

4tc2 
M*, 0}24> 

and obtain ^ by the equation 

ijj — exp [27nvt]0(x, z, t). 

As the sound waves which travel along the X-axis are periodic in space and time, 
we can regard /i(x, t) to be also periodic in x and t with the same periods in space 
and time. It should be noticed that we do not restrict //(x, t) to be simply periodic 
in x and t but it may be a general periodic function of x and t, amenable to Fourier 
analysis. Thus 

Mx + p/*, t) = p(x, t) 
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and 

p(x, t + p/v*) = p(x, t) 

where p is any integer. 
If we consider the differential equation in which p(x, t) has the above properties, 

we see that </>(x, z, t) should also be periodic in x and t with the same periods in the 
case we are considering. That is. 

and 
<j>(x 4- p2*, z, t) = </>(x, z, t) 

0(x, z, t + p/v*) = </>(x, z, t). 

Hence we can write the double-Fourier expansion of </>(x,z, t) as 

00 00 

X X frsiz) exP {2nirx/A*) exp (2nisv*t). 
— 00—00 

Progressive sound waves: In the case of the progressive waves travelling along 
the positive direction of the X-axis, we have the property that 

p(x -1- p2*, t) = p(x, t — p/v*) 

where p is any number. Thus 

cf)(x + pX*,z,t) = <j)(x,z,t - p/v*) (1) 

Using the double-Fourier expansion, we can write (1) as 

X X frs(z) exP {2nirx/X*) exp (2nisv*t) exp (2nirp) 

— X X frs(z) exP (2nirx/X*) exp (2nisv*t) exp ( — 2nisp). (2) 

Comparing the Fourier coefficients on each side of (2), we get 

/rs(z) exp (2nirp) = frs{z) exp (- 2nisp). 

This could be true only if 

frs(z) = 0 when r # — s. (3) 

The condition (3) restricts the number of terms in the Fourier expansion of 0, so 
that 

Thus 

00 

0(x, z, t) — £ frs(z) exp (2nirx/2*) exp (— 2nirv*t). 
— 00 

iA(x, z, t) = X frs(z) exp (27iirx/2*) exp (2tt/(v - rv*)t). (4) 
— 00 

If one considers the diffraction effects of ^(x,z, t) given by (4), it is fairly obvious 
that the nth order diffraction component will be inclined at an angle 



596 CV RAMAN! ACOUSTICS 

sin 1 (— n/J/*) with the incident beam of light and will have the frequency 

v — nv* and the relative intensity expression |/„(z)|2. 

Standing sound waves: In the case of standing waves, we have the property that 

p an integer, 

so that 

</> x, z,£ + 
2v* 

If we use (5) in the double Fourier expansion of </> we get 

Y Y frs(z) exP (2nirx/2*) exp (2nisv*t) exp (nirp) 

= Z Z frs(z) exP (2nirx/2*) exp (2nisv*t) exp (nisp). (6) 

Comparing the Fourier coefficients in (6), we get 

/rs(z) exp (nirp) = f„(z) exp (nisp). 

This means that frs(z) is zero unless r and s are both even integers or odd integers. 
Returning now to the Fourier expansion of (j), we could write it as 

00 00 

<£(x,z,f) = Y Y fir, 2s(z) exP (2ni2rx/2*) exp (2ni2sv*t) 
— 00 — 00 

00 00 _ 

+ Z Z fir+ i,2s+ i(z)exp(2ni2r -I- 1 x/A*)exp(27r/2s + 1 v*t). 
— 00 — 00 

Thus 

00 00 

^(x, z,t)= Y Y f2r, 2s(z) exp (2ni2rx/2*) exp(2ni(v 4- 2sv*)r 
- 00 - 00 

00 00 _ 

+ 1 I /2r +i,2s + i(z)exp(2wi2r + lx//*) 
— oo — 00 

x exp (27r/(v + 2s + 1 v*)t. (7) 

If one considers the diffraction effects of ^(x, z, t) given by (7), it will be quite easy 
to see that the diffraction orders could be classed into two groups, one containing 
the even ones and the other odd ones; any even order contains radiations with 
frequencies, v, v ± 2v*,...., v ± 2rv*,...., and any odd order contains radiations 

with frequencies, v + v*, v ± 3v*,...., v + 2r + 1 v*,_ 
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3. The case when the disturbance in the medium is simple 
harmonic 

If we suppose that the variation in the refractive index of the medium is simple 
harmonic along the Z-axis, it can be represented as 

/x(x, t) — g0-\- g sin 2n(v*t — x/k*) 

in the case of a progressive wave, while it will be of the form 

g(x, t) = g0 — /x sin (2nx/k*) sin (2nv*t) 

in the case of a standing wave, where g(x, t) is the refractive index of the medium at 
height x and at time t, g0 is the constant refractive index of the medium when 
there is no sound wave and g is the maximum variation of the refractive index from 

Mo- 
Progressive wave: To obtain the wave function for the emerging wavefront of 

light, we have to solve the differential equation 

82<t> d2<f> 

~8x2+Jz2 

4k2 

B 
A + — {exp (i(bx — e)) — exp (— i(bx — e))} J</> 

where b = 2n/k*,e = 2nv*t, A = — 4n2gl/k2 and B = 8n2jx0ix/k2 omitting the 
second order term with coefficient g2. 

We have shown in the previous section that </> can be developed as a Fourier 
series in x and t as 

00 

X fr(z) exp (:2nirx/k*) exp (— 2nirv*t) 
— 00 

or 
00 

£ /r(z) exp (irbx) exp (— irs). (9) 
— oo 

Substituting the Fourier series (9) in the differential equation (8) and comparing 
the Fourier coefficients we obtain the equation 

^ - {A + b2n2)f„ — ifn — i -/„+,)• 

Putting fn(z) - exp(— iug0z)(j)n(z) where u — 2n/k we obtain 

dz2 

d<P„ Bi 
HuHo-jf-b2n24>„= -y (</>„-! ~4>n+i)- 
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Putting z = (2n/i) we obtain 

n2X2 
jj*2 “ — _ i (/)„ + i). 

As /t0, being the refractive index of the medium, is in the neighbourhood of unity 
and fi is in the neighbourhood of 10“5, we can omit the first term on the left hand 
side and consider the differential equation 

2 d^n 
d{ 

in2)? 

If there were no term on the right hand side, </>„, would be the Bessel function Jn(£) 

or Jn (In/iz/X) satisfying the required boundary conditions. This follows as a 
consequence of Sonine’s* theorem which gives that if 

dd>„ 
2-jir — {(j)n -1 — 4>n+ i) = 0, 

dC 

then (j)n could be developed as a series in Bessel functions as 

US) = <j>MJo(Z) +1 W'-Mi-Yfa+MVJLQ. 
1 

Setting the boundary conditions that 

</>o(0) = 1 and </>s(0) = 0, s ^ 0 

we get 

US) = JM 

If n is not too great and )2/)*2n is small, we can approximate 

If the cell is bound by z = L at the emerging face, it will be easy to see that the 
relative intensity of the nth order diffraction component would be Jl(2nnL/X). 

*N Nielsen, Handbuch der theorie der Cylinderfunktionen. p. 286 (1904 edition). 
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The case of the standing wave: In this case we have to write 0(x, z, t) as given by 

00 00 

</>(*, z, t) = Y, Z fir,2sexP (2ni2rx/X*) exp {2ni2sv*t) 
— 00 — 00 

00 00 _ _ 

+ Y Z f2r + i, 2s + i exP (2ni2r + 1 x/X* exp (2ni2s + 1 v*t) 
— 00 — 00 

00 

= Yj 0r(z> t) exp {Inirx/k*). (10) 
— 00 

Substituting (10) the differential equation for (f) and comparing the coefficients, we 
obtain 

d2gn 4nig0dgn 4n2n2 4n2g0gsine{ ^ 

a? T~ aF-^*2-3""" IF '3n~1 

Putting z = (2ng)~ we obtain 

2 S2g„ 5g„ n2X2 . 
M -g£2-2lVoH-^r--y^9„= -noP-smWn-i-gn+i)- 

Under the same considerations as in the previous paragraph, we will have to solve 
the equation 

^dgn . , , _ in2A2 
2 di slne(3»-> 9" + l) g0gX*2g/' 

If n is not too great and X2/X*2n is small we can approximate 

0„K, e)« sine) = J„^^y^sin27rv*t 

But we have shown in part III1, that 

J2n(v sin e) = £ (- )'J„ _ r(u/2)J„+r(n/2) exp (;'2re) 
— oo 

J2n+i(i)sine)= — / X (-)r^->/2V„+r+i(f/2)exp(i2r+ le). 
— 00 

Hence, 

t//(x,z,t)& Y Z (~ )r^r-« (v/2)Jr+s(t?/2)exp(2ni2rx/X*)exp(27n(v + 2sv*))f 
— 00 — 00 

00 00 _ _ 

— i Y Y (— )r^r-s(^/2)^r+s+i(^/2)exp(27u7r + lx/2*)exp(27ri(v + 2s-F lv*))f. 
— 00 — 00 

If one considers now the diffraction effects due to this emerging wave-front at 
z = L, it can be seen that an even order, say 2n, contains radiations with 
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frequencies v±2rv*, (r = 0,1,2,....), the relative intensity of the v ± 2rv* 

sub-component being Jl-r(nfiL/A) J*+r(nnL/X) and an odd order, say 2n+ 1, 

contains radiations with frequencies v + 2r + lv*, (r = 0,1,2,—), the relative 

intensity of the v + 2r + lv* sub-component being J^r(nfiL/A)J^+r+l(n/iL/A). 

4. Summary 

The essential idea that the phenomenon of the diffraction of light by high 
frequency sound waves depends on the corrugated nature of the transmitted 
wave-front of light, pointed out by the authors in their first paper, has been 
developed on general considerations in this paper. The results in this paper can be 
summarised as follows: 

(1) If progressive sound-waves travel in a rectangular medium normal to two 
faces and the direction of propagation of a plane beam of incident light, the 
incident light will be diffracted at the angles given by sin ~ 1 (— nA/A*) and the light 
belonging to the nth order will have the frequency v — nv*. 

(2) If the sound waves are stationary, the incident light will be diffracted at the 
angles given by sin -1 (— nA/A*), and even order would contain radiations with 
frequencies, v, v ± 2v*, v ± 4v*,_, v + 2rv*,_, and an odd order would 

contain radiations with frequencies v ± v*, v ± 3v*, v ± 5v*,...., v + 

2 r + 1 v*,. 
(3) A differential-difference equation has been obtained for the amplitude 

function of the diffracted orders whose approximate solution is satisfied by the 
Bessel Functions already obtained by the authors in their previous papers. 
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1. Introduction 

The essential idea that the phenomenon of the diffraction of light by high frequency 
sound waves depends on the corrugated form of the wave-front of the transmitted 
light has been pointed out by us in part I of this series of papers1. Therein, we 
considered that the corrugated wave-front of light could be simply obtained by 
considering the phase changes accompanying the traversing beam which was 
assumed to undergo no amplitude changes at its various points. This course was 
adopted by us to bring out the essential features of the theory without 
unnecessary complications. By a close study of the problem, one can however 
easily see that the consideration of the phase changes is far more important than 
the amplitude changes if we desire to understand the essential features of the 
phenomenon. Indeed, this fact holds if we consider the case when the sound wave 
field is small and the wavelength of sound is large. This has been experimentally 
confirmed quite recently by Bar2. 

In part IV of this series of papers, we proposed the method of obtaining the 
wave function of light by considering the partial differential equation governing 
the propagation of light in a medium filled with sound waves. Such a procedure 
would naturally take account of both the amplitude changes and the phase changes 
accompanying the beam. These changes should be however periodic in character. 
On these considerations we found that, in the case of a progressive sound wave, 
the nth order diffraction component will be inclined at an angle sin - 1 ( — nA/A*) 
to the direction of propagation of the incident light and will have the frequency 
v — nv* where v and A denote the frequency and the wavelength of the incident 
light while v* and A* correspond to those of the sound wave. We also showed that 
when the disturbance in the medium is simple harmonic, the relative intensity of 
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the nth order is given by |</>J2 where </>„ is the solution of the equation 

l2^ ^ n2A2 2& 4>n <*</>„ 
V -T7T ~ dt d£ A*2 

4*n A^oA^(0m-1 4>n+l) (1) 

where £ = 2npz/A,p0 is the refractive index of the undisturbed medium, p is the 
amplitude of the variation of the refractive index and the z-axis is along the 
direction of propagation of the incident light. As p is of the order 10”5 and p is of 
the order of unity, we could consider the equation for (j)n as given by 

In the case of a stationary sound wave, we obtained the result that, in any even 
order, radiations with frequencies v ± 2rv* would be present, while in any odd 

order, radiations with frequencies v ± 2r + 1 v* would be present. These results 
interpret the experimental results of Bar2 regarding the coherence phenomena 
among the diffracted orders. If the disturbance in the medium is simple harmonic, 
we obtained the result that the amplitudes of the various components of the nth 

order are given by the Fourier analysis of gn(£, t) which satisfies the equation 

Sg„ . , , _ in212 

Si g" + i) n^X*29" 

where e = 27tv*f and the term containing the second derivative of gn is omitted as 
its coefficient is very small. If one however ignores the spectral character of each 

order, then the relative intensity of the nth order is given by 

*2n 

l0n(<f, e)l2 d«- (4) 
Jo 

These results pertain to the case of the incident light falling normally on the sound 
waves. One of the purposes of this paper is to extend the above considerations to 
the case of the oblique incidence of light to the sound waves. We have found that, 
in the case of oblique incidence, the intensity of the nth order need not be equal to 
that of the — nth order, thus explaining the results of Debye and Sears3, Lucas 
and Biqard4, Bar and Parthasarathy.5 We have also investigated the amplitude 
changes accompanying the traversing wave-front explaining the results of 
Hiedemann,7 Bar2 and Lucas6. 

2. The diffraction of light when it is incident obliquely to the 
sound waves 

We choose the axes of reference such that the x-axis points to the direction of 
propagation of the sound waves and the Z-axis lies in the plane contained by the 
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directions of propagation of the sound and the incident light waves. With the 
same considerations as in part IV, the wave function of the light traversing the 
medium is given by 

X x 

\p = exp {2n\vt) O (x, z, t), 

where O satisfies the equation 

d20 d 

a? + a? 
An2 

7^ 
{n(x, t)}2<f>. 

Let cos 4> and sirup be the z- and x-direction cosines of the direction of 
propagation of the incident light. The transmitted wave travelling in the medium 
will suffer periodic fluctuations in its phase and amplitude with the period /l* 
sec 4> along the line in the incident plane of light and the xz plane. Thus, 

0(x, z, t) — 3>(x 4- pi*, z — pi* tan 0, t). ^ 

So, the wave travelling in the medium is given by 

00 00 

exp (2nivt) £ £ frs(x sin </> + z cos </>) exp (27tir)(x cos 0 — z sin </>)/ 
— 00 — 00 

l* sec (p exp (2nisv*t). (8) 

We choose a new axis of reference defined by 

X = x cos <j) — z sin (p 

Z = x sin <p z cos (p. (9) 

The new Z-axis is along the direction of propagation of the incident light. In the 
new system of reference, the wave function has to be written as 

00 00 

exp (2nivt J X Z frs(Z) exP (2nir) X cos (p/l* exp {2nisv*t). 
— 00 — 00 

(10) 
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Then 

00 00 

<!>=££ frs(Z) exp {2nir)X cos </>/A* exp(27usv*r). (11) 
— 00 — 00 

In the case of a progressive sound wave 

0(X + pA* sec 0, Z, t) = <D(X, Z, t - p/v*'). (12) 

This condition restricts the number of terms in the above expansion (11) so that 

00 

O = £ /r(Z) exp (2nir)X cos </>/A* exp (— 2nirv*t). (13) 
— 00 

Thus 

00 

\// = Yj fr(Z) exp (2nir)X cos <j>/A* exp(2ni)(v — rv*)t. (14) 
— 00 

If one considers the diffraction effects of if/ given by (14), it will be fairly obvious 
that the nth order will be inclined at an angle sin -1 ( — rcAcos <j>/A*) to the Z-axis 
and will have the frequency v — nv* with the relative intensity expression |/„(Z)|2. 

3. The case when the disturbance in the medium is 
simple harmonic 

If we suppose that the vibration in the refractive index of the medium is simple 
harmonic along the x-axis, it can be represented as 

p(x, t) — p0 = p sin 2n(v*t — x/A*) 

= — — {exp (i(bx — e)) — exp (— i(bx — e))} 
m t 

— — {exp (i(bX cos </) + Z sin (p — e)) 
m I 

— exp (— i(bX cos </> 4- Z sin (j) — e))} 

where e = 2nv*t and b = 2n/A*. 

We know from (6) that <I> satisfies the equation 

52d> d2d> An2 , , - 

dx2 + dz2 
X2 

a2(D ^2<D 4tt2 . ,. 

dX1 + dZ2 ' 
(16) 

Substituting the Fourier series (13) and the expression (15) for p(X,Z,t) in the 
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equation (16) and neglecting the second order term with the coefficient p2, we get 
by comparing the coefficients 

d 2fr 4n2r2 cos2 </> 

dZ2 I*2 Jr ~Ajr 

= ~ {fr _! exp (ibZ) sin (/> — /r + j exp (— ibZ) sin </>} (17) 

where A = — 4n2pHX2 and B — Sn2p0p/X2. 

Putting fr(Z) = exp(— iup0Z)<S>r(Z\ where u = In/X, we get 

d2<Pr ^ d0>r 

dz^-^dF 

4?i2/-2cos2 

A*2 

Bi 
= — — {Or _ j exp (ibZ) sm(f) — (br + l exp (— i6Z) sin <h}. 

Z* 

Putting Z = (2ti/i) 1 22 we obtain 

(18) 

2d2<Dr d4»r 

" dF" 

r2X2 cos2 (j) 

I*2 

= — {<!>,._! exp (ia<^) sin </) — Or + 1 exp(~ zu^sin 0). (19) 

where a = k/pA*. 

As p is of the order 10 ~5 and p0 is of the order unity we may omit the first term 
and consider the equation 

~d<I>r . , , , . ^ ir2i2cos2 (j) 

2~di~~^br~1 CXP ^ Sm ^ + 1 eXP ( “ ,fl£) Sm °) = a>- (20) 

The relative intensity of the rth order is given by |<I>r(£)l2- We may now show that, 
in general, |Or(^)|2 ^ |<X>_r(^)|2. We will prove the same by assuming the 
contradictory result. Suppose 

<Dr(£) = exp (ipr) <!>_,(£). (21) 

Then we get 

exp(i{pr_! - pr))exp(iai)sin</> — 0_r_x 

x exp (i(pr + i - pr)) exp (- ia£) sin <j>) 

d>_r 
_ dpr ir2A2 cos2 </> 
2l-rrr + 

d{ p0pk*2 
(22) 
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The actual equation for (D_r is 

d<D r 

d£ 
(0_r_ j exp(m£) sin <p — <I>_r +1 exp(( — iaQsin 0) 

ir2X2 cos2 (j) ^ 
—-—(I) 

^*2 "r 

(23) 

Comparing the equations, we obtain the result that they can never be identical 
unless </) = 0 when pr ~ rn. Thus in the case of oblique incidence in which </> # 0. 

®r(£) # exp(;p/-)<t> _,.({) (24) 

i.e. |<Dr(£)|2*|<I>_r(£)|2. 

This means that the intensity of the rth order is not equal to the intensity of the 
— rth order. Similar results corresponding to the above could be easily derived in 
the case of the standing sound waves on the same lines. 

In case the coefficient of the term on the right-hand side of the equation (20) has 
no appreciable influence in the wave-function and </> is small, it can be shown that 
d>r approximates to the wave-function given in part II of this series of papers. In this 
case the diffraction pattern will be very nearly symmetrical. 

4. Amplitude changes on the emerging wave-front of light 

According to the notation of part IV, the wave-function for a general periodic 
supersonic disturbance in the medium is given by 

OO 00 

ij/ = exp (2nivt) £ /r s(z) exp (2nirx/2*) exp (2nisv*t). 
— 00 — 00 

In the case of the normal incidence of the incident light to the sound waves. 
Therefore the intensity is given by 

00 00 

|i/d2= Yj Yj ^4f,mexP(2^^A//*)exp(27Cimv*r) 
/ - 00 - 00 

where 

00 00 

Al,m Y X fr,sfr-h-m*• 
— oo — oo 

Thus, the intensity (or the amplitude) will be periodic in x and t on the wave- 
front which forms the basis of the explanation of the amplitude grating found by 
Bar2 and Lucas6. This forms also the basis of the explanation of the observability 

+ Denoting the conjugate. 
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of the sound waves found by the investigators7 at Koln. In the case of a standing 
sound wave, the average intensity with respect to time will be given by 

/(x,z) = £B.B; 

where 

qo 

Bs = Z /r,sexp(2jrirx/A*) 
r = — oo 

and r and s are both even integers or odd integers. It follows from the above 
that I(x, z) is periodic in k*/2. 

The intensity (or the amplitude) will be constant on the wave-front when all Al m 

vanish except A0 0 as will be so in the case governed by the restrictions of part I. 

5. Summary 

The essential idea that the phenomenon of the diffraction of light by high 
frequency sound waves depends on the corrugated nature of the transmitted 
wave-front of light has been developed on general considerations in this paper to 
apply for the case of the oblique incidence of the incident light to the sound waves. 
It is found that the intensity distribution will not be symmetrical in general thus 
explaining the results of Debye and Sears, Lucas and Biquard, Bar and 
Parthasarathy. The consideration of the amplitude changes of the traversing 
beam of light explains the results of Hiedemann, Bar and Lucas. 

We are highly thankful to Prof. Dr R Bar of Zurich for having kindly sent us a 
copy of the proof of a paper by him describing experimental tests of our theory 
which is now in course of publication in the Helv. Phys. Acta. 
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Diffraction of light by ultrasonic waves 

F H Sanders1, in a recent note in these columns, has reported excellent agreement 
between our theory and his experimental results. His note, however, calls for a 
statement from us clarifying the theoretical position. As is well known, Debye and 
Sears in America and Lucas and Biquard in France discovered, in 1932, that a 
beam of light after passing through a supersonic field breaks up into a fan of 
diffraction spectra. Following this discovery, Prof. R Bar, of Zurich, carried out 
extensive investigations regarding the nature of the phenomenon; he obtained 
numerous beautiful results concerning the manner in which the relative 
intensities of the various diffraction spectra depend on the wavelength of light, the 
supersonic intensity and the thickness of the cell. He also discovered that the 
frequencies of light in the diffracted spectra are modulated by the sound field in a 

. very peculiar manner depending on the order of the spectrum. 
As has been remarked by many investigators, these results of Bar, and even the 

appearance of a large number of diffraction spectra, found no explanation in 
terms of the theory of Brillouin. Indeed, the existence of higher orders had been 
erroneously ascribed to the existence of overtones in the supersonic field. In the 
theory of Lucas and Biquard, which was mentioned by Sanders in his note, the 
laws of geometrical optics were applied to the problem, and it was assumed that 
the individual rays of the incident light follow paths independent of one another. 
This theory ignores the interference effects which are fundamental to the problem, 
and does not succeed in explaining the characteristic features observed in 
experiment. 

The theory of the phenomenon initiated by us is set out in a series of papers2. At 
the outset, our purpose was to develop a theory of the simplest possible character 
which would satisfactorily account for Bar’s experimental results. A simplifi¬ 
cation was affected by assuming that the wavelength of the sound is not too small 
and the thickness of the cell is not too large; in which circumstances, it can be 
shown theoretically from Fermat’s principle that only the phase changes 

occurring in the passage of light through the cell need be considered. Indeed, Bar3 
reported later that the results in our papers I, II and III agreed qualitatively with 
most of the observed features of the phenomenon even in the general case, and in 

1 F H Sanders, Nature (London), 138, 285 (1936). 
2C V Raman and N S Nagendra Nath, Proc. Ind. Acad. Sci., 2,406 and 413 (1935); 3, 75,119 and 459 
(1936). N S Nagendra Nath, Proc. Ind. Acad. Sci., 4, 222 (1936). 

3R Bar, Helv. Phys. Acta, 9, 265 (1936). 
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a perfectly quantitative manner when the experimental restrictions postulated by 
us were actually satisfied. In our papers IV and V, the restrictions mentioned 
above were dispensed with and the theory of the phenomenon was developed quite 
rigorously on the basis of the electromagnetic wave-equations. This general 
theory has been fully worked out by one of us (NSN) and leads to a satisfactory 
explanation of some remarkable experimental results obtained by Dr S 
Parthasarathy4 at this Institute. It is found that, when the light is incident 
obliquely to the sound waves and the latter are of sufficiently high frequency, the 
intensity of the diffraction spectra shows very marked asymmetry and that 
particular orders attain maximum intensity at characteristic angles of incidence 
given by a formula of the Bragg type. This is in agreement with the deductions 
from the theory. 

Another aspect of the problem has been worked out by one of us (NSN) in a 
paper now under publication. It has been explained why the supersonic waves 
can be seen directly through a microscope focussed on a plane to the rear of the 
sound-wave cell. The theory predicts the interesting result that the grating-like 
pattern observed through the microscope repeats itself periodically as the focal 
plane of the microscope is moved away from the cell by integral multiples of a 
definite distance. This prediction has been confirmed quantitatively in a very 
recent (as yet unpublished) investigation made at this Institute by Dr Partha¬ 
sarathy. Other peculiar features of the sound field as optically observed—for 
example, a doubling of the number of fringes in certain positions of the 
microscope, and a disappearance of the fringes at certain other positions—are 
also indicated by the theory and are beautifully confirmed by the experiments. 

C V RAMAN 

N S NAGENDRA NATH 

Department of Physics 
Indian Institute of Science 
Bangalore 
9 September 

4S Parthasarathy, Proc. Indian Acad. Sci., 3, 549 (1936). 
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Nature of the thermal agitation in liquids 

The accompanying photographs (figure 1) represent the analysis by a Fabry- 
Perot etalon of the structure of the 4046 A, 4078 A and 4358 A radiations of a low- 
density water-cooled mercury arc, after they are scattered through an angle of 
180° by a column of carbon tetrachloride liquid. In each case, two different 
temperatures of the liquid column (30° C and 70° C) were employed, the 

exposures being as nearly as possible otherwise under identical conditions. 

4046 A 

4078 A 

4358 A 

Figure 1 

610 



NATURE OF THE THERMAL AGITATION IN LIQUIDS 611 

The choice of a Fabry-Perot etalon as the high resolving power instrument and 
of carbon tetrachloride as the scattering liquid were both determined by 
experience gained in this particular field of research*. It will be seen that a 40° rise 
of temperature produces a most remarkable change in the structure of the 
scattered radiation. The two Brillouin components having a Doppler shift 
determined by the velocity of sound in the liquid, which are well-defined at the 
lower temperature, broaden greatly when the liquid is heated, and move in 
towards the central component, practically closing in upon it. The central 
component at the same time increases in intensity. The conception that ordered 
wave-trains of sound constitute the thermal energy in a liquid therefore departs 
more and more from the actual facts as the temperature of liquid is raised. 

C V RAMAN 

B V RAGHAVENDRA RAO 

Department of Physics 
Indian Institute of Science 
Bangalore 
24 March 

*B V Raghavendra Rao, Proc. Indian Acad. Sci., 1, 261 and 473 (1934-35). 
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Acoustic spectrum of liquids 

As is now well known, examination by means of a Fabry-Perot etalon reveals 
remarkable changes in the spectral character of monochromatic radiation when 
it is scattered within a dust-free liquid. Earlier studies in this laboratory* 
disclosed that the relative intensity of the undisplaced central line to that of the 
two Doppler-shifted companions appearing on either side of it varies greatly from 
liquid to liquid, being for example much larger in carbon tetrachloride than in 
toluene. The origin of the undisplaced central line has been until now one of the 
unsolved problems of the subject; its high intensity in the case of carbon 
tetrachloride and its practically complete polarization in this liquid as well as in 
toluene and carbon disulphide indicate that it cannot be ascribed to the 
depolarized scattering by optically anisotropic molecules. 

Systematic studies have now been made with a number of liquids, including the 
following: acetone, carbon disulphide, toluene, water, formic acid, acetic acid, 
butyl alcohol, carbon tetrachloride, phenol and glycerine. The general result 
which emerges from this comparative study is illustrated in the accompanying 
Fabry-Perot patterns. Figure 1 (a) is the Fabry-Perot pattern of the incident light, 
which is the 4358 A radiation of a water-cooled low-density mercury arc lamp, 
while figure 1 {b\ (c) and (d) are the patterns obtained respectively with the light 
scattered through 180° by the liquids phenol, butyl alcohol and acetone. It will be 
seen that the pattern given by phenol is indistinguishable from that of the incident 
radiation. A similar result has also been obtained with glycerine. With butyl 
alcohol, on the other hand, the Doppler-shifted companions are faintly visible, 
while with acetone, they are very conspicuous. 

It is thus seen that in highly viscous liquids such as phenol and glycerine, the 
sound waves of high frequency necessary for reflecting the incident light waves 
are conspicuously absent. The scattering of light within such liquids must 
therefore be ascribed to other causes, for example, relatively immobile fluctu¬ 
ations of density or clustering of molecules. The greater intensity of the Doppler- 
shifted components with such relatively inviscid liquids as acetone or toluene, on 
the other hand, indicates the existence in them of organized sound-waves as part 
of the thermal agitation. It appears reasonable to ascribe the unshifted central 
line obtained with such liquids to the existence of relatively immobile fluctuations 

*B V Raghavendra Rao, Proc. Indian Acad. Sci. (A). 1,261,473 and 765(1934—35);2,236(1935);3,607 

(1936). 
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(a) 

(b) 

(c) 

(a) 

Figure 1. Fabry-Perot patterns of incident radiation, 4358 A. (a), and of radiation scattered by phenol 
(b), butyl alcohol (c) and acetone (d). 

of density or clusters of molecules on which the rapidly moving sound-waves are 
superposed. This is clearly suggested by the comparative study of the patterns 
obtained with various liquids, which indicates a progressive falling off in the 
intensity of the Doppler-shifted components with increased damping of high- 
frequency sound waves due to viscosity as given by the classical formula of 
hydrodynamics. 

C V RAMAN 

B V RAGHAVENDRA RAO 

Department of Physics 
Indian Institute of Science 
Bangalore 
14 February 
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Light scattering and fluid viscosity 

According to well-known hydrodynamical theory*, plane waves of sound 
propagated through a viscous liquid suffer a diminution of amplitude in the ratio 
\/e in traversing a number of wavelengths given by the quantity 3CA/8n2v, where 
C is the velocity of sound, l is the wavelength of sound and v is the kinematic 
viscosity. Taking A = 4358 A, this number for various common liquids which are 

Incident 

Scattered 
25°C 

45°C 

70°C 

Figure 1 

*Lamb, (Hydrodynamics); fifth edition, p. 613. 
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fairly mobile at room temperature ranges from about 3 in the case of butyl 
alcohol to about 30 in the case of carbon disulphide. For phenol at 25° C, the 
number is less than 1, and for glycerine, it is a small fraction of unity. A 
consideration of these numbers shows that the theories due to Einstein* and L 
Brillouin1, which regard the diffusion of light occurring in liquids as due to the 
reflection of light by regular and infinitely extended trains of sound-waves present 
in them, can only possess partial validity for ordinary liquids, and must break 
down completely in the case of very viscous ones. In an earlier note in Nature 

(London)1, we reported studies of the Fabry-Perot patterns of scattered light with a 
series of liquids, which showed clearly that the Doppler-shifted components in 
the spectrum of scattered light fell off in intensity relatively to the undisplaced 
components, with increasing viscosity of the liquid. 

We have now to report some further results which illustrate in a striking way 
the part played by fluid viscosity in the diffusion of light by liquids. As mentioned 

H 

Figure 2. State of polarization; above, toluene; below, phenol. 

* Einstein A, Ann, Phys., 33, 1275 (1910). 
^rillouin, L, Ann. Phys., 17, 88 (1922). 
: Nature (London), 139, 585 (April 3, 1937). 
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in our previous note, the light scattered by liquid phenol at ordinary tempera¬ 
tures gives a Fabry-Perot pattern which is scarcely distinguishable from that of 
the incident light. When, however, the temperature of the liquid is raised, the 
viscosity falls off rapidly, and the number 3C2/87i2v assumes a value which is 
many times greater than at room temperature. Simultaneously, as can be seen 
from figure 1, the character of the Fabry-Perot pattern alters, and the Doppler- 
shifted components come increasingly into evidence; at 70° C they are just as 
prominent as in ordinary inviscid liquids. The influence of temperature revealed 
by these studies for the case of the very viscous phenol is to be clearly 
distinguished from the broadening of the Doppler components with rise of 
temperature reported by us in an earlier note* for the case of carbon 

tetrachloride. 
The four patterns reproduced in figure 2 show the remarkable difference in the 

state of polarization of the Fabry-Perot patterns of transversely scattered light for 
an inviscid liquid such as toluence and a viscous one such as phenol at room 
temperature. In the former case, only a continuous radiation is to be observed in 
the horizontal component; in other words, both the displaced and the undis¬ 
placed components, in the pattern are sensibly completely polarized with the 
vibrations vertical. In the case of phenol, however, the undisplaced radiation is 
evidently partially polarized, as it appears both in the vertical and the horizontal 
vibrations; a partial polarization of the continuous radiation is also noticeable. 

C V RAMAN 

B V RAGHAVENDRA RAO 

Department of Physics 
Indian Institute of Science 
Bangalore 
29 December 

* Nature (London), 135, 761 (May 4, 1935). 
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